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1 Introduction

This paper attempts to give an extension of learning theory to a setting where the assumption
of i.i.d. data is weakened. We hypothesize that a sequence of examples (zy,y;) in X x Y for
t=1,2,3,...1is drawn from a probability distribution p; on X x Y.

The marginal probabilities on X are supposed to converge to a limit probability on X.

Two main examples for this time process are discussed. The first is a stochastic one
which in the special case of a finite space X is defined by a stochastic matrix and more

generally by a stochastic kernel.

The second is determined by an underlying discrete dynamical system on the space X.
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Research Grants Council of Hong Kong [Project No. CityU 103206]. The main results of the paper were
announced in Uruguay in December 2005 at the International Conference on Probability and Dynamical
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Our theoretical treatment requires that this dynamics be hyperbolic (or 7 Axiom A”) which
still permits a class of chaotic systems (with Sinai-Ruelle-Bowen attractors). Even in the
case of a limit Dirac point probability, one needs the measure theory to be defined using

Holder spaces.

Many implications of our work remain unexplored. These include for example the rela-
tion to Hidden Markov Models, as well as Markov Chain Monte Carlo methods. It seems
reasonable that further work consider the push forward of the process from X x Y by some

kind of observable function to a data space.

2 General Setting of Learning in RKHS

Let X be a compact metric space with metric d. Each x € X is assigned a probability

measure p, on Y = R. The regression function is defined as

i) = [ o, wex
Y
Our standing hypothesis for {p, }.cx is that for some M > 0, |y| < M almost surely for each
r e X.

We study an online algorithm learning f, in reproducing kernel Hilbert spaces from

random samples (not i.i.d) drawn according to a sequence of probability measures.

Let K : X x X — R be a Mercer kernel and Hy the corresponding Reproducing Kernel
Hilbert Space (RKHS) completed by the set of functions {K, = K(z,-) : € X} with the
inner product (-, )k given by (K., K,)x = K(z,y). Denote k = sup,.x /K (z, z).

Assume that there is a sequence of probability measures {p(t)}tzl,z... on Z = X xY such

that the conditional distribution of each p*) at = € X is p,, independent of ¢t.

We consider an online algorithm for learning f, in Hg. It is defined as f; = 0 and

Jev1 = fi — pt((ft(xt) —y) K, + /\tft)7 fort € N (2.1)

where \; > 0 is the regularization parameter and p; > 0 is the step size. For each ¢,

2z = (x4, y¢) is a random sample drawn according to P,

The i.i.d. case corresponding to the special choice of p¥) = p for each t was studied in
2,9, 19, 28, 24].



Let pg? be the marginal distribution of p® on X. Unlike the i.i.d. case, the convergence
depends largely on the sequence {pg?}. The analysis for the algorithm (2.1) will be done in
this paper under the assumption that the sequence {pg? } converges exponentially fast in the
dual of the Holder space C*(X). Here the Holder space C*(X), with 0 < s < 1, is defined

as the space of all continuous functions on X with the following norm finite:

Il = Il + e, where [l = sup L8 =S

It is a Banach space [11] and each probability measure 1 on X can be regarded as a bounded
linear functional on C*(X), i.e., u € (C*(X))".

Definition 1. Let 0 < s < 1. We say that the sequence {pg?} converges exponentially fast
in (C°(X))* to a probability measure px on X, or converges exponentially in short, if
there exist C' > 0 and 0 < a < 1 such that

HPS? — x| x)y* < Cao, teN. (2.2)

By the definition of the dual space (C*(X))*, the decay (2.2) can be expressed as

Af@@?—éﬂﬂwx

We shall verify the above exponential convergence in Sections 4 and 5 for the case when

< Col||fllesxy, VY ECHX),teN. (2.3)

marginal distributions are generated by iterates of a linear operator acting on an initial

probability measure.

Let M(X) be the space of (signed) bounded measures on X. It is the dual of the Banach
space C'(X) of continuous functions on X with the norm || - [[cx) = || - ||oe: M(X) = C(X)*.
(But the dual of M(X) is L*(X), the space of essentially bounded functions on X, not
C(X).) For more details, see [11]. Note that C°(X) and C(X) are equivalent.

Denote M (X)) as the subset of M(X) consisting of positive bounded measures, and
P(X) the set of all probability measures on X. Then

M(X) ={cp:p € P(X),c >0}, MX) ={ps —p—: py, p- € My (X)}.

A bounded linear operator A on M(X) is positive if M (X) is invariant under A, that
is, Ap € M, (X) for any u € M (X). We call A stochastic if A maps P(X) into itself. In
this special case, we know that M° := {u € M(X) : [, du = 0}, the subspace of M(X)



consisting of measures with total measure zero, is invariant under A and the restriction A| o
is well defined. In fact, M the annillator in M(X) = C(X)* of the constant function with

value 1.

We study the sequence of measures { A’y }en generated by iterations of a stochastic linear
operator A on M(X) where v € P(X), and consider the exponential convergence (2.2) of
the sequence {pg? = A'y} in two settings.

The first setting is when the stochastic linear operator A is compact. Here we may take
s = 0, hence the exponential convergence (2.2) is that of measures in the space M(X) and

it implies the exponential convergence for any 0 < s < 1 according to (2.3).

The second setting is when A4 is induced by a contracting (or more general) dynamics on
X where the Hélder space C*(X) cannot be replaced by C(X) (i.e., s > 0). In both settings,

we shall verify the exponential converge (2.2), that is,
||.At’}/ — /OXH(CS(X))* < Cat, t € N.

Here the index « is a characteristic of the stochastic operator A and is independent of ~.
The constant C' also depends (largely) on the initial measure . They are related to ”mixing
time” studied in the literature of dynamical systems and the smallest integer t, € N with
Cato <1 is critical for the bound Ca! to be less than 1.

3 Main Results on Learning Rates

Let 0 < s <1 be a fixed Holder exponent used in the exponential convergence of measures.

