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Abstract

In the edge-disjoint paths (EDP) problem, we are given a graph G and a set of source-sink pairs in G.
The goal is connect as many pairs as possible in an edge-disjoint manner. This problem is NP-hard and
the best known approximation algorithm gives an O(min{n?/?, \/m})-approximation for both directed
and undirected graphs; here n and m denote the number of vertices and edges in G respectively. For
directed graphs, this result is tight as a function of m since it is known that directed EDP is NP-hard to
approximate to within Q(ml/zfs) for any € > 0. However, for undirected graphs, until recently nothing
better than APX-hardness was known. In a significant improvement, Andrews and Zhang [1] showed that
undirected EDP is Q(log'/3~¢ n)-hard to approximate unless NP is contained in ZPTIME(nPob!e®),

In this paper, we improve the hardness result of [1] as well as obtain the first polylogarithmic inte-
grality gaps and hardness results for undirected EDP when congestion is allowed. A solution to EDP
has congestion c if we allow up to ¢ paths to share an edge. When no congestion is allowed, we establish
an Q(log'/?~¢ n)-hardness for EDP. With congestion ¢, we show that the natural multicommodity flow
relaxation of EDP has an Q((mgl?;%w)l/(cﬂ)/c) integrality gap. Finally, we show that it is possible to
obtain a hardness result that is comparable to the integrality gap. In particular, we show that EDP is

Q ((log n)(l_s)/(%“%))—hard to approximate for any constant € > 0, when congestion c is allowed, for any

¢ = o(loglogn)/(logloglogn)?, such that ¢ = 2% — 1 for some integer z. We also obtain super-constant
hardness when c is as large as O(loglogn)/(logloglogn)?.

Similar results can be obtained for the All-or-Nothing flow problem, a relaxation of EDP in that the
unit flow between each routed source-sink pair does not have to be on a single path. Using standard
transformations, these results can also be extended to the node-disjoint versions of these problems as
well as to the directed setting.

1 Introduction

We study the approximability of the edge-disjoint paths (EDP) problem. We are given a graph G = (V, E)
and a set {(s1,t1), (s2,t2),..., (sk,tr)} of pairs of vertices. The objective is to connect as many pairs as
possible via edge-disjoint paths. Even highly restricted cases of EDP correspond to well-studied important
optimization problems. For instance, EDP on trees of height one is equivalent to the graph matching
problem. EDP and its variants also have a host of applications to network routing, resource allocation, and
VLSI design. It is then not surprising that EDP is one of the most well-studied problems in combinatorial
optimization. In directed graphs, the problem becomes NP-hard even when we are given only two source-sink
pairs [15]. In undirected graphs, the seminal work of Robertson and Seymour [29] gives a polynomial time
algorithm for any constant number of pairs. These results are suggestive of the inherent differences between
undirected and directed versions of the EDP. However, the tractability of undirected EDP with constant
number of pairs does not hold once the number of pairs is allowed to grow as a function of the input size.
In particular, the problem is NP-hard even on planar graphs [16].

Consequently, much of the recent work on EDP has focused on understanding the polynomial-time
approximability of the problem. While constant or poly-logarithmic approximation algorithms are known
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for restricted classes of graphs such as trees, meshes, and expanders [3, 12, 14, 17, 22, 23], the approximability
of EDP in general graphs is not well understood. The best approximation algorithm for EDP in directed
graphs has a ratio of O(min(n?/3,/m)) [11, 24, 27, 31, 32] where n and m denote the number of vertices and
edges respectively in the input graph. For undirected graphs and directed acyclic graphs, this factor improves
to an O(y/n)-approximation ratio [9]. In directed graphs, this is matched by an Q(m'/2~¢)-hardness due to
Guruswami et al. [18]. In contrast, only APX-hardness was known for undirected EDP until recently when
Andrews and Zhang [1], in a significant progress, obtained an Q(logl/ 37¢n) hardness, assuming NP is not
contained in ZPTIME(nPollos(n)),

A related problem is the all-or-nothing (ANF) flow problem where for each routed pair, it suffices to
provide a unit of flow. Thus ANF is a relaxation of EDP. Recent work has shown that in undirected graphs,
ANF is O(log? n)-approximable [6, 8]. The Q(log'/3~¢n) hardness result in [1] extends to ANF as well.

Overview of Results and Techniques: In this paper, we focus on the approximability of EDP and
ANF in undirected graphs. Our first result is an Q(log%_6 n) hardness of approximation for undirected edge
disjoint paths (for any ¢ > 0). This hardness result also holds for the All-or-Nothing flow problem. Our
proof uses the framework of [1]. However, our construction directly works with the PCP characterization of
NP due to [30], avoiding the intermediate step taken by [1] of creating an independent set instance. The
high-level idea of the hardness reduction, based on framework in [1], is as following. Given an instance ¢ of
3SAT, we construct a graph G¢ which contains a sufficiently large collection of edge-disjoint paths for each
accepting configuration u of the verifier on ¢. These paths are referred to as the canonical paths of u. The
canonical path collections for any two accepting configurations u and v that disagree on some proof bit are
made to “randomly intersect” with each other to encode this conflict. The random intersections ensure that
the resulting graph has “high girth”. The graph G serves as the input graph for an EDP instance and the
source-sink pairs are simply the end-points of the canonical path collections. The pairs that are routed along
canonical paths conflict with high probability whenever the underlying configurations are in conflict with
each other. However, these conflicts can be avoided if pairs choose paths that are not canonical. The high
girth property ensures that on average, a non-canonical path is much longer than a canonical path and thus
consumes much more of the routing capacity of the graph. As a result, whenever ¢ is not satisfiable, with
high probability, a much smaller fraction of pairs can be routed in the graph G. In particular, we establish
the following theorem:

Theorem 1 Undirected EDP and ANF are Q(logl/%6 n)-hard to approximate unless NP is contained in
ZPTIME(nPoY'oe®)),

We next consider the relaxation of the EDP where we allow each edge to be shared by a small number
of paths, say, c. We notice that EDP with congestion is usually considered in a bi-criteria setting, where
the performance of an algorithm is compared to an optimal solution to EDP with congestion 1 on edges. It
is known that the integrality gap of the multicommodity flow relaxation can be bounded by O(nl/ <) (even
in directed graphs) for any constant congestion ¢ > 2 [4, 5, 27]. The integrality gap reduces to a constant
when congestion is allowed to be O(logn/loglogn) [28]. In planar graphs, when congestion 2 is allowed,
the integrality has recently shown to be bounded by O(logn) [7, 8]. On the negative side, it is known that
with ¢ = 1, the multicommodity flow relaxation has an integrality gap of (y/n) even in planar graphs [17].
However, no superconstant lower bounds on the integrality gap of the multicommodity flow relaxation were
known so far, even for ¢ = 2. We resolve this question by establishing the following:

Theorem 2 For any congestion 2 < ¢ < O(loglogn/logloglogn), the integrality gap of undirected EDP
is Q(((bgki%n)z)l/(c*l)/c). For ANF, the integrality gap with congestion c is Q(((bg%)l/(cﬂ)/cz). In

particular, for ¢ = O((loglogn)/(logloglogn)?), integrality gaps for both problems are superconstant.

