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Abstract

We continue our study [12] of Shannon sampling and function reconstruction. In this
paper, the error analysis is improved. The problem of function reconstruction is extended
to a more general setting with frames beyond point evaluation. Then we show how our
approach can be applied to learning theory: a functional analysis framework is presented;
sharp, dimension independent probability estimates are given not only for error in the L?
spaces, but also for the error in the reproducing kernel Hilbert space where the a learning
algorithm is performed. Covering number arguments are replaced by estimates of integral
operators.

Keywords and Phrases: Shannon sampling, function reconstruction, learning Theory,
reproducing kernel Hilbert space, frames

§1. Introduction

This paper considers regularization schemes associated with the least square loss and
Hilbert spaces H of continuous functions. Our target is to provide a unified approach for
two topics: interpolation theory, or more generally, function reconstruction in Shannon

sampling theory with H being a space of band-limited functions or functions with certain

1 The first author is partially supported by NSF grant 0325113. The second author is
supported partially by the Research Grants Council of Hong Kong [Project No. CityU
103704] and by City University of Hong Kong [Project No. 7001442].
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decay; and regression problem in learning theory with H being a reproducing kernel Hilbert
space Hg.

First, we improve the probability estimates in [12] with a simplified development.
Then we apply the technique for function reconstruction to learning theory. In particular,
we show that a regression function f, can be approximated by a regularization scheme f, »
in Hx. Dimension independent exponential probability estimates are given for the error
| fz.» — follx. Our error bounds provide clues to the asymptotic choice of the regularization

parameter v or .

§2. Sampling Operator

Let 'H be a Hilbert space of continuous functions on a complete metric space X and

the inclusion J : H — C(X) is bounded with ||J|| < oo.

Then for each x € X, the point evaluation functional f — f(x) is bounded on H with

norm at most ||J||. Hence there exists an element E, € H such that
f(x) =< [, E; >, VfeH. (2.1)
Let T be a discrete subset of X. Define the sampling operator Sz : H — ¢2(%) by
Sz(f) = (f(x))meg

We shall always assume that Sz is bounded.

Denote S as the adjoint of Sz. Then for each ¢ € ¢(T), there holds
< [,8Fc>p=<Szfic>p@m= Y cf(@) =< f,) By >y,  VfEM.
TET TET
It follows that

S;Tc:chEm, Ve € (7).

TET



§3. Algorithm
To allow noise, we make the following assumption.

Special Assumption. The sampled values y = (y.).cz have the form:

For some f* € H, and each x € T, y, = f*(x) + n,, where n, is drawn from p,,.

Here for each x € X, p, is a probability measure with zero mean, and its variance o

satisfies 0% := > 02 < 00,

Note that Zwez(f*(ﬂﬁ))z = ||S§f*||§2(5) < ISzl £*113, < oo

The Markov inequality for a nonnegative random variable £ asserts that
E
Prob{ﬁﬁ%}Zl—é, VOo<di<l.

It tells us that for every € > 0,
2

o
Prob{[[{n:} 72z > €} < E(I{na}lo2z)) /e = —
By taking e — oo, we see that {n,} € £2(T) and hence y € ¢?(Z) in probability.
Let v > 0. With the sample z := (z,y,.).cz, consider the algorithm

. . rs . 2 2
Funct t t = — Yz .
nction reconstruction f = arg ?gil{ E (f(x) Yy ) +7HfHH}

TET
Theorem 1. If SET Sz + 71 is invertible, then ]7 exists, is unique and

f=Ly,  L:=(STSz+~I)"'SZ.

Proof. Denote

Ef) = (fl@) —ya)™.

TET

Since Y,z (£(2))” = |5 £lI%z) =< SLS5f, f >n, we know that for f € H,

E(f) +IfI3 =< (STSz +71) f, f >3 —2 < STy, f >3 +|yll2 -

(3.1)

2
T

Taking the functional derivative [10] for f € H, we see that any minimizer f of (3.3)

satisfies
(STSz+ 1) fry = SZy.
This proves Theorem 1.

The invertibility of the operator SZ Sz + I is valid for rich data.
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Definition 1. We say that T provides rich data (with respect to 'H) if

Az o= inf [|Szflleg 3.4
Inf 15z flle>@ /1 £l (3.4)
is positive. It provides poor data if Az = 0.