Definition 2. We say that the Mercer kernel K satisfies the kernel condition (of order
s) if for some constant kos > 0, K € C*(X x X) and for all uy,ug,v1,v9 € X

|K(U1, 1)1) — K(UQ, 'Ul) — K(Ul, ?)2) -+ K(Ug, Uz)’ S R9og (d(ul, UQ))S (d(Ul, U2>>S . (31)
When X is a domain of R" with smooth boundary and K is C?, we know from [30] that
the kernel condition holds.
We shall take the parameters {\;}; and {p;}; for the algorithm (2.1) as
M=Mt7P p=pt? VteN where \; >0,p; >0,0<f<land0<F<1—86. (3.2)

Besides K, {\}, {p:}, and the measures {p, : © € X} determining the function f,,

the algorithm (2.1) involves the sequence of marginal distributions {pg?} which is a special
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feature of this online process. Let us mention two examples which satisfy the condition
of exponential convergence in Definition 1 to illustrate the main results on learning rates.
See more details in Sections 4 and 5 respectively. In both examples we assume the kernel
condition (3.1) for K and the parameter form (3.2) with @ = 2, 3 = 3 and pA; > . We
say that v € P(X) is strict positivity if p(I') > 0 for any nonempty open subset I' of X :

Example 1. Let v € P(X) be strictly positive and ¢ € C(X x X) be strictly positive
satisfying [y ¥(x,u)dv(u) =1 for each x € X. Define the sequence {,og?} by

p(t+1) /{/ Pz, u)d )}dy( ), t € N, and Borel set I' C X.

Then {pg?} converges exponentially to some px € P(X). If f, = [ Kug,(v)dpx(v) for some
gp € sz (X)), then we have by Theorem 1 below

v, 1
]EZL---Jt (Hft-i-l - prK) < C*t 6,

where C* is a constant independently of t.

In the special case of a finite space X, the function ¢ above is a positive stochastic matrix

(a stochastic density kernel in general).

Example 2. Let X be a Riemannian manifold and S : X — X be a C? diffeomorphism
with an Axiom A attractor Xo. Let X* be the basin of attraction of Xo. If pﬁ? € P(X")
1s absolutely continuous on the transversal to the stable manifolds of the attractor, and the

sequence {pg?} is given by
szﬂ)(r) _ pg? (87'T), t € N, and Borel setT' C X,

then {pX} converges exponentially to some px € P(Xo). If f, = fX K,g,(v)dpx (v) for
some g, € L?)X (Xo), then we have by Theorem 1 below

%, — 1
E. o ([fer1 — prK) < (C*ts.

2r—1
The above learning rates % can be improved to ¢~ 4+2 with an exponent % <r <

N

used in the following regularity condition for f,.

Definition 3. For a probability measure ji, we define an integral operator Ly, : Li — Li

as

Licuf = /X K, f(0)dp(v).
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It is a compact operator and its power Li. , is well-defined. The function f, is said to satisfy
the regularity condition (of order r) if

fo =L, (g,) for some g, € L2 _(X). (3.3)

Now we can state our main result of the paper about learning rates of the online algorithm
(2.1) under the assumption of exponential convergence of the marginal distributions. Denote

the norm in L> (X) as || - |-

Theorem 1. Define {f:}+ by (2.1) with parameters (3.2). Assume the exponential conver-
gence (2.2) for {pg?}, the kernel condition (3.1) for K, and the regularity condition (3.3)
for f,. The following bounds hold fort € N,

r—t  _g(r_1
IEZl,’"'7Zt (Hft-i-l - fp”K) < ”gp”px)‘l 1 Alr=2)

_3 ol . _
(plcf F(ONT N 2)0;) g min{o(r—3), 57} fOo<f<l—fa<l,
r—3 r—1 : 1 .
4 (P1C + (CAT7 + XG5 ) ¢ o= D0- oM log(t 1), if B=1 0,0 < 1,
3
(pleJrC’)\l 20;) 5, if3=0a<1,
_3
| piCft3 + ON] 2G5t ifh=0a=1
(3.4)

Here CF, C5 are constants independent of t or C,\1. They depend on k, Ko, o, 3,0,7,Ck
and p1\y and will be given explicitly in the proof.

Remark 1. We can see from the proof of Theorem 1 given in Section 6 that the factor
log(t + 1) can be omitted when piAy # B(r — %) or @ — & in the case 3 =1—6,a < 1. Note
that the constants CY and C3 depend on the product py A1, but not A\ meaning that they are

the same for different pairs (p1, A1) as long as the product pyA; is invariant.

3.1 Optimal learning rate

In contrast to the exponents 6 and 3, the exponent r in the regularity condition (3.3) needs

0

5795, We get the

information on f, and is not involved in the algorithm (2.1). When r >

following rate from Theorem 1 and Remark 1.

Corollary 1. Let 0 = 23_:1, 6= Tlﬂ and p1A\; > i:jré Under the kernel condition (5.1),

regularity condition (3.3), and the exponential convergence (2.2) with oo < 1, we have

r—1 « r—32 r—i « _2r—1
E. . ([fie1 = follg) < (H%pr% P+ mCT+(CN 2+ A 2)02>t vz, (3.5)



In the i.i.d. case, C'= 0 and the learning rate for p; = Ay = 1 can be stated as follows.

Corollary 2. Let p, =t 71, \, = t 771 and p\Y = px € P(X) fort € N in (2.1). If the
kernel condition (3.1) and the regularity condition (3.3) hold, then (3.5) is true.

This result in the i.i.d. case was given by Tarrés and Yao [24]. Their work led us to
generalize the form of the regularization parameters from A\, = Ay (for t = 1,...,7 with T
depending on the approximation error) in our original version to A, = A\;t~? in the current

version.

In the special case of r = 5, the learning rate in Corollary 2 is IE,, ., (|| fix1 — follx) =
O(t_%), the same as those in the literature [22, 24].

In the case when px is a Dirac measure J,« with * € X, Corollary 1 seems odd: the
locations of the points {z;} used in the learning algorithm (2.1) tend to a single point z* and
one expects to learn the function f, well only near z*, not on the whole region X. However,
the assumption (3.3) takes a special form in this case. In fact, L, (f) = [ Ko f(x)dpx =
f(x*)K,-. Hence Lk ,, is a rank one operator mapping K,- to K(z*,2*)K,-. The func-
tion g, € LiX equals a,K,+ for some a, € R since Lf)X has dimension one. We find that
L, (9p) = ap(K (2%, 2%))" K+, This is the function f,. For this function with only one

parameter a,, its value at the single point z* is sufficient for learning.

