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Matrix Learning

+«—movies————

Ay « Reconstructing latent signal
i 3 . S S 2 3 —gene expression (biological processes)
4 : 113 — 5 ] o Capturing structure in a corpus
1 5[ 5] 4 —documents, images, etc (topics, etc)
3 2 3 ?? ; ‘21 1 » Prediction: collaborative filtering
3 1 12[ 3 _ - -
4] | |5|1] | |3 model of the data movie ratings
3 312 | |5
? . . .
“F 5 . %? 4l 4 Fit (partially) observed Y with X from
1] [3[ 1[5 [4] |5 - -
T R Jhypothesis class of matrices
Low Rank: { X | rank(X) <k} Low dimensional factorization
Low Trace-Norm: {X||X|, < B} L MMME
- Low norm factorization
Low Max-Norm:  { X | |X|,x < B} [NIPS 04]
In this talk:

*The three hypothesis classes (measures of matrix complexity)
*Generalization error bounds (for predicting unobserved entries)
*Relationships between the three measures / hypothesis classes



Learning with Low Rank Matrices
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Low Rank: { X | rank(X) <k}
= { UV’ | UER™k, VeRMxk }

For binary target matrices, only care about A=sign(X)

Dimensional Complexity dc(A) = min  rank(X)
of a binary matrix A: sign(X)=A



Learning with Low Rank Matrices:
Geometric Interpretation

hypotheses dc(A) = min rank(X)
rank(X)=A
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Max-Margin Matrix Factorization:
Bound norms of U,V instead of their dimensionality

bound norms uniformly:

max:|U:.[%) (max|V.|?) < R?
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Max-Margin Matrix Factorization:
Bound norms of U,V instead of their dimensionality

bound norms uniformly:
@'Uilz) (maxj|vj|2L§ R?

low norm

|X|max:XTLiR/(maXi| Uil)(malevjl)

bound norms on avarage:
@LUJZ) (2 |Vj|2L§ nmR?
X5 =Xr:nLiR/|U|Fro|V|Fro
Optimize V given U:
each column is a SVM

For each Y, € +1:




Max-Margin Matrix Factorization:
Bound norms of U,V instead of their dimensionality

bound norms uniformly:
@'Uilz) (maxj|vj|2L§ R?

low norm

|X|max:XTLiR/(maXi| Uil)(malevjl)

mc(A) = min |X
(8 =, 502, X

bound norms on avarage:
@LUJZ) (2 |Vj|2L§ nmR?
X5, = min [U|go Ve

X=UV
ac(A) = min |X|. /v/nm
AXi>1 Z/

For each Y, € +1:




Three Measures of Matrix Complexity
Used for fitting observed data matrices

/bound norms uniformly:
@iluilz) (malevjlzLS R?

For matrices representing concept classes: |X|max:XTL'R/(maXi|Uil)(malevjl)

1/margin required for e Mc(A) = min |X]ax
embedding as linear classifieJ AiXii=1
bound norms on avarage:
Convex! (19 (5 1Vjf) < nmR?
(semi-definite programming) X, = r_nin [STLY/.
[NIPS 04] X=UV

ac(A) = min [X], /Vnm
Not convex o
Ot CO 7 pound dimensionality of U,V:

dimension required for dc(A) = min rank(X)
embedding as linear classifiers AXi>0




Outline

 Three measures of matrix complexity
= (GGeneralization error bounds
* Relationships between the three measures



Generalization Error Bounds

D(X;Y) = I{ij | X;Y;<0 }{ / nm
generalization error
Assuming a low-rank structure (eigengap):

Asymptotic behavior [Azar+01]
Sample complexity, query strategy [Drineas+02]
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Generalization Error Bounds

DY) = [ | XY=<0 }[ / nm Ds(XY) = [{1jeS | X;Y;<0 }{ / [S]
generalization error empirical error

Vy Prs (Vxeq DOXY)<Dg(X;Y)+e ) > 1-6
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Generalization Error Bounds:
Learning with Low Rank Matrices

D(XY)—|{|j|X <0} /nm Ds(XY) = {jeS | X;Y;<1 } /|S]
generallzatlon error empirical error

Yy Prg (Vxeq DOCY)<Dg(XY)+e ) > 1-6

| H={X]rank(X) <k} |

*Only signs matter, equivalent to using the class:
{ Aex1m>m | A=sign(X), rank(X)<k } = { Aex1™™ | dc(A)<k }

