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Abstract

In this paper we give a constant factor approximation algorithm for the capacitated
k-median problem. Our algorithm produces a solution where capacities are exceeded by
at most a constant factor, while the number of open facilities is at most k. This problem
resisted attempts to apply the plethora of methods designed for the uncapacitated
case. Our algorithm is based on adding some new ingredients to the approach using
the primal-dual schema and lagrangian relaxations.

Previous results on the capacitated k-median problem gave approximations where
the number of facilities is exceeded by some constant factor. Relaxing the constraint
on the number of facilities seems to render k-median problems much simpler. In some
applications it is important not to violate the constraint on the number of facilities,
whereas relaxing the capacity constraints is a natural thing to do, as the capacities
express rough estimates on cluster sizes.
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1 Introduction

In this paper we consider the following capacitated k-median problem. The input is a set of
clients C, a set of potential facilities F', a non-negative integer capacity function u : F' — N,
a metric distance d on €' U F, and a positive integer k. The desired output is a subset of
open facilities I C F of cardinality at most & and an assignment of clients to open facilities
@ : C — F’" such that for all : € F', |p~'(i)] < u(i). The objective is to minimize the
total assignment cost >, d(7, (7). In the related capacitated facility location problem
the input includes non-negative facility costs f; for all « € F. The output set of facilities
F'" may be of any positive cardinality, and the objective is to minimize the total assignment
cost plus the total opening cost Y .. d(7, (7)) + Dicp fi-

Facility location and k-median problems are motivated by applications in logistics, dis-
tributed systems, clustering, and other areas. In recent years variants of these problems
(mostly the uncapacitated versions) inspired an explosion of research promoting diverse
methods. Constant factor approximations were discovered for uncapacitated facility loca-
tion [20] and for uncapacitated k-median [4] (both used the LP relaxation of [7] and the fil-
tering technique of [14]). The approximation factors for both problems were improved signif-
icantly using the original filtering/LP-rounding ideas [5, 6, 9], the primal-dual schema and la-
grangian relaxations [12, 3], local search heuristics [13, 1], and dual fitting [15, 11, 10, 21, 16].
(See also the surveys in [8, 19].) The current approximation guarantee champions for these
problems [1, 16] are quite close to the known hardness of approximation results. Constant
factor approximations were discovered for the capacitated facility location problem [12, 18].

Unfortunately, none of this impressive collection of results seemed to apply directly to
the capacitated k-median problem. Standard LP relaxations are known to have unbounded
integrality gap for this problem [4]. If the capacity constraints are relaxed, and the approx-
imation algorithm is allowed to exceed the capacities by a constant factor, this is no longer
necessarily true. However, the methods used to solve uncapacitated k-median all seem to
suffer from serious drawbacks when trying to apply them to the capacitated problem. For
example, capacitated facility location can be solved using the primal-dual schema [12]. How-
ever, this is done by reducing the problem to the uncapacitated case, changing the metric to
include some of the facility opening costs in the process. The resulting bounds are not of the
form that can be used in the lagrangian relaxation approach that solved the uncapacitated
case. The only previous attempts to address the capacitated k-median problem (to the best
of our knowledge) got a constant factor approximation with a constant factor violation of the
capacities for the case of uniform capacities [4], or while exceeding the number of facilities &
by a constant factor [2]. Solving the uniform capacities case requires a simple modification
of the uncapacitated algorithm. Relaxing the restriction on the number of facilities usually
renders k-median problems much easier.

In this paper we give a constant factor approximation algorithm for the capacitated k-
median problem. Our algorithm produces a solution where capacities are exceeded by at
most a constant factor. We note that in clustering applications where the capacities are
estimates on cluster sizes, relaxing the constraints imposed by those estimates might be
a reasonable thing to do. Our algorithm is based on a simple primal-dual algorithm for
capacitated facility location that also exceeds the capacities by constant factors, but on the



other hand produces solutions that can be used in the lagrangian relaxation approach. Our
solution differs from previous results (e.g. [12]) in two main respects. Firstly, we base our
primal-dual algorithm not on the usual LP relaxation of [7], but on a different relaxation
similar to the one used in dual fitting. Secondly, our procedure that generates a k-median
solution 1s much more complicated than similar procedures in previous work, and its analysis
has to amortize the cost of some connections against others in a non-trivial fashion. The
reason for this is that some clients have to be rerouted to far-away facilities to accommodate
the (relaxed) capacity constraints. We note that in this extended abstract, we made no
attempt to optimize the constant guarantees.