3.2 Mixing time

Our approach assumes one has a sample drawn from p*) for each ¢. In the literature of
Markov Chain Monte Carlo methods or geometric random walks [25], many algorithms such
as ones for volume computation take only one sample at ”mixing time” and repeat this
sampling taking process for m times, then the m samples are used in the computation.
There the emphasis is to find a good sample from a measure close to an equilibrium. In our

setting, it can be expressed in the following where T is a mixing time.

Definition 4. For each t, T, € N, and we take a sample z; = (:L'%), y(Tt) where {( T; ,yf )) i

is a random sample drawn drawn according to {p®} . Then we define {fi}en by (2.1).
By a mixing time 7}, we mean that pg(Tt) is close to px within a threshold. So we can

take {pgt)}teN as the sequence of measures in Theorem 1, C' = ¢ and get the following error

bounds in the case a =1, § = 0.



Theorem 2. Define {fi}; by Definition 4 with parameters \y = Ay > 0 and p; = %t’e for
some 0 < 0 < 1. Assume the kernel condition (3.1) and the reqularity condition (3.3). If for
some € > 0,

1P — pxllcsx) < e vVt €N, (3.6)

then we have

T

_1 Ky 1,0 r—3 "
E., o (I fier = follx) < llgpllox At 2+ CTA R €A 2027507 (3.7)

where CY, C5 are constants independent of t, € or A\. In particular, if we take \y = ezhE

__142r _ 1427
and € @i <t =t <e @20 + 1 we have
2r—1
. s (frrr = follx) < (lgpllpx + CF 4 2C5) e,

Let us compare the above error with that for (2.1) in the special case r = % stated in

Corollary 1. The rate in Theorem 2 is O(e5) with €758 < ¢, < ¢ 50 +1 samples. According to

Corollary 1, the same number of samples used in the algorithm (2.1) with 6 = 1%7« = 3 would

1
yield a learning rate O(t. 1) = O(e15). So it seems that the convergence of the algorithm in
Definition 4, using mixing time samples only, is slower than that of algorithm (2.1) using all

samples. Moreover, each of the t, samples involves a long sampling process.

3.3 Main difficulty in the non i.i.d. case

To demonstrate the essential difference between our study and the i.i.d. setting, we recall

that the off-line version of the online algorithm (2.1) is

| I
Jor = arg fIél%{IIl{ {f ;U(xt) — )’ + AHfH%(} :

Its noise-free limit in the i.i.d. case with pg? = is

= guin { [ (@) = fle) ) + NI - (33)

feHK

In our setting, the measures {pg?} vary and an essential error is caused by the change of
these marginal distributions. When the sequence {pg?} converges exponentially, we can use

the following bound, to be proved in Section 6, to estimate this essential error.



Proposition 1. Let p and pi' be two probability measures on X, and 0 < s < 1. If f, €
C*(X) and K satisfies the kernel condition (3.1), then the functions defined by (3.8) satisfy

Ck
| fan — Pl < THM — syl = folles(x), (3.9)

where Cy is a constant depending only on K given by Cgx = \/142 + 2| K s (xxx) + Kos-

In particular, when {pg?} converges exponentially and the regularity condition (3.3)
holds, we shall derive [|f, © — fa.pxllx = O(al N ~%72),
Px

4 Measures Induced by Compact Operators

In this section we consider the convergence of the measure sequence {A'y}ieny when A is
compact. Under some mild conditions, we show the exponential convergence in the space
M(X) = (C(X))* which implies the exponential convergence in the space (C*(X))* accord-
ing to the expression (2.3) and || f|lcx) < || f]
found in [16].

cs(x)- The following spectral theorem can be

Spectral Theorem. Let a linear operator A on M(X) be stochastic and compact. Then
M(X) can be decomposed as a direct sum of a closed subspace W and a finite set of finite

dimensional closed subspaces {Ax}xen, all invariant under A, such that the following hold:

(1) The spectral radius of Alw is less than 1. There are C > 0,0 < o < 1 satisfying

||.Atw||M(X) < Cat||w||M(X), Vie Nywe W. (4.1)

(2) The set A contains all eigenvalues of A with modulus 1. It is a finite set containing
1 and each A\ € A satisfies \¥ = 1 for some k € N. Moreover, Ay is the eigenspace of A

associated with the eigenvalue \ € A.

Applying the spectral theorem to iterates of a stochastic linear operator yields the fol-

lowing convergence result.

Corollary 3. Let A be a stochastic and compact linear operator on M(X), and v € P(X).
Set W and {Ax}rea as in the spectral theorem. Then the sequence { Ay} converges in M(X)
as t — oo if (and only if) v € Ay + W. The following statements hold true.

(1) If v = v 4 w® with vV € Ay and w® € W, then Aty — ~1) and

IAY = YVl mex) < CatwD | p),  teN.

9



(2) If 1 is a simple eigenvalue with eigenvector px € P(X) and all the other eigenvalues
of A are less than one in modulus, then W = M° and for any v € P(X),

A" = pxllmex) < Callly = pxllmen), teN.

4.1 Special setting of a finite input space

Consider the special case of a finite input space X = {1,2,...,k}. In this setting, stochastic

linear operators can be represented by stochastic matrices.

Let P = [p;;]F,—; be a stochastic matrix, that is,

k
piy=0, > piy=1  Vij=1.k (4.2)
j=1

Then it induces a stochastic linear operator .4 on M(X) as

k

A(Z ibi) =) (sz‘,j%) 0; (4.3)

j=1

since each measure v € M(X) can be written as v = Zle 7:0;. If we denote the measure
v as a vector v = (71,72,-.-,7%) € R¥, then Aly = (P)Ty = (#TPY)T. To study the

convergence of the sequence { Ay}, we need a canonical form for the stochastic matrix P.

Definition 5. A k x k stochastic matriz P is called irreducible if there exists no permutation

P,
matriz T such that T 'PT = ! where Py, Py are square matrices of size less than
2

k. An irreducible matriz P of size k > 2 is called primitive if 1 is the only eigenvalue of

modulus 1.

The primitivity of an irreducible matrix P is equivalent to that the matrix P? is strictly

positive for some integer p or that lim, .., PP exists.