*Finite class of size: [BenDavid,Eiron,SimonO?
Most Concept classes

X k(n+
[{ Ac£1™™ | de(A) <k } < (8em/k)<m have high dc(A), i.e.
-Union bound yields generalization bound with: cannot be embedded as
low-dim linear cIaSS|f|er5/
k(n +m)log 2™ +log ¥;
&=
2[S|

[S,Alon,Jaakkola 04]



Generalization Error Bounds:
Learning with Low Trace-Norm Matrices

D(XY)—|{|j|X O}|/nm S(XY)—|{|j€S|X <1}|/|S
generallzatlon error empirical error

Vy Prg (Vyeq DOKGY)<Dg(X;Y)+e ) > 1-0

H ={X||X|% <nmR2}=nmR-convex-hull( { uv’ |u € R", v € R™ |u|=|v|=1}) |

|X|Z = minX=UV |U|Fro|V|Fro & -
= > (singular values of X)
> S UV,

outer product of
2.S=IX|s norm-1 vectors: -
rx

rank-1 norm-1 mat




Generalization Error Bounds:
Learning with Low Trace-Norm Matrices

DOGY) = [{ 11 ] X;Y;;<0 } / nm Ds(X;Y) = {11€S | X;Y;<1 } /|S]
generalization error empirical error

Yy Prg (Vxeq DOCGY)<Dg(XY)+e ) > 1-6

H ={X|X]?; < nmR? }=Jnm R-convex-hull( { uv’ | u € R", v € R™ |u|=|v|=1}) |

Rademacher complexity of { uv’ | u € R", v € R™ |u|=|v|=1}
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Generalization Error Bounds:
Learning with Low Trace-Norm Matrices

D(XY)—|{|j|X <0} /nm Ds(X;Y) = {jeS | X;Y <1}|/|S|
generallzatlon error empirical error

Yy Prg (Vxeq DOCGY)<Dg(XY)+e ) > 1-6

H ={X|X]?; < nmR? }=Jnm R-convex-hull( { uv’ | u € R", v € R™ |u|=|v|=1}) |

Rademacher complexity of { uv’ | u € R", v € R™ |u|=|v|=1}

4

Rademacher complexity of { X | |X|?s < nmR?}

N g

Generalization error bounds for { X | [X|?s < nmR?}

R2(n+m)log”n +log ¥
|S |

= E[|lo|lJ/IS| <K\/(n+m)log”n/|s| = e=K

use [Seginer00] bound on
singular values of random matrix

ES Erand signs ¢ [ S'~JpX=uv’ | Zije S C7ij Xij | ]/lsl \/




Generalization Error Bounds:
Learning with Low Max-Norm Matrices

D(XY)—|{|j|X <0}/ nm Ds(X;Y) = [{ j€S | X;Y <1}|/|s
generallzatlon error emplrlcal error

Yy Prg (Vxeq DOCGY)<Dg(XY)+e ) > 1-6

(H = { X | X|nax < R }= R-convex-hull( 27?7 )

conv({uv' |[uezl", vetlim}) C
{ X X|pax <1}

C 1.79 conv({uv' |u e 1, v € +1m})

\ Grothendiek's Inequality ]

R*(n+m)+log %
S|

— 5212\/



Generalization Error Bounds:
Low Trace-Norm, Max-Norm or Rank

DY) = [{ 1) | X;Y;<0 } / nm Ds(X;Y) = {jeS | X;Y;<1 } / |S
generallzatlon error empirical error

W Prg (Vg DOX;Y)<Dg(X;Y)+e ) > 1-8

8en
H = { XeR™M | rank(X)<k } g = \/k(“m)'og +10g%
dc(A) = min rank(X) 2|S|

i)

2 %
H = { XeR™™ | |X|2/nm<R2 } 8=K\/R (n+m)log”™n+log%;

ac?(A) = min |X|%/nm S|
AX;>1
2
IH = {XER”X”‘ | |X|2max<R2} 8:]_2\/R (n+m)+|09%
mc?(A) = min [X]|? S|

max

AX;>1



Relationship between average margin
complexity, max margin complexity
and dimensional complexity

| average < maximum

ac?(A) < mc?(A)

dc(A) <10 mc?(A) log(3nm)

Randomly project high-dimensional large margin
arrangement to obtain low dimensional arrangement

[Arriaga,Vempala99]

Reverse inequalities?

Gaps?