The problem of function reconstruction here is to estimate the error ||f — f*|%. In
this paper we shall show in Corollary 2 below that in the rich data case, with v = 0, for
every 0 < 0 < 1, with probability 1 — §, there holds

~ J||\/ o2/
1T~ 7l < VR (35

This estimate does not require the boundedness of the noise p,. Moreover, under the
stronger condition (see 12]) that |n,| < M for each x € Z, we shall use the McDiarmid

inequality and prove in Theorem 5 below that for every 0 < § < 1, with probability 1 — 9,

~ N J 1 4 1
1f=flln < ||)\_%||( 802 log = + 3 M log S)' (3.6)

xT

The two estimates, (3.5) and (3.6), improve the bounds in [12]. It turns out that Theorem
4 in [12] is a consequence of the remark which follows it about the Markov inequality.

Conversations with David McAllester were important to clarify this point.

§4. Sample Error
Define
fz = L(Szf*). (4.1)
The sample error takes the form || f — fz |2

Theorem 2. If S% Sz + I is invertible and Special Assumption holds, then for every
0 < 0 < 1, with probability 1 — 9, there holds

-1
1(SF 5z +~I) [P 7]*0
5 .

Hf - f&v”?—t <

If |n,| < M for some M > 0 and each x € T, then for every € > 0, we have

2
2 2 2 EOC
B P+ 21 -eof- S 101 +4) |

Proby{nf e
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Proof. Write ||f — fz-|% as

1L (y — Saf*) |3 < (ST S5+ 1) " P1ST (y — S=f*) I3,
But
ST(y—Szf*) =Y (vo — [*(2)) B
TET
Hence

1% (= Sz Yoo = D2 D (e = @) (9o = F7(@")) < By Bur >0

By the independence of the samples and E(y, — f*(z)) = 0, E{(y. — f* (x))Q} =02

x)

its expected value is
E(SF(y = Saf*)I}) = Y02 < Eu, Ex >3 .
TET
Now < E,, E, >1=||E||3, < ||J||>. Then the expected value of the sample error can be

bounded as

E(IF = feallZ) < 1(SZSx+~1) " 2] J]1%0>.

The first desired probability estimate follows from the Markov inequality (3.2).

For the second estimate, we apply Theorem 3 from [12] (with w = 1) to the random
variables {12} ,cz. Special Assumption tells us that E(n,) = 0, which implies E(n?) = o2.
Then we see that for every e > 0,

proby{z{ng IS 5} < exp{ o log(1+ EM%)}

TET TET 02 (nw)

Here we have used the condition |n,| < M, which implies |n2 — 02| < M?  Also,

Y ez 0 (02) < ez (B(nz)) < M?0® < oo
The desired bound then follows from ||f— fan 3, < HL||2||{77$}H§2(5). ]

Remark. When T contains m elements, we can take 0> < mM? < oo.

Proposition 1. The sampling operator Sz satisfies

1 1
T A2 4y

|(SESz+~I)"



For the operator L, we have
15|

L) < .
121 < 5275

Proof. Let v € H and u = (SZ Sz + 71)_10. Then
(SESz+~I)u = v.
Taking inner products on both sides with u, we have
< Szu, Szu > ) w3, =< v,u > < o]l x]|ull 2
The definition of the richness Az tells us that
< Szu, Szu >p2(z)= ||55U||1?2(5) > Az|lull3
It follows that

(AF+ ) lullze < ol

Hence [|ulj < (A2+7) - ||v]|#. This is true for every v € H. Then the bound for the first

operator follows. The second inequality is trivial. ]

Corollary 1. If STSz + ~I is invertible and Special Assumption holds, then for every
0 < 0 < 1, with probability 1 — §, there holds

7)o

f= ol < = ——
I 7 I1¢ 2%

§5. Integration Error
Recall that fz = L(Szf*) = (SZSz + 1)~ SLSzf*. Then

1

for = (SE85+71) " (STSz+ 4L —~I) f* = f* = (ST Sz + 1) f*. (5.1)

This in connection with Proposition 1 proves the following proposition.