The canonical form of a stochastic matrix P by a suitable renumbering of states in X is

Ry S - S,
0o P - 0

P = ) ' , (4.4)
O 0 --- P,

10



where each square matrix P; with 1 < 57 < m is irreducible stochastic indexed by a subset
X, of X and the square matrix Ry, indexed by a (possibly empty) subset X, of X, has
spectral radius less than 1. Assume further that Py, ..., P, are primitive (0 < ¢ < m) and
Puyi, ..., Py, are not primitive. Then we know that lim; .., Rj = 0 and limt_,oon exists
if and only if 1 < 57 < /£ For 1 < j < ¢, let V; be the only eigenvector of PjT whose
components sum to 1, then lim; o P} is the matrix with each row being V;". Moreover,
for each 1 < j < m, the limit Q; := lim;_, % Zizl P? exists and its transpose QjT has an
only eigenvector V; whose components sum to 1. (This vector is the same as the one defined
above when j < ¢.) The limit lim; S; exists with each row being a multiple of V;-T. So
it can be written as lim;_ S; = §jVjT where gj € ]RJTrO. All these facts are well known and

can be found in e.g. [16]. From these we get the following convergence.

Corollary 4. Let X = {1,...,k} and P be a k x k stochastic matriz taking the canonical
form (4.4). Let A be the stochastic linear operator on M(X) defined by (4.3) and v € P(X).
Then the sequence { A'y} converges in M(X) ast — oo if and only if v; = 0 fori € UL, X;
and the vector v|x, is orthogonal to each S; with (+1 < j < m. In this case, the exponential
decay (2.2) holds with px € P(X) supported on U5_, X; and given by

PX|X]-= Z%JFVIXO-Sj Vi 1<5<0
i€X;

4.2 Connection to hidden Markov models

The special setting described in subsection 4.1 is related to the standard hidden Markov
model (HMM) which was first applied in speech recognition e.g. [14] and is now widely
used in various fields in many different forms e.g. [10]. In the HMM terminology, X =
{1,...,k} is the state space with k states, P is the transition probability matrix with p; ;
being the probability to go from state i to state j, and {p, = p.(y) : © € X} is the emission
probabilities characterizing the likelihood of a certain observation y € Y if the model is in
the state . The sample {(z,y;)}., corresponds to the state sequence {zy, s, ..., 2z} and
the observation sequence {yi, 9o, ...,yr}. In our learning process, the state sequence is part
of the sampling. But in HMM, it is hidden, only the observation sequence is available. It

would be interesting to develop some learning algorithms which use the observation sequence

{y1,92,...,yr} only.
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4.3 Measures generated by stochastic kernels

Let us turn to a setting generated by stochastic density kernels.

Definition 6. Let v be a probability measure on X. A function ip € C(X x X) is called
a stochastic density kernel with respect to v if [, ¥(z,u)dv(u) = 1 for each x € X. The
integral operator Ly, associated with the pair (¢, v) is defined on C(X) by

Lyf(z /Q/JQJU dv(u), re X, feldX). (4.5)

The operator Ly, is compact. Its dual A, is defined on M (X)), therefore is also compact.
We have for Borel sets I' of X

Ayu(T /{/w e >}dv< ) (46)

Consider now the sequence {A ~}. Recall the following definition of ergodicity e.g. [8].

Definition 7. The operator Ay associated with the pair (¢, v) is ergodic if there exists
a strictly positive probability measure px on X such that .Af/ﬂ — px (ast — o) for any
initial probability measure . The convergence Ay — px means lim; o (ALy)(T) = px(T)

for any open set I' whose boundary has px-measure zero.

By [8] (p. 249), the convergence Afb’y — px is equivalent to that limy . [, f(x)d( wY) =
fX x)dpx for any f € C(X). That is, fﬂ converges to px in the weakly* topology.

Remark 2. If the measure v s strictly positive, and the kernel function 1 is strictly positive

on X x X, then the associated operator Ay is ergodic. See [8].

Proposition 2. If the operator A, associated with the pair (¢, v) is ergodic, then there

exists a strictly positive probability measure px on X and some constants C' > 0,0 < o < 1

such that
- [ f@ydox
X

Hence { Ay} ien converges exponentially fast in (C*(X))* to px for every 0 < s < 1.

<Colllfllex), VEEN, feC(X).  (47)

Proof. By the definition of ergodicity, there is a strictly positive probability measure px on
X such that Afﬂ — px for any initial probability measure . That is, Afb’y converges to px

12



in the weakly* topology and Aypx = px. By Corollary 3, we know that M(X) = Ay + W,
and A; is a one dimensional subspace spanned by px. So Corollary 3 (2) tells us that
W = M?, and that

ALY = pxllmex) < Callly = px llmex)-
Since M(X) is the dual of the Banach space C(X), our conclusion follows from |y —
px|mex) < 2 by replacing 2C by C'. O

5 Measures Induced by Dynamical Systems

We turn to the second setting when the stochastic linear operator A on M(X) is induced

by a continuous map S : X — X.
The continuous map S on X induces a linear operator S# : C*(X) — C*(X) by
S*(f)(z) = f(Sz),  feC'(X),zeX.

The dual A = As of 8% is a linear operator on (C*(X))*. These two operators are dual
satisfying
(fAp) =(S"f.p),  [EC(X),pe(C(X))".
Note that M(X) C (C*(X))*. We see that A(M(X)) C M(X) satisfying
Ap(B) = p(S7'B)
for any Borel set B C X and Borel measure p on X.

One example of dynamical system is the northpole southpole system (e.g. [15]) given on
the unit circle by the map S with some 0 < € < 1/(27) as S(0) = 6 + esin(276) mod 1. It
has two fixed points, one attracting & = 1/2 and the other repelling § = 0. We can state

this example as follows.

Example 3. Let X = {e™@V/2)} be parameterized by the parameter v € [0,1), 0 < € <
1/(2m) and the map S : X — X be gievn by

S(x) = x + esin(2nz), z € 0,1).

Note that S'(x) = 1+ 2mecos(2mz) > 0 and S has two fived points: i and —i. Consider
the fixed point —i corresponding to the parameter value x* = % € [0,1) and the open subset

X*=(0,1) of [0,1). There holds
S(z) — 2*| < (1 — decos(n|z — 2*|)) |z — 7.