2 Preliminaries

Suppose we are given some solution to a capacitated facility location problem. Let ® denote
the client connection cost and ¥ denote the facility cost of the solution. Our algorithm for
the capacitated k-median problem can be based on any approximation algorithm for the
capacitated facility location problem, which always produces a solution where the capacities
are violated by at most a constant factor, and the inequality ® +r¥ < rOPT holds for some
constant r, where O PT is the value of the optimal solution. We remark that the algorithm of
Jain and Vazirani [12] produces a solution of the desired form for the uncapacitated facility
location problem. However, this does not seem to extend to arbitrary capacities. Therefore,
we show a new approximation algorithm for the capacitated facility location problem with
the above properties, which is based on LP relaxation similar to the one used in [10], rather
than the usual LP relaxation of [7].

Our algorithms are motivated by and analyzed using the following integer linear program
formulation of the capacitated facility location problem. To state the formulation, we use
the following notation: For every facility ¢ and every subset of clients D of size |D| < u(1),
we define a star S = S(i, D). The cost of this star is w(S) = fi + > .cpd(7,5). We denote
f(S) =1, ¢(S)= D, and n(S) = |D|. Let S be the set of all such stars. The integer linear

program formulation is:

minimize ) ¢.cw(S)zs

s.t.
ZSUEC(S) zs 21 Vjedl
zg € {0,1} VS eS

By relaxing the integrality constraints to zg > 0 VS € &, we get a linear programming
relaxation for the capacitated facility location problem. We denote this relaxation by (FLR).
Notice that (FLR) has an exponential number of variables. However, we will not need to

solve it. The dual LP, which we denote by (DFL), is:

maximize Z]‘ec a;

s.t.
EjEc(S) a; <w(S) ¥VSeS
a; Z 0 \V/] S C



Let 2% denote the value of an optimal solution for the capacitated facility location problem.
Then by weak duality 2% > E]‘ «; for any dual feasible solution o.

Let z be an integral solution to (FLR). Note that it is possible that there are several stars
with the same facility ¢ in z. It is sometimes convenient to assume that we have n available
copies of each facility, where each copy is viewed as a different facility. In this representation,
each facility is opened at most once in z, and we can express z as a pair of integral vectors
(z,y) in the following way. For every ¢ € F, y; = 1 iff there is a star S with f(S) =7 and
zg = 1, and for every 1 € F and j € C, z;; = 1 iff there is a star S with f(S) =1, 5 € ¢(5),
and zs = 1. We denote by ®(z) = ®(x,y) = > .cr jco d(1,7)74; (the total connection cost
of z), and we denote by W(z) = U(z,y) = > .. fivi (the total opening cost of z).

We will use the following mixed integer program formulation of the capacitated k-median

problem
minimize Z]EO Eiep d(i,7)zi;
s.t.
Diep Tij = 1 viec
EieF yi <k
zii < y; Vie F,VyeC
y; € {()’ 1} Vie I

We denote by (KMR) the linear programming relaxation derived by relaxing the integrality
constraints to y; > 0 Vi € F'. We denote by z;, the value of an optimal solution for the
capacitated k-median problem.

In both the capacitated k-median problem and the capacitated facility location problem
we are interested in infeasible solutions that may connect too many clients to a facility.
However, we restrict the excess to at most v times the capacity, for some constant v > 1.
More formally, if ¢ is the assignment function of clients to facilities in our solution, we
require that |¢~(i)] < vyu(7) for all facilities i. We call such a solution a ~y-feasible solution.
(Similarly, a fractional solution is y-feasible iff it violates the capacity constraints by no more
than a factor of v.) We call an algorithm that produces a y-feasible solution whose cost is
at most # times the optimum a (3, ~)-approzimation.

3 Facility Location

In this section we present and analyze our bi-criteria approximation algorithm for the facility
location problem. QOur algorithm will be used in the approximation of the capacitated k-
median problem. The algorithm is made up of two phases. We define and discuss each phase
separately.