We note that an immediate consequence of Theorem 2 is that for any integer i, the gap between 1/i-
integral multicommodity flow (i.e. each flow path carries an integral multiple of 1/i units of flow) and
fractional multicommodity flow is super-constant in undirected graphs. To our knowledge, prior to our
work, it was not known if there was a superconstant gap even between half-integral flow and fractional flow



in directed or undirected graphs. The instances used in establishing the integrality gap have a surprisingly
simple structure.
Our final result shows hardness of approximation bounds similar to above integrality gaps.

Theorem 3 For any € > 0 and congestion ¢ = 2* — 1 < o(loglogn/(logloglogn)?) for some positive
integer z, undirected EDP and ANF are ) (log(l_e)/(%c+%) n) -hard to approrimate unless NP is contained

mn ZPTIME(npOlleg(n)). Moreover, EDP with congestion c is hard to approrimate up to some super-constant
factor, even for ¢ = O(loglogn/(logloglogn)?).

We note that standard transformations allow us to get matching results for the corresponding node-
disjoint version of these problems (an undirected edge-problem can be reduced to an undirected node-problem
by working on the line graph of the edge-problem).

We have very recently learnt that two other groups [2, 19] have independently discovered results that are
similar to Theorem 2 and Theorem 3 above.

Organization: We start by reviewing the parameters of Samorodnitsky-Trevisan PCP construction in
Section 2. In Section 3, we establish Theorem 1. Section 4 presents the family of instances that establish
Theorem 2. Finally, we establish Theorem 3 in Section 5.

2 Starting Point: A PCP Result

Our starting point is a PCP characterization of NP, proved by Samorodnitsky and Trevisan in [30]. We
briefly summarize the construction here; more details can be found in the appendix. Let ¢ be an instance of
3SAT on n variables. For any constant k > 0, the ST construction gives a PCP verifier that uses r = O(logn)
random bits to generate ¢ = k2 locations to probe in the proof. The verifier reads these ¢ bits in the given
proof IT and decides whether or not ¢ is satisfiable. Given a random string r of the verifier, let b1(r), ..., by(r)
be the indices of the proof bits read. A configuration is (r,a1,...,aq), where a1,...,aq € {0,1} are values
of Tly, (1), -+, 1Ly (). We say that a configuration (r,ai,...,a,) is accepting, if, for a random string r of
the verifier and the values ai, ..., a4 of proof bits Il (..., 1Ly (), the verifier accepts. If ¢ is a YEs-
INSTANCE (i.e., ¢ is satisfiable), there exists a proof II such that the probability that the verifier accepts
is at least 1/2. Otherwise, if ¢ is a NO-INSTANCE (i.e., it is non-satisfiable), for all proofs II, the verifier
accepts with probability at most 2k, Abusing the notation, we will denote by r both the random string of
the verifier and the number of random bits (i.e., the length of the string).

For our reductions, we would assume that this protocol is independently repeated A =
O(loglogn) times where 3 >> k? is a large constant. The verifier now accepts iff the original verifier accepts
in each protocol repetition. The resulting PCP has the following properties:

2@Bloglogn __
k2 -

e Random Bits: \r = O(lognloglogn). Let R denote the set of all possible random string, |R| = 2*".

e Query Bits: ¢ = Mk? = O(loglogn). W.l.o.g., assume that the verifier reads exactly ¢ bits of proof
for every random string.

e Completeness: YES-INSTANCE is accepted with probability at least 2.

e Soundness: NO-INSTANCE is accepted with probability at most 2= "

(2k—1)

e For each random string, there are 2* accepting configurations.

e For every random string r, for every j : 1 < j < ¢, the number of accepting configurations where the
value of Il () = 0 equals the number of accepting configurations where II; () = 1.

e For each proof bit II; let Z; be the set of all the accepting configurations in which bit 1I; participates
with value 0, and let O; be the set of all the accepting configurations in which II; participates with
value 1. We denote n; = |Z;| = |O;|. Then n; > 227/2,

Let C denote the set of all the accepting configurations, |C| < 227 - 22*F,



3 Hardness of Approximating EDP

In this section, we will establish Theorem 1, namely, EDP is hard to approximate to within a factor of
(logn)'/?=¢ for any € > 0. The construction used in this section will also serve as a building block for
establishing Theorem 3. The starting point of our reduction is a PCP verifier for 3SAT as summarized
in the preceding section. Let ¢ be an instance of 3SAT on n variables. Consider a PCP verifier V' for ¢
as described in the preceding section. We will use V' to construct an EDP instance on a graph G such
that if ¢ is satisfiable, at least Py pairs can be routed, and if ¢ is unsatisfiable, with high probability,
only Py1/log1/276 N pairs can be routed; here N = nP°1°g() denotes the size of G4. Recall that £ is a
large constant, and A = 251"5#. The gap between the yes and the no instances in the PCP construction
is close to 2*F° = logw n. In our construction, we will try to make the gap between the yes and the no
instances close to 2**”, while the graph size N will be close to 222%27 thus proving <log%_E N ) hardness

of approximation.

We construct our graph in two steps. First, we construct, for each proof bit II;, a gadget denoted by
G(i). In the second step, we create the final graph, by connecting all the gadgets representing the proof bits,
and by adding source and sink pairs.

3.1 Bit Gadget

We will use two parameters M and X to describe the gadget. Consider some proof bit II;. We now show
how to construct a corresponding gadget G(i). Recall that Z;, O; are the collection of all the accepting
configurations, in which the value of II; is 0 or 1, respectively, with |Z;| = |O;| = n;. For each configuration
a € Z; UO;, for each m : 1 < m < M + 1, there are X vertices vy m(e, ), for 1 <z < X, called level m
vertices, representing this configuration.

Additionally, for each m : 1 < m < M, we have Xn; edges, called special edges at level m, and denoted
by (Ya,msTam), 1 < a < Xn;. We also denote the set of left endpoints of these edges by L., (i) = {EW,L}QX:"{,
and the set of right endpoints of these edges by R, (i) = {ram}f:"f

Finally, we show how to connect the vertices representing the configurations with the special edges. This
is done by the means of regular edges, as follows. Consider level m vertices, for 1 < m < M. We have
Xn; level m vertices, representing configurations in Z; (denote this set of vertices by Z,,, (7)), and Xn; level
m vertices, representing configurations in O; (these vertices are denoted by O,,(i)). We perform a random
matching between Z,,,(i) and L,,(i), and also we perform a random matching between O, (i) and L., (7).
Additionally, for each m : 2 < m < M + 1, we perform random matchings between Z,,(i) and R,,_1, and
between O,, (i) and R,,—1. The edges participating in these matchings are added to the gadget as regular
edges (see Figure 1).