13



If we choose to € N such that (1 — 4e cos(m|z — x*|))t° < 2, then |S™(z) — a*| < 5 and
|8t (x) — | < (1 — decos(n|S(x) — 2*]) IS (2) — 2*| < (1 —2¢)" |z — 2]
fort > ty. Hence with ag =1 — 2¢ < 1 we have
SH(z) — 2*| < C(x)ad |z — x*], Ve e X* t e N. (5.1)
Here C : X* — R, s a continuous function given from an explicit expression for ty as

5($) _ (1 . 26)71710g%/10g(174ecos(7r\xfx*\)), re X*

A class of examples is given by contractive maps of complete matric spaces. A map
S : X — X is (strictly) contractive if there exist 0 < o < 1 and Cy > 0 such that
d(S'z, S'y) < Coald(x,y) for any z,y € X and all t € N. It follows that the map S has a
unique fixed point z* € X.

Example 4. Let S be a contractive map on X with the unique fized point x*. Then for any
v € P(X) and 0 < s < 1, the sequence of measures { Ay} converges exponentially fast in
(C*(X))* to the Dirac measure px =

Note that if X is an S-invariant compact subset of X, then the linear operator Ag xp -
M(Xy) — M(Xp) induced by the restriction of S onto X is well defined. When X is finite,
As|y, can be represented by a stochastic matrix.

Example 5. Let S be a continuous map on the compact metric space X and X* be an open
subset of X. Assume that Xo C X* is an S-invariant finite subset of X such that AS\XO has
a simple eigenvalue 1 with eigenvector px € P(Xo) and all the other eigenvalues are less
than one in modulus. Suppose there exists a measurable function C' : X* — R, such that

each u € X* corresponds to some x € Xy satisfying
d(S'u,S'r) < C(u)a, vVt € N. (5.2)

If v € P(X*) satisfies [y. C(u)dy(u) < oo, then for any 0 < s < 1, the sequence of measures
{Aty} converges exponentmlly fast in (C*°(X))* to px.

Proof. For each x € Xy, define F, to be the set of all points u € X* such that (5.2) holds.
Define a (marginal) measure vx, on Xo by vx,({z}) = v (F,). Then vx, € P(Xy). More-
over, there is a probability (conditional) measure y(u|z) on F, such that [, g(u)dy(u) =
Ix, J£, 9(w)dy(ulz)dyx,(z) for any measurable function g on X*,

14



Let f € C*(X). Since 7 vanishes on X \ X*, we have
(F, Aty) / fwid(ay) = [ 1wy = [ rsua
X X
This equals [, { [r, [(Stu)dy u|x)} dyx,(z). The definition of the seminorm || -||cs(x) gives

‘<f,«4tv>— F(S'2)dxe ()

Xo

) { [ s - S ulo) i, (0
o) { / (8 8') dfy(u|a:)} iy ().

Using the condition (5.2), we see that the above expression can be bounded by

o~ /X 0 { / I (C’(u)at)sdy(uu)} dyx ().

This in connection with the Holder inequality tells us that

1A% = [ Do) < e ([ cwarw)
Observe that

FSta)drs, = [l ((Slx)') drsy = s (Asig 1) = ((Asie)'1x0) ()

< f
Xo

f

<|f

Xo
According to Corollary 3, the eigenvalue condition on Ag x, tells us that there exist some
0 <a<1andCy> 0 such that

1(Asix, ) 150 = Pxllsxo < Coa’y, V€N,

Also, (As|y, ) px = px for each t € N. Therefore,

f(S'x)dyx, — i f(@)dpx

= | (st 1x0) (o) = px(flxo)
|1,

Xo

cs(x0) < Coa[| f|

C3(X)-

t
S H(AS|XO) TXo — PX (O3 (Xo))*

If we denote the trivial extension of pxy onto X as px, then on z)dpx = [y f(x)dpx =
(f,px). So we have

s =il < {eu+ ([ ctnt) Fiste-co

Since f is arbitrary in C*(X), we have

“At7 - PXH(Cs(X))* < {CO + </);* C(U)d’}/(U)) }ats'

This proves the exponential convergence. O
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Remark 3. Let § be a continuous map on X with a fived point x*. Let X* be an open
subset of X which contains x*. Assume there are a € (0,1) and a measurable function
C: X*— R, such that

d(S'z,z*) < O(x)a, Vre X"t eN. (5.3)

If v € P(X*) satisfies [y. C(u)dy(u) < oo, then for any 0 < s < 1, the sequence of measures
{ At~} converges exponentially fast in (C*(X))* to §,.

When s = 0, the exponential convergence (2.3) does not hold in general. For example
when Xq is an S-invariant subset of X containing the fized point x* and S|x, is injective,
we take v = 0y, with xq # x*, then Ay is the Dirac at the point S'xg # z* and || Ay —
O+ || m(x0) = 2 for each t € N.

Finally we turn to a general dynamical system. The following result about the exponential

convergence of the sequence {A’y}, was forwarded to us by Mike Shub [17]:
"1 asked Jasha Pesin the following question.

Let D be a disc in the basin of attraction of an axiom a attractor of a C? diffeomorphism.
Suppose that D is transversal to the stable manifolds of the attractor. Then is it true that
the push forwards of a normalized (to have probability one) smooth volume on D converge
to the SRB measure on the attractor? Moreover, is the convergence exponential in the dual

space to Holder functions?

Jasha said yes and you can quote him. On the other hand he nor Viana nor anyoneone
else who all thought the statement very reasonable could give a direct reference. Jasha said
he thought that the best approximation would be his paper with Sinai entitled something
like ”Gibbs Measures for partially hyperbolic...”!. The Gibbs measure for the log of the

unstable Jacobian is the SRB measure of the attractor.”

Some discussions on the Sinai-Ruelle-Bowen measure of S can be found in [29].

6 Error Analysis for Online Learning in RKHS

We proceed to the proof of Theorem 1.