Phase 1.

The goal of this phase is to find a feasible solution to the dual program (DFL). This solution
will serve as a lower bound on the cost of the optimal solution. We also obtain an infeasible
primal solution. In the second phase, this solution will be converted into a solution satisfying
the relaxed capacity constraints.



We start with all dual variables equal to 0. All the facilities are closed, and no stars are
allocated. For each facility ¢, in this phase, we are going to allocate at most one star whose
center is 1. As soon as such a star is allocated, the facility ¢ is declared “open”. Allocating
stars and opening facilities is done as follows. While there are unconnected clients, increase
uniformly the values a; for all unconnected clients 7, until one of the following conditions

holds:

1. There is a currently closed facility ¢ and a set D of clients (connected or unconnected)
of size at most u(i), such that » . ,(a; —d(s,7)) = f;. If the condition holds for some
facility ¢ and set D of clients, we allocate the star S = S(z, D). Facility ¢ is declared
open. All the clients in ¢(5) that are currently unconnected become connected to i.
If, for some unconnected client 5 & ¢(5), o; > d(1, 5) holds, then we connect j to 1.

2. For some unconnected client 5 and open facility i, a; becomes equal to d(i,7). Then
we connect j to 1.

Notice that in the end all the clients are connected. However, the number of clients connected
to ¢ may thus exceed u(z). This will be fixed in phase 2.

Claim 1. If client j is connected to facility ¢ in the end of phase 1, then a; > d(z,7). Also,
if 7 € ¢(9) for some star S allocated by the algorithm, then «; > d(j, f(5)) (note that in
this case j is not necessarily connected to f(.59)).

Proof: First, assume j € ¢(.5) for some star S allocated by the algorithm, with f(S) = 1.

Then,
Yooap < it Y dig)
J'ec(SN\{} i'ec(SN{}
(otherwise the first condition was true for the star S" = S(i,¢(5) \ {j}) before S was allo-
cated). Since the first condition holds for S, «; > d(z, j).
Now suppose j is connected to some facility ¢, a star S with f(.S) = ¢ is allocated by the
algorithm, and j € ¢(S5). Then if j connected to ¢ when star S was allocated, a; > d(1, j)
clearly holds. If j connected to ¢ later, then a; = d(i, 7). O

Claim 2. Phase 1 can be implemented to run in polynomial time.

Proof: The number of iterations is bounded by |C|. We show that each iteration can
be implemented to run in polynomial time. Consider an iteration. Let A be the set of
currently open facilities, and let B = F'\ A. Let C; be the set of currently connected clients,
Cy = C\ C1. Our goal is to compute the increase A in values of a; for all j € Cy in this
iteration, and in case the first rule must be applied, we must find the star that should be
allocated.

Consider a facility ¢« € B. For each 0 < r; <[], 0 < 1y < |Cy], such that ry + ry < uy,
let D(i,71,r2) be the set of r; connected clients and ry unconnected clients that minimizes

(i) =fit Y. digj) - Y oy

JED(i,r1,r2) JED(i,r1,r2)
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Clearly, set D(i,ry,72) consists of r; connected clients and ry unconnected clients with the
largest (a; — d(7,7)) values. Notice that the first condition holds at the end of current

iteration for some star S with f(S) =4, and ¢(5) a set of r; connected and ry unconnected

5(4,r1,r2)
ro )

clients if and only if A =

Let Ay be the minimum value of M over all facilities7 € B, and all integers 0 < ry <

|Cy], 0 < 1y < |Cy], such that vy 4+ 17y < uZ The first condition holds for some star in current
iteration if and only if A = Ay. Put Ay = minjee,iea{d(s,j) — a;}. Clearly, the second
condition holds in this iteration if and only if A = A,. Thus, the increase in values «; for
j € Cy in current iteration is A = min{A;, Az}, and can be computed in polynomial time.
In case A = Ay, the first condition holds. In this case we allocate the star S(i, D(i,71,72)),
i € B for which 2rure) “’702) = A. 0

Claim 3. The vector a computed in phase 1 is a dual feasible solution.