Figure 1: Gadget representing proof bit II; for M = 3

This concludes the definition of bit gadget. We now define, for each configuration a € Z;UO;, a collection
of X edge-disjoint paths, called canonical paths, representing « in gadget G(i). A canonical path P, («,1),
for 1 <z < X, is defined as: (vg,1(,%),44,,1(8), 7ay 1(2), Uy 2(c,0), .. .,

Lane M (3)s Tans M (2), Vanp M1 (e, 7). The indices z,, ap, for 1 < m < M are determined by the corresponding



matchings. Therefore, we have X edge-disjoint paths representing « in gadget G;. Moreover, for all the
configurations in Z;, their Xn,; canonical paths are edge disjoint. The same is true for all the configurations
in Oi-

Let 1 <m < M, and consider the collection of special edges at level m. Each such edge participates in
exactly one canonical path representing a configuration in Z;, and exactly one canonical path representing
a configuration in O;. Thus, the set of special level m edges defines a random matching between the paths
representing the configurations in Z; and the paths representing the configurations in O;. In total, gadget
G; defines M random matchings (one matching for each level) between these two sets of paths, and these
random matchings are completely independent. Observe that the length of each canonical path is 3M, and
the degree of every vertex is at most 3.

3.2 Bit Gadget Analysis
Set A = %, so that M > 8Alog A holds. Consider the gadget representing some proof bit II;. Let
Py be the set of canonical paths representing configurations in Z;, and let P; be the set of canonical paths
representing configurations in O;. Recall that |Py| = |P1| = Xn;.

We say that the gadget is bad if there is a pair of subsets A C Py, B C Py, where |A| = |B| = XA"",
such that all the paths in AU B are edge disjoint. We say that bad event B; happens, if at least one of the
gadgets is bad. The proof of the lemma below is similar to a lemma in [1].

Lemma 1 The probability that gadget G(i) is bad is at most e~ ™.

Proof: Consider some proof bit II; and its corresponding gadget, and denote n’ = Xn,;. Let A, B be
subsets of Py, Py respectively of desired sizes. The total number of random matchings between Py and P; is
n'!, while the number of matchings with no edge between A and B is:

A W SR DI S LAY
(n A)(n A 1) (n A+1 n A

Therefore, the probability that a random matching does not contain an edge between A and B is:

(n/_%,)(n'—%—1>"'(n/_2fn/+l)(nl_%)! < 1)% ol
<(1-%)" =e

A2
n'! A

Recall that our gadget defines M matchings between Py and P;, and the gadget is bad with respect to
A and B iff none of these matchings contains an edge between A and B.

The probability that none of the M matchings contains an edge between A and B is at most e AT
Finally, the number of possible choices of A and B is:

o 2 e 2n' /A /
K)] s\ = (Ae)>/A
N N

Recall that M > 8Alog A, and thus the probability that the bipartite graph is bad is at most:

_ Mn' ’ _ Mn/ | 2n"log A 2n’ log A
e~ Az .(Ae)2” /Age AT tTT AT <e T a
/2

Asn/ =n; X >2"/2X, and A << X, this probability is less than 2" < e, O

Corollary 1 The probability that bad event By happens is at most m,

Proof: The total number of proof bits is at most 2"k2, and thus using the union bound, the probability

that B; happens is less than 2"k%e~", which is less than + 0
poly n



3.3 The Final Instance

Let a be some accepting configuration, and let 1,4%2,...,7, be the indices of proof bits participating in o,
with ¢ < MAk?. Consider bit gadget G(i;), for some 1 < j < g. There are X level 1 vertices representing «
in Zy(i;) U O1(i;), denote them by V; = {v11(e, ¢5),...,vx,1(,%;)}. There are also X level M + 1 vertices
representing o in Zpr41(ij) U Opr41(é5), denote them by U; = {v1 ary1(ev,45), ..., vx v (e, i5)}.

We add a set of X source vertices representing configuration «, S(a) = {s1(a),...,sx(a)}, and X
destination vertices T'(«) = {t1(«),...,tx(a)} (we show how to divide them into pairs later).

We perform a random matching between S(a) and Vi, and also a random matching between T'(«) and
U,. Additionally, for each j: 1 < j < g, we perform a random matching between U; and V1. All the edges
in the random matchings are added to the graph as regular edges.

s1(a) via(ai) vy (@, i) v11(e i) vy a1 (@, 12) w1, is) V1,41 (@, d3) ti(a)
f . ° . ° 3
e  Random o— -—e Random o— +——® Random o— T—e Random °
o matching o ——e  matching o | +——@ Matching e | +——@  matching °
e ® ® ® ® ® ® °
sx(a) vx, (@, i1) vx,m+1(e;, i1) vx1(a,iz) vx,+1(e, i2) vx,1(a, i) vx,+1(e, i) tx(e)
G(i1) Glin) Gliy)
[ 40 [ +—e [ +—e
[ 40 [ +—e [ +—e
o 4o o e o e
oL ——e oL —e oL —e

Figure 2: Source-sink pairs for a configuration a.

For each configuration «, we define X canonical paths P,(«a), 1 < x < X, representing «, as follows.
Let i1,...,i, be the indices of the proof bits participating in o, ¢ < Ak?. For each z : 1 < z < X, we
have P,(a) = (s¢(a), P, (o, j1), .., Pe, (0, Jg),tar), where x1,..., 24,2 are determined according to the
corresponding matchings.

The graph has the following properties: (i) the length of a canonical path is at most 4M \k?; (ii) for each
configuration «, there are X canonical paths representing «, all of them edge disjoint; and (iii) the degree
of each vertex is at most 3.

Graph size: observe that each graph vertex and edge participate in at least one canonical path. The
number of canonical paths is: X - 2> . 2225~ "and the length of each canonical path is at most 4M\k2.
It remains to specify the values of the parameters M and X. We will use M = AR +E) — poly logn, and
X = 222Mk2+4k) = opolylogn  Therefore, the size of the graph is bounded by: N < X - 227 . M . 227k

< X. 20(10g nloglogn) | 20(log logn) . 20(10g logn) < X . 20(lognlog log n).

The source-sink pairs are defined as follows: For each accepting configuration «, the canonical paths
Pi(a),...,Px(a) define a matching between the sources and the destinations corresponding to o. We use
this matching to define the source-destination pairs.

Let P denote the set of all the canonical paths.

3.4 Yes Instance: ¢ is Satisfiable

In the YES-INSTANCE , there is a PCP proof, for which the acceptance probability is at least 2=*. For each
random string 7 satisfied by this proof, we can choose all the canonical paths representing the corresponding
accepting configuration. All the paths thus chosen are edge disjoint, and the number of chosen paths is at
least Py > X2V—X > 2L
there are at most 22*¥ accepting configurations.

The latter inequality follows from the fact that for each random string r

3.5 No Instance: ¢ is Unsatisfiable

Suppose we have a no instance, and a collection P’ of edge disjoint source-sink paths. We will show that
|P’| can roughly be bounded by [PI. We partition P’ into three subsets, as follows. Let g = 222k*+k) A

oAk2 "




non-canonical path is called long if its length is more than g. Otherwise, it is called short. Let P; C P’ be
the subset of canonical paths, Pa, P3 C P’ be the subsets of long and short non-canonical paths, respectively.
We bound the size of each subset separately.