!This no doubt is the reference: Ya. B. Pesin and Ya. G. Sinai, Gibbs measures for partially hyperbolic
attractors, Ergodic Theory Dynam. Systems 2 (1982), 417-438.
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Since the range of Lk, is in Hg, it can also be regarded as an operator on Hg or an

operator from Li to Hy. We shall use the same notion for these operators.

The noise-free limit function f , defined by (3.8) can be expressed in terms of the integral

operator Ly, as
Sow = (LK# + A])ilLKvufp' (6.1)

We shall estimate the error f;1; — f, by decomposing into three parts:

fiv1—[f, = first term 4+  middle term 4+ last term

= {ft—i—l - f)\hp;)} + {f)\t,Pg? - f)\t,px} + {fAt,PX - fp} (62)

The last term above is easy to deal with and will be bounded in subsection 6.1 because
the measure px is fixed. The middle term involves the varying marginal distributions {pg?}
for which the exponential convergence is needed. It can be bounded by Proposition 1 proved
in subsection 6.2. The first term is the most difficult part. It involves the change of the
regularization parameter A\; and the marginal distribution pg?. We shall decompose this term

further by (6.10) below and make the detailed analysis in subsection 6.4.

6.1 The regularization error

The last term of (6.2) is incurred by the regularization parameter and called the approzima-

tion error.

Proposition 3. If f, satisfies the condition (3.3), then for any A\ > 0 we have
p_1
[ frpx = Folle < Nlgpllpx A2 (6.3)

Proof. Observe that f) ,, —f, = —)\(LK,pX%—)\])flfp. Write f, = Li . (9,) as L;;EXL%/JXQP

where g, comes from the condition (3.3), and split the power —1 of Ly ,, + Al in two factors

with powers r — % and % — r. We find the expression
r3 1, p1 1
f/\,px - fp = _>‘<LK7/JX + /\]) ’ { (LK:PX + )‘I) ’ LKypzx}L;(,png’

1
This together with the positivity of the operator Lk, and the norm equality ||L% , g,/x =
19pllpx (see e.g. [4]) implies (6.3). O
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6.2 Error caused by measure differences
Recall the reproducing property of Hg:

(f, Ki)k = f(x), feEHK,xeX. (6.4)
It follows that (6.4) implies

[f@)] < flleco < sllflle,  feHr zeX. (6.5)

When the condition (3.1) is valid, it was proved in [30] that Hy is included in C*(X)

with the inclusion bounded:

/]

crx) < (8 + m2)|[fllk,  Vf€Hk. (6.6)

Now we can prove Proposition 1 concerning the error fy , — fi,s caused by the difference

of measures. It will provide bounds for the middle term of (6.2).

Proof of Proposition 1. Since (Lg v + M) fr = Li v f,, we have

f/\,u - fk,u’ = (LK,u + AI)il {(LK,u - LK,#’)ﬂ) + LK,u’fk,u’ - LK,uf/\,u’} :

It follows that
fML - fA,;u = (LK,u + )‘I)_I(LK,u - LK,#’)(fp - fA,u’)

and

1
1xi = Pl = Sk = Licw ) (Fp = fagw) e (6.7)

Note that f\,, € Hxk C C*(X). Denote f = f, — fa,w € C*(X). We can express the

norm square ||(Lx, — Liw)f|% as

/f {/f )d(p — ') (v )}d(u—u’)(U)-

Since M(X) C (C*(X))", according to the definition of the norm in (C*(X))*, we have

o (x)) -

I(Liy — Licw) % < =t llosconllgllesca = e — & llescons (lgllec) + g

s [ oK@ -}, wex

18
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We need to estimate the norm for g.

First, by the definition of the norm in (C*(X))", there holds

lollexy < Ifllewx) sup

/f ) — ) (v)

Second, consider g as the product of two functions. We have

9lcscxy < | flesx) Sup

/f’ (g — ) (v)
/f W) — 1))

+fllex

C3(X)

For the first term above, we have for any u € X,

(K (u, )]

cso0 k4 || fllocokas ) -

Yd(p— ()| < = 1 lle=x))

< ||M — sy {821 flle) + | f

0 (X)

The second term above | [y f(v)K (u,v)d(p — p')(v) os(x) €quals
ul; K(U,z, U) /
su ~ d(p — v)|.
ul#ufeX / f u17u2>> ('u a )( )

Using the definition of the norm in (C*(X))" again, the above quantity is bounded by

K(uy,v) — K(ug,v)
(d(u1,us))

wp\m—uwmmeﬂ@
u1FugeX

Cs(X)

while the last C*(X) norm has an upper bound as

I flleco K les(xxx)y + | fles ol K s (xxx)
| K (g, v1) — K(ug,v1) — K(uy,v2) + K(ug,v2)|
+||fHC(X) sup s s
ur Aus€X (d(uy,uz))” (d(v1,v2))
< Nfllescol Klescxexxy + | fllecorzs < I llesoo (|6 es(xxx) + Kas) -

Combining all the above analysis, we have

osx) < || f]

gl 20s(x>||,u — 1|l esxy {5° + 2| K |es(xxx) + Kas | -

It follows that

I(Lxew = Licp) Fllic < IF1Gs ol = 1 sy {57 + 21K

Cs(XxX) T HQS} .
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This in connection with (6.7) implies that

1
1w — Frwllx < XW +o|K

This proves Proposition 1. O

cs(xxx) + Raslli — 1l s Lfp — Fawllosx)-

6.3 The error caused by varying regularization parameters

Since the regularization parameter changes with the step, we need a result which was stated

by Tarrés and Yao [24] with u = px. Their proof yields
Proposition 4. Let px € P(X) and A\, N > 0. If f, satisfies (3.3), then

1 r—1| 119l
[ faox = Frpxlle < A2 = (N)72 ﬁ (6.8)
Remark 4. If we only assume f, € Hg, then there holds
A=
s el < P2 (6.9)
A

6.4 Proof of the error bounds

Now we turn to the first term of (6.2). It will be studied by iteration. Going from f; to f;11
involves the change of the function f/\t LD to fAt 0 hence an error caused by the change
—LiFx KX

of the regularization parameter
fAt—l,p(;_l) o f&,pﬁ? - {f)\t_l,pgz_l) - f>\t717ﬁx + fAmpx - sz,pg? } + {f&hﬁx - fAt,px } (6'1())

The following bounds for (6.10) and the middle term of (6.2) are obtained by combining
(6.6) with Propositions 3, 1 and 4.