Proof: Consider a star S. Let ¢ = f(5). If ¢ is closed, then ZjEc(S) a; < w(9), for otherwise
S or some other star with ¢ as its center would have been opened by the algorithm. Suppose
i is open at the end of the algorithm, and S’ with f(S") = ¢ is allocated. If 5" = S, then
trivially Zjes a; = w(S), because as soon as this condition holds and S is allocated, all
J € S that were not connected previously, get connected and their o;-s stop increasing. If
S #£ S, partition ¢(S) into two subsets. Let C; be the set of all clients j € S that had
a; > d(1,7) at the time when S” was allocated, and let C3 be the set of all other clients in
c¢(S). When 5" was allocated, the following condition was true: » ... (a; —d(7,7)) < fi.
As for the clients j € Cy, when phase 1 terminates a; < d(i,7), because if at some point
a; = d(i,7), we connect j to ¢ and stop increasing «;. Therefore, at the end of phase 1,
Yies @ S w(S). Thus, in all cases the dual constraints are satisfied. O

Phase 2.

In this phase we convert the solution produced in phase 1 into a solution satisfying the
relaxed capacity constraints.
Put 8" = . Given a star S with facility 7, let r(5) = n{‘s) Sort the stars allocated in

phase 1 by non-decreasing r(5) value. Scan the stars in this order. Let S be the current
star. If there is no star S’ € &’ such that ¢(S")N¢(S) # @, add S to S'. Let F’ be the set of
facilities 7 such that there is a star with center ¢ in §’. Note that for each client j, there is at
most one star S € 8’ that contains j. If there is a star S € S’ such that j € ¢(.5), connect j
to f(5). We say that this is a direct connection. Let j be one of the remaining clients, and

suppose that at the end of phase 1, j was connected to facility 7. If 2 € F’, then connect j
to 7. This is also called a direct connection. Otherwise, there is a client ;' and a star S’ € §’
such that 3" € ¢(S) N e(S"). Connect j to f(S"). We say that this is an indirect connection
for which j is responsible. Finally, for every S € & consider the set of clients D connected
to 1 = f(S). Open [|D]|/5u(z)] copies of i. Connect to each copy at most 5u(z) clients from
D.

We first bound the connection cost.



Claim 4. At the end of phase 2, if client j is connected directly to facility ¢, then d(z, j) <
a;, and if j is connected indirectly to ¢, then d(7, 7) < 3a;.

Proof: The first part of the claim follows from Claim 1. As for the second part, suppose
7 is connected indirectly to ¢/, and let j' be the client responsible for this connection. Let
S" € 8 be the star with f(S’) = ¢'. Let ¢ be the facility to which j was connected at
the end of phase 1, and let S be the star allocated in phase 1 with f(S) = 7. From
Claim 1, d(z,7") < aj, d(i',7") < aj and d(i,7) < «a;. We show that a; < a;: When
star S was allocated, either 5 connected to 2, or it was already connected to some other
facility. Therefore, a; stopped growing by the time S was allocated. However, j connected
to ¢ either when it was allocated or later. Therefore, a; < a;, and the connection cost

d(i',§) < d(i,3) +d(i, ') + d(i',§') < 0; + 20 <3aj. O

Claim 5. Let S € &', and let « = f(S) € F'. We denote by ¢/(S) the set of clients
connected to ¢ that do not belong to ¢(.5). Then the total cost of all the copies of ¢ is at

most
Z (aj - d(%])) +

j€c(S) j€c!(8)

o]

Proof: As S was allocated in phase 1, we have ZjEc(S) a; = w(S). More than one copy of

i is opened only if there are at least 4u(z) clients not in ¢(S) connected to i. Pick 4u(s) of
fi
du(e)”
S5u(z)(t — 2) uncharged clients not in ¢(.5). Charge each of these clients with 55(2’)'

Consider a client j € ¢(S) connected to 7. Observe that S can only be allocated after

these clients and charge each of them with If ¢ copies of ¢ are opened, there are at least

time n{fs) in phase 1. If j is connected directly to 7, then it was connected to 7 at the end
of phase 1. Therefore, it connected to ¢ at time n{fs) or later, and a; > % > u{;) If jis

connected to ¢ indirectly, then there is a star S" and ' = f(.5"), such that j was connected

to ¢/ at the end of phase 1. By the order in which stars were added to §’, n{g,) > n{fs)
f

WAL SO N fiw
Therefore, o; > 25 2 S 2w O

The main result of this section is the following bound on the performance guarantee of
the algorithm.