3.5.1 Canonical Paths

Assume Bj does not happen. Then in each bit gadget G;, either the number of paths representing Z; is less
than n; X/A, or the number of paths representing O; is less than n; X/A. Therefore, if we remove at most
>, niX/A paths from P’, we obtain a new collection P{ of canonical paths, such that in each gadget G(7),
we have only paths from Z; or only paths in O;. We can thus define a PCP proof as follows: the value of bit
I1; is O iff paths representing Z, are present in Pj, and it is 1 otherwise. Since we are in a NO-INSTANCE ,
and there are X paths representing each configuration, |P| < X - 2)”/2’\]“2, which is at most Py[/2)‘k2_>‘.

25
On the other hand, Y, n; can be bounded by |C|g < 2" +2*¢\k2. Also, recall that A = 815\;1M = 82:((;2:;))

Xng o X222k g2 X 22 ; : / X 22
Thus ), =3¢ < X < gaz o when ks sufficiently large. We can now bound |P1\Pi| < 575 <

Py1/2>‘k2*2/\k’/\. Summing up, |[P;| < QPYI/QAkaZAkfx.

3.5.2 Long Non-Canonical Paths

The length of a non-canonical path is at least g. The total number of edges in our graph is at most

|P| - 4MMk?. Therefore, the size of Py is bounded by W. We will show that ;355 > 226*  Recall

that g = 222K’k while M = 2MK+R) and thus 4MAk? - 2067 < 4\k2 . 220 +kA < 92A(K°+k) < 4 g
|732| < [P < Pyt

oAk2 = 9XkZ—2Xk—X"

3.5.3 Short Non-Canonical Paths

Suppose there is a short non-canonical path P € P3 connecting some source and destination pair (s, ). This
path must form a cycle of length at most g +4MMk? < 2¢ with the canonical s — ¢ path. Moreover, at least
one edge on the cycle participates in P. Let K denote the number of cycles of length at most 2g in our
graph. Then P3| < 2g- K. Our goal is to show that with high probability, K is small. The proof of the
claim below is similar a claim in [1].

Lemma 2 With probability at least 3, K < 24279,

Proof: We build a new graph G’, obtained by shrinking special edges (each special edge becomes a vertex).
Let K’ denote the number of cycles of length at most 2g in G’. Clearly, K < K'. We now bound K.

The probability that some edge e exists in graph G’ is at most %, and the probability that e exists given

the existence of i other edges, 1 < ¢ < 2¢ is at most X+2q < % Therefore, the probability that a given

’
g

potential cycle that contains ¢’ edges, ¢’ : 1 < ¢’ < 2g exists is at most (%) . The number of potential

cycles of length ¢’ is bounded by N 9", Thus the expected number of cycles of length ¢’ in G’ is at most

(%)g . Summing up over all values of ¢’, the expected number of cycles of length at most 2¢g is at most

(3

Recall that N < X - 2Ar+2M4A(R*+k)  oiving the following bound on the expected number of cycles of
length at most 2g:

E(K’) < 2/\(T+k2+4k)(2g+1) < 93xrg

Using Markov’s inequality, the probability that the number of cycles of length at most 2g is greater than
21279 > 3F(K') is at most §. O
We say that the bad event By happens if K > 2429, Assuming B, does not happen, we get:

92X (k2 4k) 2 (k2 +3k)+loglog n
|P3| S 2g . 24)\Tg S 25)\Tg — 25)\7” 2 S 22



(since 7 = O(logn)). Recall that A = Bloglogn/k? for very large constant 3 >> k? and thus we can

2
assume that Ak > loglogn, and |Ps3| < 22T <X < Py1/2’\k2.

3.6 Putting it Together

If the events B; and By do not happen, then |P’'| = |P1| + |Pe| + [P3| < Py[/2)‘(k2_3k), and thus the
gap is Q(2 ¥ =3%)) Recall that N = X . 20(cgnloglogn) — 22%(’92““"'0(1025”loglog”), and so log N <
22A(k*+4k) 4 O(lognloglogn). Since 22K +4k) 5 100 | we have that log N < 222(*+56) and /Iog N <

I
OA(K?=3k) . 98\ < (A =3K)) "% Therefore, the gap is log? ¢ N, where ¢ is a constant that depends on

k and can be made arbitrarily small by choosing k to be sufficiently large.

Now suppose at least one of the events By or Bs does happen. Then |[P’| may be much larger than the
above bound even though ¢ is not satisfiable. But the probability of B; U Bs is at most 1/ polyn+1/3 < 1/2.
Thus a logéfE N-approximation algorithm for EDP would give us a co-RPTIME(nP°¥1°8() algorithm for
3SAT. Since 3SAT is in NP, we can use a standard result to convert this into a ZPTIME(nP°¥1o8(®)) algorithm
for 3SAT, giving us our main result.

4 Integrality Gap of the Multicommodity Flow Relaxation

We will construct, for each integral ¢ < O((loglogn)/(logloglogn)), an EDP instance of size O(nlogn) for

which the integrality gap is Q(((bg%)l/ ¢)/c) when congestion is restricted to be strictly less than c. Our

construction will use two parameters, 31 = %(m&%)l/c and 2 = 6(261)° ! 1In B;. The integrality gap
of our EDP instance will be Q(81/¢). Towards the end, we sketch how to extend these results to ANF with

congestion.

4.1 Auxiliary Hypergraph Construction

Our starting point is a random hypergraph H with vertex set V(H) = {v1,...,v,}, and (an hyper-edges,
hi,...,hnp,. Each hyper-edge h;, for 1 < i < nfs is a c-tuple of vertices, chosen randomly and independently.
Our EDP instance will be derived from the hypergraph H.

We now establish some properties of H. Let S C V(H) be a subset of vertices of size n/(;. We say that
S is bad if it contains none of the n@s hyper-edges. We say that event £ happens, if there is at least one
bad subset S C V(H) of size n/f;.

Lemma 3 The probability that £ happens is at most 1/4.
Proof: Fix some subset S C V(H) of size n/3; The probability that a random hyper-edge is contained in

S is:
(my %.(%—1)---(%—“1) § (él—l—c>0> 1
O = Dot S\ n ) @y
Therefore,
Pl is bad < (1- )ﬁ”< .
r 1S Da —_ e 1
- (261)° -

Since number of possible sets S is (n/"ﬁl) which can be upper-bounded by (egl)n/ﬁl < ﬁfn/m’ using the
union bound, we get that the probability that any set S of size n/f3; is bad, is at most:

2n

B e L3
e
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Given a vertex v € V(H), we say that it is a high-degree vertex, if it participates in more than 1085¢
hyper-edges in H. We say that event £ happens, if the number of high-degree vertices in H is greater than
n/By. Using Chernoff bounds, we can show the following.

Lemma 4 The probability of E happening is at most 1/4.

Proof: A vertex v occurs in a random c-tuple with probability ¢/n. Thus the expected number of
hyper-edges in which a vertex is contained is fac. By Chernoff bounds, for any § > 2e — 1, the probability
that a vertex is contained in more than (1 + d)B2c hyper-edges can be bounded by

172049082 <1 /(43)).