Lemma 1. Let 0 < s < 1. Assume (3.2), (2.2) and (5.5). If K € C°(X x X) satisfies
(3.1), then
577“
Hf)‘tvpg? - f)mprK < C/CngHantt/B(g )

and

_1
gl { 0 Car -0 X hese b L g,
£y, o0 = Fopolli <

t—1,0x o .
2||gp||pXC"COzt Y if B =0,
where C' is the constant C' := %

1
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BllSplisc

Remark 5. If we only assume f, € Hy, then we have || fx, . — froullx < 5

We shall use the following elementary inequalities in our proof.

Lemma 2. (a) For c,a > 0, there holds

exp {—cx} < (%)ax’“, Vo > 0, (6.11)

(b) Let ¢ >0 and g; > 0. If 0 < ¢1 < 1, then for any t € N we have

t—1 t 1tap

. - 2‘11+Q2 1 + G2 1—q1 B
E 12 exp{—c E ] Q1} < ( c + + (m AR (6.12)
=1

j=i+1

For ¢ =1, we have

t—1 t 292 —min{c,g2—1} ; —
| | L forq-1

i 2 expl —c 1L~ l[c—g2+1] ’ ’ 6.13
> p{ > } = { 2%t~ logt, o1

i=1 j=i+1 ifc=q —1.

Proof. The first inequality (6.11) is an elementary one and can be found in [19].

(b) First consider the case ¢; < 1. In this case, we observe that Z§:2 nJ 2> f:fll x Mdr =

L ((t+1)17% — (i 4+ 1)17%). Then we have

1-q1
t
I = Z 12 exp{—c Z j_‘“}

t/2<i<t J=i+1
AN t+ 1) t—i\ ™
<3 (3) e 0) )
t/2<i<t —a T

We use an elementary inequality
l-2) " 7"<1-(1-q)zr Vo<z<l1

which is proved by considering the function f(z) = (1 —2)'™% — 1 + (1 — ¢)x on [0,1)
satisfying f(0) =0 and f'(z) < 0 on (0,1). Then we have

t —q2 . t—z t —q2 -
L < Z (5) exp{—c(t+ 1) _qu—l} = Z <§> exp{—c(t+ 1)_‘112}
1<i<t/2

t/2<i<t

< (%) - /0 exp{—c(t 4 1)—%;}(1:5.
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Since .

[ R VR AR ) R SR AL

241 +q2

we see that

I, < (a2
Consider the part ¢ < 5. We have i4+1 < (t+1)/2 and Z;Ziﬂ jTe > %(t + 1),
It follows that

L= > i qzexp{—c Z j ql} s% p{—c(l_—%_l)(t%-l)l_‘h}.

1—
1<i<t/2 j=it1 g

Applying the inequality in part (a) with a = 14“32 and z = (t + 1) we know that

1+q2

[2 Sl i T t722
2\ ec(l —2n-1)

Thus (6.12) is verified.

1> ftH r~'dx = log &2, Hence

If =1, thenzJ i1 ] g
t—1 t t—1 t—1
) 42 _ y 7722 < 2q2 t —c 1 €92
Zz exp{ C'Z } (t+1) +1 Zl+
=1 j=i+1 i=1 =1
But
1 qQ—lc—l’ itc—q < —1,
2:(1'—1—1)6_‘12 << logt, ifc—qy=-1,
. c— 1
=1 —(ttl,)%f; , ife—q>—1
Then the inequality (6.13) follows. O

For x € X, we use the sampling operator S, : Hx — R defined by S,f = f(x). See
21, 22]. Tts adjoint ST : R — Hy is given by S,(c) = c¢K,. Then SIS, : Hx — Hg is
given by STS.(f) = f(x)K, = (f, K.)x K,. Tt is a rank-one positive operator bounded by
2. This is an approximation of the integral operator L Koo and ]Epg?(Sf S.) = LK,pﬁ?'

We are in a position to prove our main result on learning rates of the online algorithm
(2.1).

Proof of Theorem 1. Denote the first term of the error decomposition (6.2) as

Wit = fin— f, ®.

At,px
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The first step of the proof is to establish a simple expression for W, (6.14) below, by

iterating a one-step recursion.

In the definition (2.1), we notice that y,K,, = Sg;yt and fi(x)) Ky, = Su,(fi) Ky, =
ST Se.(fr). Then we know that

Wi = fi— f)\hp(;) —Pt{Sftht (ft) - Sftyt + )\tft}
= ft - f)\hpg;) - pt{Sg;sz (ft - f)\typg?) + SZ;Sztf)\t,pgﬁ) - Sg;yt + Atft}-

To group in terms of f; — f/\t S0, We write A\ f; as \(fy — fAt p(t)) + N\ f/\t S0 The definition
WP x P X X

(6.1) with the measure pg? yields A f/\hp()? = LK,pg?( fo— f/\t’pg?). Therefore, we have

Wt+1 = ((1_pt)\t)[_pt5£5xt> (ft_fAt,pg?) _pt{SthSxthhp%) _Sg;yt‘FLK’p(;)(fp_f)\hpg;))}-

Denote A; = (1—pt)\t)]—ptS£Sxt and y; = pt{SZtSwtf)\t’pg? _Sgtyt—"LK,pg?(fp_fxt,pg?)}'

Observe that W, = f; — f

1 and
>\t717pg§ b

fo= Ly =Wt {fo v = fy 0 -

If we denote on SO = 0, then there holds
Px

Wi = AW, + At(fAt717p§71> - f,\t’p;ﬁ — Xt vt e N.

Denote II; = A;A; ;... A; and II;; = I. Since f; = 0 gives W7 = 0, by iteration we

obtain

t t
W=D IL(f, o —f0) =D My, VEEN. (6.14)
i=1 =1

The operator p;\;I + piS;FiSmi is positive and bounded by (p;\; + p;x?)I. So for i > to,
the smallest integer greater than (piA; + p1x2)Y?, the operator A; : Hx — Hy is positive
and bounded by (1 — p;A;)I, hence ||Aillnp—r, < 1 — pihi < exp{—pi\i}. For i < to,
| Aill 7 =1 < 14 pidi + pir?. Tt follows that the operator norm of II; satisfies

t
il 10 < Coexp{—prh > 7% vi<i<t, (6.15)

j=i
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where 50 is the constant given by

Co = (1+pi + pi& )(pl’\1+p1“ " exp {pid (i + pis?) 0

The second step of the proof is to bound the first term in (6.14). Apply Lemma 1 and
(6.15). We find that

f>\ 717,0(;71) - f&'ypg?)