Lemma 6. Let (z,y) be the solution computed by the above two-phase algorithm. Then,

B(z,y) +4V(z,y) <4y a; <425

J

Proof: Let B be the set of directly connected clients belonging to stars in &', let D be the
set of all the other directly connected clients, and let I be the set of indirectly connected
clients. Then

4 (z,y) + O(zy) < AV(z,y)+4Y d(e(5),5) + ) de(h),5) + Y d(w(i),J)

JEB J€D Jel
«
< AY i+t Y T a+3Y
JEB je€DUI JE€ED jel
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§ 4Zaj O

4 k-Median

Consider any capacitated facility location algorithm that produces a y-feasible solution (z, y)

such that ®(z,y) + BY(z,y) < Bz} We have:

Lemma 7. The above-mentioned algorithm can be used to generate in polynomial time
two y-feasible solutions S; = (z', y') with k; open facilities and S, = (2%, y?) with ky open
facilities, such that the following conditions hold:

1k <k <ky.
2. BEEO(S)) + BEE0(S,) < B 2, -

The proof of this lemma is identical to the lagrangian relaxation argument of [12]. Alterna-
tively, one can prove this lemma using a packing argument similar to the one in [17]. We do
not include a proof in this extended abstract.

Thus, for the remainder of this section we assume that we are given two such solutions
Sy = (2',y") and Sy = (22, y?), generated using the algorithm from the previous section.
Let A denote the set of open facilities in 57, and let B denote the set of open facilities in
Sy. For each client j € C, let ¢1(7) be the facility that serves j in Sy, and let p3(7) be the
facility that serves j in S5.

Put a = H and b = é‘_kkll. The fractional solution S = aS5; + bS; is a 5-feasible
solution to (KMR). The solution cost is a®(57) + b®(S2) < 4z;,.. If @ > 0.1, we can take
the solution S7. As ky < k, this is a 5-feasible solution for the k-median problem. Its cost
O(5)) <109(S) < 40z;,,.

Otherwise, we do the following. Let U;(i) denote the set of clients connected to facility
i € A in solution S;. Similarly, let U;(z) denote the set of clients connected to ¢ € B in

solution Sy. For each i € A, i' € B, we define w;(¢') = W Note that w;(:') is the
fraction of clients in Uy(z) that are connected to i' in solution Sy. Thus, for every i € A,
Y iepwi(i’) = 1. We open (at random) a set ' = F; U F,U F3 of facilities. We will show that
the number of open facilities is at most & with high probability. The set F'is determined as
follows.

Let Ay ={i € A |3 € B with w;(:") > 0.1}, and put &' = |A;|. Clearly, &' < ky < k.
Take F; C B to be a set of size k' such that for every 1 € Ay, there is at least one ¢ € F;
with w;(¢") > 0.1. There are ky — k' facilities in B\ F; and ky — k' facilities in A\ A;.
Notice that a(k; — k') + b(ky — k') = k — k'. Take F, to be a set of size [b(ky — k')] chosen
uniformly at random from B\ Fi. Next, consider i € A\ A;. Let {i1,72,...} be the set
of all facilities «" € B with non-zero weight w;(i'), ordered by non-decreasing order of their
distance from i. Put ¢ = (i) = max{j | >, ; wi(i;) < 0.5}, and put d(i) = d(i,7;). Put
B' = B'(i) = (FL U Fp) N iy, ... ief. IE Y cpwi(l') < 0.1, we add 7 to Fs. (Notice that
Fs C A, unlike Fy, F3.) Finally, put F'= Fy U Fy U Fs.

Claim 8. Forevery i€ A\ Ay, Prli € F3] < 3.

7



Corollary 9. With probability at least %, |F| = |Fy| + | Fy| + | F3] < k.