The expected number of high degree vertices is at most n/(481). By Markov inequality, the probability
that there are more than n/f3; such vertices is at most i.
O

4.2 The EDP Instance

The construction of the EDP instance G is based on hyper-graph H defined above. For each vertex v € V(H),
graph G contains a source and sink pair (s(v),t(v)). Additionally, for each hyper-edge h; : 1 < i < f9n, it
contains two vertices ¢;,r;, which are connected by a special edge. Consider now some vertex v € V| and
assume it participates in hyper-edges h;, , hi,, ..., h;,, where i; < iy < -+ < 7. We add the following regular
edges to graph G: (s(v),4;,), (ri,,t(v)), and for each j : 1 < j < k — 1, we add a regular edge (r;;,?
We define a canonical path corresponding to v as follows: P(v) = (s(v), i, Tiys- - s biy s Tig, t(V)).

i)

Properties of the EDP Instance: We will establish here that with high probability, the instance created
above satisfies some properties that would be useful in establishing our gap.

Let g > 2 be some fixed integer, and let K, be the total number of cycles of length at most g in G. We
say that event € happens, if K, > (6(32c%)971.

Lemma 5 The probability that £ happens is at most i,

Proof: Let G’ be a graph obtained from G by shrinking each special edge (¢;,r;) into a vertex wu;, and
let K, be the number of cycles of length at most g in G'. Since K, < K, it is enough to bound K.

Notice that all the source and sink vertices in G have degree 1, and thus do not participate in any
cycle. A cycle C of length k& in graph G’ is defined as an ordered k-tuple of vertices u;,,...,u;,, where
i = max{iy,..., i}, and edges ey = (wsy, Uip),s ..., €51 = (Ui _,, Ui, ), €k = (U4, us, ) belong to G' For each
j:1<j < k-2, we bound the probability that edge e; exists given the existence of edges ei,...,e;_1.
Let A C V(H) be the c-tuple of vertices participating in hyper-edge h;,. If edge e; exists, then hyper-edge
hi;,, must contain at least one vertex from A. The probability of this happening (given the existence of
e1,...,ej—1) is at most %

We now bound the probability of edges ey, er_1 belonging to G’, given the existence of eq,...,ep_s.
Consider the hyper-edges h;,, h;,_, of graph H, and let X, Y, Z be disjoint subsets of V(H), such that X UY
are the vertices participating in h;,, and Y U Z are the vertices participating in h;, ,. Notice that if hyper-
edge hj contains only vertices belonging to Y (but not to X or Z), then at least one of the edges ex_1, e
does not belong to G’ (this follows from the fact that the canonical path of each vertex v € V(H) traverses
the hyper-edges of H monotonically). Therefore, in order for edges ex_1, ex to belong to G’, hyper-edge hy,
must overlap with at least two out of the three sets X,Y, Z. We bound the probability that it overlaps with
both X and Y. The probabilities of hy overlapping with X and Z and with Y and Z are bounded similarly.

Let X, Y be the events that h;, N X # 0 and h;, NY # 0, respectively. Then:

Pr[X AYle,...,ex—1] =Pr[X|V,e1,...,ex—1] Pr[Vle,...,ex—1] < Pr[Xlei,...,ex—1]Pr[YVles, ..., ex-1] <

Therefore, the total probability that both edges ex_1, ex belong to G’ is at most 3701—42, and the probability
E
that cycle C of length k belongs to G’ is at most: 3 (%) .

4

3|n
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The number of potential cycles of length k can be bounded by (32n)*. Thus, the expected number cycles
of length k is at most (382c?)*. Summing up over all k : 3 < k < g, we get that E[K,] < (382¢?)9*!, and
using Markov’s inequality, we get the claimed bound.

O

With probability at least 1/4, none of the events &1, £, and €3 happen; we assume this from now on.

4.3 Integrality Gap Analysis

The fractional solution can route at least % units of flow, by sending % units of flow on each canonical path.

Consider now some integral solution whose congestion is at most ¢ — 1, and let P denote the set of paths
routed in the integral solution. Set g = 33;82¢2. We partition P into three subsets: P; contains canonical
paths, P, contains non-canonical paths whose length is greater than g, and P3 contains non-canonical paths
whose length is smaller than g. We bound the size of each one of these sets separately.

|P1] < % if event £ does not happen. Otherwise, there must be ¢ paths that go through a single special
edge and the solution has congestion c.

|P2| < n/B1. Total number of edges in G can be bounded by 382cn. Since we allow a congestion of c,
total capacity available in the graphs is at most 332¢?n. Thus the number of paths of length greater than g

352(!271/ _ 352(1271, _n

can be no more than = 3552 — B

To analyze Ps, we first remove from Pj all paths that correspond to vertices which occur in more than
10082¢ hyper-edges of H. Since event £ does not happen, we discard at most n/3; paths. Let P} be the set
that remains. For any s(v)-t(v) pair routed in P}, the length of its canonical path is at most 1082¢. Thus the
non-canonical path in P4 and the canonical path for s(v)-t(v) form a cycle of length at most g+ 1082¢ < 2g.
By Lemma 5, the number of cycles of length at most 2g can be bounded by (632¢)2972. Since each edge is
allowed a congestion of up to (¢ — 1), and each path in P4 uses an edge on such a cycle, |P5| is bounded by
2gc(632¢)29+2.

Therefore, |P}| can be bounded as follows:

P3| < 29¢(602¢%)%+
< (Bac?)*
< 94glog B2
_ 212ﬁ152c2 log B2
< 21251.6(251)“*1 In 3;-2¢1n B

_ 272(4ﬁl)0-m2 B1

<vn
<n/B

In total, |P| < 4n/f1, and the integrality gap is at least %, giving the bound in Theorem 2.

To show the hardness of ANF with congestion, classify each routed pair to be of type A or B based on how
much flow is routed on canonical versus non-canonical paths. It is type A if more than a (¢ — 1)/c-fraction
of the flow is routed on the pair’s canonical path, and type B otherwise. It is easy to see that no more
than (¢ — 1) type A pairs can traverse a special edge without causing a congestion greater than ¢ — 1. Thus
essentially the same analysis as given above for P; applies. For type B pairs, we proceed as above for Ps
and Ps noting that for each routed pair, we have only 1/c-fraction of the flow to be supported.

5 Hardness of EDP with Congestion

We will now establish hardness of approximating EDP with congestion ¢ > 2. We will focus here on the
case when c is any constant. As earlier, we perform a reduction from 3SAT using the PCP characterization
presented in Section 2. The parameters ¢, A, and r stay the same when c is a constant. Towards the end, we
briefly describe how the parameters change when c is allowed to be as large as O(loglogn)/(log loglogn)2.

10



In what follows, let z be the least integer such that ¢ < 2*. We will iteratively define sample spaces
of EDP instances, namely H;, Ho, ..., H,, such that the sample space H; is defined in terms of H;_; for
2 < i < z. The starting sample space H; is identical to one described in Section 3. We will prove that if ¢ is
a YES-INSTANCE , then any instance of H, has a collection of edge disjoint paths in H, of size at least Py,
while if ¢ is a No-Instance, then with high probability, at most Py source-sink pairs can be routed with
congestion restricted to 2 —1. We show that for any constant € : 0 < e < 1, Py 1 /Py > (log ]\7)(1_6)/(%22_1)7
where N is the size of instance H,.