K
4)1gpllpx Co Sy exp{—pih 30,577~ 9}{0’0& LG )] 2@—%“—%)—1}, if 3> 0,
2||gp||PXOOZz 1exp{ pl/\l Zj:ijig}c/ca27l7 ifﬁ:O.

Consider the case § > 0 and a < 1. Because the exponential decay is faster than any

—r)

polynomial decay, we know that the term with iP5~ is dominated by the polynomial

term i~?~2)=1_In fact, by Lemma 2 (a) with ¢ = log(1/a) and a = 2, we have

o = exp{—ilog(l/a)} < <m) i2. (6.16)

So for each 7 € N,

It follows that

t

ZHi(f 1D T fAi,pg?)

i=1

where C” is the constant

_ 4\,
"_ 4 ! Al 1 I\ e
C ngHpXCo{CC<elog(1/a)) h }

Applying Lemma 2 (b) with ¢ = p1 Ay, ¢ = B(r — %) +1 and ¢; = 8+ 6, we obtain a bound
for the first term of (6.14) as

Ct=Blr=3)-145+6 if 3+0<1,

Faonn = hopp)|| < C’t* wn D) 540 = 1 and puh £ B — 2),
K O~ log(t + 1), if 6+60=1and pA =3(r—3),
(6.17)
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where C" is the constant given by C' = C"C" with

248(r—1)
2p0-d) O
- p1)\1+1+(W25<2F91)> , ifg+60<1,
c" =
e T B if 3+ 0 =1 and po\, £ B(r — 1),
5, if B+60=1and piA =3(r—3).

The case 3 = 0 is easier. We apply (6.16) when a < 1. Lemma 2 (b) with ¢ = p;\; and
q1 = 0 yields

t -~ .
't ifB=0,a<1,
Xﬁukm&”—&&o‘g{éw it3=0,a=1

K ’ ’ ’

i=1

where the constant C’ is given by € = 2||gp\|pX500’C’C”” with

3

2
4 3 - e a
o (elog(l/a)) {p1>\1 +14 (61)1)\1(1—29*1)) } , =00 <1,
T 1

+ 1+ (Gomrn) 15=0a=1

p1A1

The third step of the proof is to estimate the second term of (6.14). Write

Z Z i+1Xi> Hep1Xe) k-

=1 (=1

i+1Xi

Observe that ]EZZ.(Sgiyi) = E.,(v;K;,) = L, pmfp, and y; depends only on z; while IT;;4
Px

depends only on 24, 2i—1, ..., 2zig1- SO B, 12, 2 1z (Hiﬂxi) = 0. It follows that for ¢ > i,

the expected value IE,, ,, ., ((ILi1xi, Hiv1xe) k) equals

]Ezt,thlp--,ziH <IEZi|Zt,Zt—17~-~7Zi+1 (Hi-l—lXi) 7H€+1X€>K = 0.

Hence
t

=S Euyn (Ml %) -

=1

Z1 22,52t 2+1X7,

It follows from (6.15) that

< ZCZeXp{ 2p M Z 3P G}Ezz (HXzHK)

Jj=t+1

z1 225eeny Zt z+1X1
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Since x; = p; {(f)\i’pg? () —yi) Kyy + LKW%)(fp - f/\hpg?)}, we see that
2 }
S

%0 + M2}~
Px

mpg?

Iallie < 2086 {(f,, o @) = 9* + 1, = £,

mpg?
Then
2
., (hllk) < 49262 {1, — £, o

To bound the norm, we take f =0 in (3.8) with A = \; and u = pg?, and find that

1y g0 = FollZ + Ml Fy o I < Iol% < M2,

Hence || f, — fAi,p()?Hi()? < M? and IE,, (||Xz||§<) < 8p?k*M?. Therefore,

]EZLZQ 77777 zt

t t
< 8pf/£2M25§ Z i~ exp {—Qpl)\l Z jﬂe} .

2
K i=1 j=i+1

t
Z L1 x
i=1

Applying Lemma 2 (b) with ¢ = 2p; A1, g2 = 20 and ¢; = 40 and the Schwarz inequality,
we know that

IEZhZz 77777 2t (

where C” is the constant given by

t
Z 11X
i=1

3]?1/@M605”t7min{ei%’pl)\l}, if ﬁ +0= 1,p1)\1 7é 0 — %,

3k MCyC"t " if3+0<1,
) -
K 3peMCoC"t=0\log(t + 1), if B+0=1,p\ =0~ 1,

2

1-6—6
2 2 .
- M+1+<m) , i p+0 <1,
C//: ; . B l
N if 3460 =1,p\ #0603,
3, if3+60=1pM\=0-1
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This in connection with (6.17) provides a bound for the first term of (6.2).

The last step of the proof is to estimate the total error ||fi+1 — f,||lx by applying the
triangle inequality to the error decomposition (6.2). The first term of (6.2) is estimated in

Proposition 3 as
r—1 _gr_1
1 Frox = follic < Ngpllox AL 277072

while the middle term is bounded in Lemma 1 as

3_p
Hf)\t,p(;? = Prwxl < O/C||gp||px041ttﬁ(2 )
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elolgétfl by Lemma 2 (a) with a = 1

Note that when o < 1, we have o' = exp{—log 2t} <
and ¢ = log L. Adding bounds for the three terms verifies the error estimate (3.4) with the
constants C}, C5 given explicitly by

Cy = 3rMCyC",

2
CK(K+I€25) _|_ 40///00{01((/{ _I_ K:QS) (m) + 1}’ lf /6 > O,CY < 17

elogé
3 = llgpllox Cucletize) 420" CoClxc(k + Kas), if =00 <1,
CK</€ + /125) (1 + 20”’60) s if ﬁ = 0, a=1.

The proof of Theorem 1 is completed.
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