Proof: By Claim 8 and linearity of expectation, E[|Fs|] < a(ky — k')/2. Thus, by Markov’s
inequality, Pr[|F3| > a(ky — &')] < 1. As the number of open facilities is integral, |F3| <
la(ky — k')| with probability at least 3. Therefore, with probability at least %, |F'| = [F;] +

[l 4 1P < K+ [bka — K)] + alks — K)| =k ©

Proof of Claim 8: Consider the facilities i1,19,...,7;. Let p; denote the probability that
i & Fy U F,. Then, for i/ € B, pp = 0if ¢ € I} and py < 1 —b = a otherwise. For
J=1,2,...,t define a random variable X;. If ¢; &€ F}y U F, then X; = 10w;(7;). Otherwise,
X; =0. Let W = 2221 w;(i;). By the definition of ¢, 0.5 < W < 1. Also, for every j,

w;(i;) < 0.1 (otherwise, © € A;). We have p = F 22‘21 X]} < 10aW. The event 7 € F;

.....

variance:

Var

)]

xo] - ¢|(2) |- (

J

+ QZ 100w; (15 )w; (1) (Pr((i; & F1 U F2) A (15 € F1 U F2)] — pijpi,)

As B\ (F1 U Fy) is a set of fixed size, Pr[(i; € F1 U Fy) A (10 € F1 U Fy)] < Pi,Pi,- Recall
also that for each j, 10w;(¢;) < 1. Therefore,

Var

ZXj] < Z(lowi(ij)fpij(l —pi;) < Z 10p;, wi(1;) = p

J

Using Chebyshev’s inequality,

Pr

Z&zqulzpr

J

}:Xj—p21MV—1—4
J

. Var Z]. X]}
= 0w — 1 - p)?
< 4

= 10w — 1 - p)?

Note that ¢ < 10Wa < W (since a < 0.1). Also, 2W > 1. Therefore,

Pr < < —aqa O

=0w2 = 499 =9

d X > 10w -1

J

] 10Wa 20 1
<



After determining the set of open facilities F’, an optimal assignment of clients to fa-
cilities can be computed in polynomial time. However, it is easier to analyze a suboptimal
assignment that is derived from the solutions S; and S;. Consider a client 5 € . We
distinguish between three cases:

Case 1: If y(j) € F, then we connect j to ¢2(j). The connection cost is d(j, p2(7)), and
this happens with probablhty at least b.

Case 2: If pa(y) € F, but ¢1(y) € F, we connect j to ¢1(j). The connection cost is
(5, 1(5)).

Case 3: Both 991( ) € F and @o(7) € F. Put @ = ¢1(j). Define U = {3 € Uy(1) | v2(5') €
B'(i)}. Let U" = Uy(i) \U'. As 1 & F3, |U'| > 0.1|U;(2)|. Therefore, there is a function
g :U" — U’ where at most 9 clients from U"” are mapped to each client in U’. We connect
each client 7 € U" to v2(g(7)). The connection cost of j is bounded by d(¢) + d(7, 7).

Lemma 10. Ifa < 0.1 then the above procedure generates a solution whose cost is at most
1225, .
Proof: The expected cost is bounded by:
Y (dlo2(3) + a-d(j,o1(f) +a- dli(5) = (S2) +a- @(S) +a- Y |Ua(i)]d(i)
JEC 1€ A\ A1

We now bound the last term. Notice that by the definition of d(z), for at least half the clients
J € Ui(7), d(i,92(3)) > d(7). Therefore,

O ()d(i) <2 diea(s ) <2 (d(G,21(5)) + d(j, p2(4))) < 20(51)+29(Sy).

1€A\ A JEC =

Asa <0.1,5 > 0.9. Thus, 2a < % and 1.5b > 1. Therefore, the expected cost of the solution
is at most:

Claim 11. The above procedure generates a solution where the capacities are exceeded by
a factor of at most 50.

Proof: In the fractional solution S the capacities are violated by the factor of at most 5.
For clients connected by case 1 or case 2, these are exactly their connections in solutions 5}
and S3. So for each facility 7 € F', there are at most Hu(z) such clients connected to it. For
each such client, at most 9 additional clients are mapped to the same facility by the function
g. Therefore, in total, for each facility ¢, at most 50u(7) clients connect to i. O

The above discussion proves the main result of this paper:

Theorem 12. The algorithm presented in this section is a (40,50)-approximation to the
capacitated k-median problem.
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