5.1 Construction

We will use as our building block the bit gadget in Section 3.1. We will vary the parameters M, X based on
the sample space H;. The sample space H; is same as in Section 3, except that instead of parameters M, X,
we use new parameters M7, X7, which are specified later. For each accepting configuration a, let Pl denote
the set of X; canonical paths representing o in H;. For ¢ > 2, we generate an instance of H; by connecting
together several random instances of H;_;. Graph H; will contain a set of regular edges and a set of special
edges, whose sizes are the same for all the instances of H;. An instance of H; contains X; source-sink pairs
for each ordered i-tuple (a,..., ;) of accepting configurations. For each pair, there is a canonical path,
and let 7; denote the number of canonical paths in any instance of H;. Clearly, n; = |C|'X;. In order to
define the recursive construction of H;, we need first to define the notion of concatenation of instances of H;.

Concatenation of EDP Instances: Suppose G1,Gs are two instances of H;_ 1, for some i > 2. Then
concatentation of Gp and Gs is a new instance G defined as follows. Let (ai,...,a;-1) be an ordered
(i — 1)-tuple of accepting configurations. Recall that each instance of H;_; contains X; source-sink pairs
representing (aq,...,a;—1). Let S1,T7 and Sy, Ty be the corresponding sets of source and sink vertices in
G and Ga, respectively. We randomly unify the vertices in 17,53 in a pairwise manner. Consider any two
source-sink pairs (s1,t1) and (s2,t2) corresponding to (a,...,a;—1) in G1 and Gs, respectively, such that
t; and sy are unified in G. Then (s1,t2) becomes a source-sink pair for graph G, and its canonical path is
defined as a concatenation of the two canonical paths in G; and G2. Observe that in graph G, the number
of source-sink pairs remains |C|*"1 X7, the same as in G; and G5. We define a concatenation of arbitrary
number of instances of H;_; in a similar fashion.

Definition of H;: An instance of H; is constructed by a recursive composition of instances of H; 1 and
bit gadgets. We will use parameter M;, X; for constructing H;. For ¢ > 2, we define M; = M%MQ...Mi_l.
Similarly, we define X; = (|C|¢gM;—1X;_1)/2 for ¢ > 2. By our choice of parameters, we ensure that the
number of special edges in an instance of H; 1 is Xj.

e For each accepting configuration «, and for each j : 1 < j < ¢, we build an instance B*~1(a, j) of
H,_,. Each of these instances is constructed independently.

e For each accepting configuration o, we define a graph G(«) to be the concatenation of Bi=*(a, 1),..., B 1(a, q).
A source-sink pair in the concatenated graph correponding to an (¢ — 1)-tuple («1,...,®;—1) can now
be viewed as a pair that corresponds to the i-tuple (aq,...,q;—1, @) in G*(«).

e For each proof bit II;, we build a bit gadget G*(j) representing it, with parameters M;, X;.

e The above two parts are composed together as follows. Consider some accepting configuration «, and
let a1,...,aq be the corresponding query bits. Fix some j:1 < j <gq.

On one hand, we have a bit gadget Gi(aj), which contains X; canonical paths corresponding to «. Let
S;,T; denote the set of sources and destinations of these paths. For each source s € S, let f(s) € T
denote its corresponding destination.

On the other hand, graph G%(a) contains as sub-graph instance B*~!(a,j) of H;_ i, which has X;
special edges. Let A denote this set of special edges, and let L and R denote the sets of their left and
right endpoints. We remove these edges from our graph. Instead, we unify vertices in L and S; (in
pairwise manner), and we unify vertices in R and T}, as follows. Let e = (¢,7) € A, and assume we
unified ¢ with some source s € S;. We then unify r and f(s).

11



e Source-sink pairs are the union of the source-sink pairs in graphs G¢, for a € C.

The set of special edges in the new instance of H; is the union of the special edges in bit gadgets G*(j),
for all proof bits j. All the other edges are regular. Notice that the number of special edges in H; is indeed
Xi+1: Recall that for each configuration « € C, graph G*(«) is a concatenation of ¢ instances of H*~!, each
of them containing X; special edges. Each such special edge is replaced by a canonical path in G*(j) for
some proof bit j. A canonical path of a bit gadget has M; special edges, and each special edge is shared by
two such paths. Therefore, the total number of special edges in H; is |C|qu% = X;11-

Also, note that the total number of canonical paths that go through a special edge in any instance of H;
is exactly 2°.

235z _ ) .
Size of an instance of H,: We will set the base parameters as My = 226* and X, = 22Mc i Mk. Let

us now bound M;. It is easy to see that My = M3, and for alli:2 <i <z, M; = M? | = MI%T. Therefore,
for all 2 < i < z, we have M; = QAR G2 - 9Ak*2!

Let N; denote the size of an instance of H;, and let ¢; denote the length of each canonical paths in an
instance of H;. Recall that n; = |C|'X} is the number of canonical paths in H;. Clearly, N; < £;n;.

To bound ¢;, recall that each canonical path traverses ¢ gadgets, and length of a canonical path inside
each gadget is at most 3M;. So, ¢1 < 4qM;. The recursive formula for ¢;, where i > 1 is calculated as
follows. A canonical path in H; consists of ¢ canonical paths in H; ;. Additionally, each special edge of
H,;_; is replaced with a canonical path in gadget G*(j) (where j is some proof bit index). The length of the
canonical path inside G*(j) is at most 3M;, and the number of special edges on path ¢; is at most qf;_;.

, agitl_

Therefore, ¢; < gl;—1+ql;—1-3M; < 4gM;l;—1 < (4q)' M1 My --- M; < (4(1)1M142 ®. Thus the size N, of an
3os+1_

instance of H, can be bounded as N, < £,n, < |C|* X} (4q)ZM142 ? < X122 when z = O(logloglogn).

2352 _
Notice that X; = 22™° 2" "™ Asy = O(logn), the overall construction size is O(nPologn),

5.2 Yes Instance: ¢ is Satisfiable

In the YES-INSTANCE , there is a PCP proof, for which the acceptance probability is at least 27*. For each
random string r satisfied by this proof, let ¢(r) be the corresponding accepting configuration.

Lemma 6 If ¢ is a YES-INSTANCE , then for each i : 1 < i < z, graph H; contains a collection of
Py = \C|1X1/2(2>‘k+’\)i edge-disjoint canonical paths.

Proof: Let Pi ; be the collection of canonical paths, defined as follows. Consider any i-tuple (avy, ..., ;)
of accepting configurations. The set Pi,; contains the X; paths representing this i-tuple in H;, iff for each
j:1<j<z a; =c(r) for some random string r;. Therefore, |P{;| > (|R|'X1)/2* > (|C|'X;) /22 k+N)1,
where the last inequality follows from the property that for each random string =, there are at most 22**
accepting configurations. We now prove, by induction on 4, that for all i : 1 < i < 2, all the paths in P},
are edge-disjoint in H;.