Between the Rank and the Max-Norm

sLow margin complexity = Low dimensional complexity:
dc(A) < 10 mc?(A) log(3nm)

Y2 (k-1)n log(m) < log [{ Aex1™™ | dc(A)<k }| < k(n+m) log(8en/k)
R2n log(n/R) < log |[{ Ac+1™m | mc(A)<R }| < 10 R2(n+m) log(3nm) log(n/R)

sLow dimensional complexity ;’é Low margin complexity:
3A,  (dc(A)log(n) )P < mc2(A)

A, = Parity(bits(i)&bits(j))

mc2(T,)=0(log n) mc2(H,)=n Kronecker exponent of

dc(T,)=2 n%5<dc(H,)<no8 triangular matrices
[BenDavid Eiron Simon 01] [Forster et al 02,03]



Between the Rank and the Max-Norm

sLow margin complexity = Low dimensional complexity:
dc(A) < 10 mc?(A) log(3nm)

Y2 (k-1)n log(m) < log [{ Aex1™™ | dc(A)<k }| < k(n+m) log(8en/k)
R2n log(n/R) < log |[{ Ac+1™m | mc(A)<R }| < 10 R2(n+m) log(3nm) log(n/R)

sLow dimensional complexity # Low margin complexity:
3A,  (dc(A)log(n) )P < mc2(A)

oL ow max-norm = similar matrix with low rank;
rank(X’) < 9/e? |X|?,. 109(3nm) for some | X'-X]|_<e

max
dc(A)<k=10MZ?log(3nm) Open'
low dc(A) 2 low mc?(A’) for some A’'~A

low rank(X) 2 Jow |X’|2

max

for some low [X'-X]|,



Between the Trace-Norm and Max-Norm

ac?(A) < mc?(A)

o r N
/

ac?(A) < 2r3n% + 2




Between the Trace-Norm and Max-Norm

ac?(A) < mc?(A)

o r N
A

ac?(A) < 2r3n% + 2

For r=n2/3, we can get:

ac?(A) <4
while: mc2(A) > n23
and: dc?(A) > nl/3




Random Sampling Assumption for

Generalization Error Bounds

E 1
e 0 Sy { random T
‘ D(X’Y) - P”(XUYUSO) 1) bl [l /\_)
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Requires uniform
2 3 .
H = { XeR™™ | |X|%,/nm<R2} g:K\/R (n+m)log”n+log% =sampling of

S| entries
\
B R*(n+m)+log % Applies to an
H = { XeR™™ | |X[2, . <R2 - ’ PPHES 10 any
{ | IX e <R* } ¢ 12\/ S| distribution over

> index pairs ij
(which entries are
observed)

k(n+m)log®" +log %
2|S|

H ={ XeR™™ | rank(X)<k } g :\/
_



Between the Trace-Norm and Max-Norm

ac?(A) < mc?(A)

o r N
A

ac?(A) < 2r3n% + 2

For r=n2/3, we can get:

ac?(A) <4
while: mc2(A) > n23
and: dc?(A) > nl/3

\

This is the largest gap possible:  MC2(A) < 9(ac?(A)-n-n)i3
Using similar techniques:
(R#3-2)n*3 < log |[{ Acx1™™m | ac(A)<R }| < 7 R#3n53 log(3nm) log(n/M?)



Rank, Max-Norm and Trace-Norm as
complexity measures for fitting Data Matrix

rank(X) = min dim(U,V) - [Xpe,= gig\smaxilUil)(maijV,-l) X]y =XrQiLT\)UIFmIVIFm
dc(A) = min rank(X) mc(A) = min |X| . ac(A) = min \X\Z/\/nm
X;>0 AX>1 AX>1

7N
(dc(A), mc(A) previously studied as embedability of a concept class)

e Generalization error bounds scale with:
k=rank(X) R2=|X|?
* Relationships:
—dc(A) <10 mc?(A) log(3nm), but JA, (dc(A) log(n) )P < ac?(A) < mc?(A)
—ac?(A) < mc?(A) < 9(ac?(A)-n-n)13, and this is tight

e Open issues:
—low dc(A) = low mc?(A’) for some A'=<A ?
low rank(X) = low |X’|? ., for some bounded |X'-X|, ?
—dc(A) =0O(mc2(A)) ?
also tighten estimate of [{ Acx1™™ | mc(A)<R }|; Median mc(A) ?
— Tighten polynomial gap in bounds on log(J[{ Acx1™™ | ac(A)<R }|)

R?=|X|%s/nm

max

max
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