For ¢ = 1, since there is no conflict between any pair of configurations ¢(r), ¢(r’) for random strings r, 7/,
all the paths in Py ; are edge-disjoint. Assume now that all the paths in 77;',_[1 are edge-disjoint in H;_1, and
consider H;. Let a be any accepting configuration. If a # ¢(r), where r is the random string of «, then none
of the paths in G?, belongs to our solution. Therefore, if we have two accepting configurations «, 3, such
that some paths in G, and some paths in Gg belong to the solution, then there is no conflict between « and
3, and thus they will not participate together in the same gadget G(j) for any proof bit j. Therefore, the
only way for the solution not to be edge-disjoint is that for some configuration «, there are two paths of G,
in our solution, which share an edge. But G, is a concatenation of ¢ instances of H;_1, and when restricted
to each one of these instances, our solution is exactly the set P;}}l of paths, which is edge-disjoint for any
instance of H; 1 by the induction hypothesis. 0
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5.3 No Instances: ¢ is Unsatisfiable

Assume ¢ is a NO-INSTANCE . As before, we will bound the number of canonical paths (P;), long non-
canonical paths (Pz), and short canonical paths (P3) in any solution that has congestion at most 2% — 1.

5.3.1 Canonical Paths

Recall that in order to construct our final graph H,, we construct, for each proof bit II;, for eachi : 1 <17 < 2,
many instances of bit gadget G*(j), with parameter M;. We define a parameter A; = %7 which replaces
the parameter A in the definition of a bad gadget. Let B; be the (bad) event that any of these bit gadgets
is bad. The following is a simple corollary of Lemma 1.

Corollary 2 The probability of the bad event By is bounded by pollyn,

Proof: From Lemma 1, the probability that any gadget is bad is at most e~
size is quasi-polynomial, it contains less than e™/2

™. Since our construction

bit gadgets. The corollary follows by the union bound. O

[3 2\1
Theorem 4 If event By does not occur, then for eachi:1 <1i < z, any collection of more than W

canonical paths in graph H;, causes congestion of 2¢.

Proof: The proof is by induction on 4. For each i, we bound the maximum number of canonical paths,
for which congestion is less than 2°. The analysis of the base case, where ¢ = 1 is similar to the analysis
presented in Section 3. Recall that the number of canonical paths in any solution with congestion 1 is at

X1 o4 2V [ClgXa8log My | [CXy - [ClgXi8AK? | [CIX1 - [C](9°) X4
most AL ZjnJ+ oAKZ < M, + oAk2 < My + oAk2 < My :

Assume now the theorem holds for i — 1, and consider H;. Let P} be any collection of canonical paths
in H;, such that their congestion is less than 2*. We partition the set P; as follows: for each configuration
a € C, let Q°, be the paths of P; that correspond to paths in G*(«).

Definition: Let a € C be an accepting configuration. We say that « is congested iff |Q%| >
2 ‘Cl'ifl'(qu)ifl 'Xl
Ml ) . . . . . .
We now proceed in two steps. First, we prove that if a is congested, then for each j : 1 < j < ¢, many

of the special edges in B'~1(a,j) have congestion 2°~!. The second step is proving that the number of
congested configurations is small (otherwise the overall congestion is 2*).

Lemma 7 Suppose a is congested and event By does not occur. Then for each j € {l..q}, at least

i : . i—1 ; ; i—1
STEIvA v special edges in instance B* " («, j) of H;—1, have congestion 2~ *.

Proof: Fix j and consider instance B*~!(a,j) of H;_1. Let Q%(a,j) denote the restriction of Q! to the
canonical paths of B*~!(a,j). We refer to the special edges of B*~!(«,j) whose congestion is 27! as
congested edges. ‘ _

Since « is a congested configuration, |Q¢ | > 2|C|1_1'(?\q2)1_1'xl. However, by the induction hypoth-
esis, the maximum number of canonical paths in any instance of H; ; that do not cause congestion
21 g % In order to convert Q'(a,j) into a collection of canonical paths that cause con-

. i—1 2yi—1

gestion less than 2/~!, we need to remove at least M\}# paths from it. Each such removed

path reduces congestion on at least one congested edge. Therefore, the number of congested special
i—1 2\i—1

edges is at least W Since the total number of special edges in any instance of H; 1 is

X; < N;—y <|CIF1X1(9¢%) 1My - - - M;_1, the number of congested edges is at least W O
i i

Lemma 8 If ¢ is a NO-INSTANCE and the event By does not occur, then in any solution of H; with congestion
2" clq?
My

at most 2° — 1, no more than configurations can be congested.
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Proof: Let C; C C denote the subset of congested configurations. Consider some bit gadget G(j). Recall
that each canonical path in gadget G*(j) corresponds to some special edge of some G'(a) for o € C. Let
e1 € Gi(a),ea € G'(7) be two special edges, and assume that in the construction of H;, edge e; was replaced
by the canonical path P,(«), and es was replaced by the canonical path P,/ () in gadget G*(j). Then if
these canonical paths share an edge in G*(j), and if edges e; and es are congested, our solution has total
congestion 2°.

Since gadget G'(j) is not bad, and congestion is less than 2¢, either there are less than "JAXL congested

7

special edges that belong to graphs G'(a) where o € Zj, or there are less than % congested special

edges in graphs G*(a) where o € O; (here A; = M;/8log M;). Recall that for each congested configuration,
nyMZMs--M;_
A,

i

there are at least — congested special edges. Therefore, either Z; contains less than

X
MZMs---M,
TLlezMQ"'Mi71
A

congested configurations, or O; contains less than congested configurations. Thus by removing

MEMs--M;_y

at most » N T A configurations from C;, we obtain a subset Cs of accepting configurations with no
conflicts. As we have a NO-INSTANCE , |Ca| < 2‘56'2 .

On the other hand, we can bound Zj n; < |Clg, and thus,
|C|qM12M2 t -Mi,]_ - |C|qM12M2 --~Mi,1 . SIOgMZ < |C|q)\k:22’ < |C|q22’
A; o M; o M, - M

(we have used the fact that M; = MM, --- M;_1, and that log M; < A\k?2%).

Iclg®2’ | IC| 2 clq?
In total, ‘Cl| S M + W S L

ICi\ Ca| <

O

We are now ready to bound the number of canonical paths in P; = Pi. Each congested configuration
contributes at most |C|*~!X; paths to P;, and by Lemma 8, we have at most (2¢1|C|¢?)/M; congested

i—1 2\i—1 -
configurations. Each non-congested configuration contributes at most QW paths. Thus, |P}| <

1y 27ele’ | plel (907 X 2HUCHX, | oIl (947 T Xy [CIPX (967)
ICl" 1 X7 - +2 L.|C] < L +2 L < y m
M, My — M, 1 - My ’
. AkZ 2_ SV 2
Since P; = Plza we get |I_7);/11\ > (9q2)22.2(2>\k+>\)z > 9AR" —2Xkz—Az—3z log(Ak) > 9AR"—3Xkz

5.3.2 Long Non-Canonical Paths

Recall that the length of each canonical path in an instance of H, is £, < (4q)ZM1%(2Z+172) < (4q)72 7327 -2),
A non-canonical path is called long if its length is at least ¢ = £,y where v = M? Otherwise, it
is called short. Let Py denote the set of long non-canonical paths in any solution that has congestion
less than c¢. Each edge in our final graph participates in at least one canonical path. Thus, the to-

tal number of edges is at most 7.f,. As the congestion on each edge is less than 2%, we have that

2% n. L, _ 2°1CIP X, 2722 k+0)2 Py
|7)2| < 9 T T 4 < Pyr oNK2 = 9X(kZ-3k=2)

5.3.3 Short Non-Canonical Paths

We next bound the size of Ps, the set of short non-canonical paths in our solution. Suppose there is a short
non-canonical path P € Ps connecting some source and destination pair (s, ). This path must form a cycle
of length at most g4/, < 2¢g with the canonical s —t path. Moreover, at least one edge on the cycle lies on P.
Let K denote the number of cycles of length at most 2¢ in our graph. Then |Ps| < 2¢g- K (since congestion
is at most ¢). Our goal is to show that with high probability, K is small. The proof of the following lemma
is similar to Lemma 2.

Lemma 9 With probability at least 2, K < 3|C|(29+2)=,
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Proof: We build a new graph G’, obtained by shrinking the special edges (each special edge becomes a
vertex). Let K’ denote the number of cycles of length at most 2g in G’. Clearly, K < K’. We now bound
K'.

All the potential edges whose probability is greater than 0 in our graph can be partitioned into several
disjoint subsets, where in each subset we perform a matching between two sets of X; vertices for 1 <i < z.
The different matchings are completely independent. Therefore, the probability that some edge e exists in

graph G’ is at most Xil (since X7 < X, for all i > 1), and the probability that e exists given the existence

of 7 other edges, 1 < i < 2g is at most ﬁ < Xll Thus, the probability that a given potential cycle that

contains ¢’ edges, ¢’ : 1 < ¢’ < 2g exists is at most (%l)g . The number of potential cycles of length ¢’ is
bounded by N, Zgl, where N, is the graph size. Thus the expected number of cycles of length ¢’ in G’ is at

g
most (2)](\2 z) . Summing up over all values of ¢’, the expected number of cycles of length at most 2g is at

mn 2N, 2g+1 . .
ost (5 . Since N, is bounded by n,£,, we get

1
(29+2)
E(K/) < (QWZKZ> < ‘C|(29+2)Z
=\x <
Using Markov’s inequality, the probability that the number of cycles of length at most 2g is greater than
3|C|(29+1)= is at most 1/3. O
We say that the bad event By occurs if K > 3|C|(292)%. If B, does not happen, then we have: |P3| <

. 2oAk2 (322 _2) k2 Ak2 (3221 1y 4k P
2cq - (3‘0'(2g+2)z) < |C|Bgz < 9(A(r+2k)z)-(49)*2 4 2 < 22 4 <X, < Qx(k;:]g.kz)'

5.3.4 Putting it Together

If the events By and Bs do not happen, the gap between the yes and the no instances is 9(2,\(1@2731@2)). For any

€’ > 0, we can choose sufficiently large k such that the gap is (log NZ)(l_EI)/(%zzH_l) = (log NZ)(l_el)/(%c*‘%)
and the size of the instance is bounded by npevlos(®),

When c is allowed to grow up to (lo‘é‘fgl% for any € > 0, the gap term Q(Z’\(kz_gkz)) yields the
desired gap only when we allow k to grow to z = logloglogn. Following [20], it can be shown that using
r = O(k*logn) random bits, we can get once again completeness at least 1/2 and soundness at most 1/ 2k’
To keep the construction size bounded by (nP°¥°8(") we now choose X to be a large constant. The rest of
the proof remains similar to the one presented above.
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A The Samorodnitsky-Trevisan PCP Construction

Our starting point is the following PCP characterization of NP, proved by Samorodnitsky and Trevisan in
[30]. Let ¢ be an instance of 3SAT on n variables. We have a PCP proof for the satisfiability of ¢ denoted
by II and a randomized verifier, that reads ¢ proof bits to determine whether or not ¢ is satisfiable. Given

a random string r of the verifier, let b1(r),...,by(r) be the indices of the proof bits read. A configuration
is (r,a1,...,aq), where ag,...,a; € {0,1} are values of Oy, () -+, Hp, (). We say that a configuration
(ryai1,...,aq) is accepting, if, for a random string r of the verifier and the values aq,...,a, of proof bits

Oy, )y - -, Hp, (), the verifier accepts. Abusing the notation, we denote by 7 both the random string of the
verifier and the number of random bits (i.e., the length of the string).

Theorem 5 [30] For any constants u > 0,k > 0, there is a PCP wverifier for 3SAT with the following
properties:

o If ¢ is a YES-INSTANCE , accepts with probability > 1 — p.

e If ¢ is a NO-INSTANCE , accepts with probability < p + 2k,

o Reads 2k + k? query bits and tosses r = O(logn) random coins.

e For every random string r, there are 22F accepting configurations.

e For every random string r, for every i : 1 < i < q, the number of accepting configurations where the
value of Iy, ) = 0 equals the number of accepting configurations where 1Ly, .y = 1.

In our case, we fix u = 2% and k is a large enough constant. Thus, in YES-INSTANCE , the acceptance
probability is at least % and in NO-INSTANCE , it is at most 2 - 2k,

Observe that the length of the proof is bounded by 2" (2k+k?). For the sake of convenience, we would like
to ensure that each proof bits participates in many accepting configurations. This can be done as follows.
The verifier works as before, except that now additionally it randomly chooses one proof bit and accepts iff
the original verifier accepts. Observe that now the length of the random string becomes ' < r + r + 3log k,
and the number of query bits read is k2 4+ 2k + 1. Let II; be some proof bit, and let n; be the number of
accepting configurations in which the value of II; is 0 (clearly, the number of accepting configurations in
which the value of 11 is 1 is also nj). We have that n; > 2" - 22k > or'/2,

We summarize the properties of the PCP construction (substituting the values of r and k by the new
values 7’ and k' = k + 1):
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The verifier reads at most k2 query bits and tosses 7 = O(logn) random bits.
YES-INSTANCE : acceptance probability at least %

NoO-INSTANCE : acceptance probability at most 2k,

22k—1

For every random string, there are accepting configurations.

For every random string r, for every j : 1 < j < g, the number of accepting configurations where the
value of Il () = 0 equals the number of accepting configurations where I, ) = 1.

For each proof bit I1;, n; > 27/2.

Repetitions

As a next step, we perform A\ = O(loglogn) independent repetitions of the above protocol. Recall that k is
a large enough constant. Let 3 be a large constant, 3 >> k2. We fix A = 26105# = O(loglogn).

The verifier accepts iff the original verifier accepts in each protocol repetition. The resulting PCP has
the following properties:

Random Bits: Ar = O(lognloglogn). Let R denote the set of all possible random string, |R| = 2*".

Query Bits: ¢ = \k? = O(loglogn). W.lo.g. assume that the verifier reads exactly ¢ bits of proof
for every random string.

Completeness: YES-INSTANCE is accepted with probability at least 27
Soundness: NO-INSTANCE is accepted with probability at most 22k

For each random string, there are 2)(2*=1) accepting configurations.

For every random string r, for every j : 1 < j < ¢, the number of accepting configurations where the
value of Il () = 0 equals the number of accepting configurations where I ) = 1.

For each proof bit II; let Z; be the set of all the accepting configurations in which bit II; participates
with value 0, and let O; be the set of all the accepting configurations in which II; participates with
value 1. We denote n; = |Z;| = |O;|. Then n; > 27/,
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