6



Proposition 2. If S% Sz + I is invertible, then

ol P[0

[ fay = fFlln < :
T,y )\%_'_7

Corollary 2. If Az > 0 and v = 0, then for every 0 < § < 1, with probability 1 — ¢, there

holds
ra |J|l\/o?/d
17— £l < ST

For the poor data case A\z = 0, we need to estimate ’y(S%S; + ’yI)_lf* according to
(5.1).
Recall that for a positive self-adjoint linear operator £ on a Hilbert space H, there

holds

—1 —1
IV(L+AD)  fll=IV(L+~D) (f —Lg+ Lg)|ln < |If — Lyl + 7|9l

for every g € ‘H. Taking the infimum over g € H, we have

(£ +3D) " il < K(f7) = it {IF = Lol +Allolln}, Vf€HA>0. (52)

This is the K-functional between H and the range of £. Thus, when the range of L is
dense in H, we have lim,_. ny(ﬁ +fy[)71f\|H =0 for every f € H. If f is in the range of
L" for some 0 < r < 1, then ||v(L + 7])_1f||H < 2L flln". See [L1].

Using (5.2) for £ = SLSz, we can use a K-functional between H and the range of

S% Sz to get the convergence rate.

Proposition 3. Define [ as

fr= arggig;[{!lf* — ST Sxglln +lglln}, v >0,
then there holds
ey — £l < NF* = S Safilln + N e

In particular, if f* lies in the closure of the range of SX Sz, then lim_o || fz.,— f*|ln = 0. If

f* isin the range of (SXSz)" for some 0 < r < 1, then || fz.,— f*||n < 2||(SZSz) ™ f*[ln7"

Compared with Corollary 2, Proposition 3 in connection with Corollary 1 gives an

error estimate for the poor data case when f* is in the range of (S;;F Sg)r. For every
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0 < 0 < 1, with probability 1 — 9, there holds

T oex ||J||\/P T o\~ 7 pex T
If—f ||H§—7\/3 +2[(S55%)  frllny"

§6. More General Setting of Function Reconstruction

From (2.1) we see that the boundedness of Sz is equivalent to the Bessel sequence
property of the family {F,},cz of elements in H, i.e., there is a positive constant B such

that
SU< £ B >l < BIfI3,  Vfen. (6.1)

TET
Moreover, T provides rich data if and only if this family forms a frame of H, i.e., there

are two positive constants A < B called frame bounds such that

2
AlfIB <Y< foBe >l < B3, Vfem.
TET
In this case, the operator SISz is called the frame operator. Its inverse is usually difficult

to compute, but it satisfies the reconstruction property:

F=Y < f(825:) By >n Es,  VfeEH.
T€T
For these basic facts about frames, see [17].
The function reconstruction algorithm studied in the previous sections can be gener-
alized to a setting with a Bessel sequence {E, },cz in H satisfying (6.1). Here the point

evaluation (2.1) is replaced by the functional < f, E, >, and the algorithm becomes

Fom amgmind (< 1,82 v —0)” 1013} (62

T€T
The sample values are given by y, =< f*, £, > +n,. If we replace the sampling operator
Sz by the operator from H to £?(Z) mapping f to (< f, E, >H)x€§, then the algorithm can
be analyzed in the same as above and all the error bounds hold true. Concrete examples
for this generalized setting can be found in the literature of image processing, inverse

problems [6] and sampling theory [1]: the Fredholm integral equation of the first kind, the

8



moment problem, and the function reconstruction from weighted-averages. One can even
consider more general function reconstruction schemes: replacing the least-square loss in
(6.2) by some other loss function and || - ||y by some other norm. For example, if we choose
Vapnik’s e-insensitive loss: [¢[ := max{|t| — ¢,0}, and a function space H included in H
(such as a Sobolev space in L?), then a function reconstruction scheme becomes

Fom angmind 1< £, B2 > -l 42171

N

The rich data requirement is reasonable for function reconstruction such as sampling
theory [13]. On the other hand, in learning theory, the situation of poor data or poor
frame bounds (A — 0 as the number of points in T increases) often happens. For such

situations, we take T to be random samples of some probability distribution.

§7. Learning Theory

From now on we assume that X is compact. Let p be a probability measure on
Z = X xY with Y := IR. The error for a function f : X — Y is given by E(f) :=
I ( flx) — y)2dp. The function minimizing the error is called the regression function
and is given by

folz) = /dep(y!x), z € X.

Here p(y|x) is the conditional distribution at x induced by p. The marginal distribution
on X is denoted as px. We assume that f, € L2 . Denote ||f|, := HfHL%X and o2(p) as
the variance of p.

The purpose of the regression problem in learning theory [3, 7, 9, 14, 15] is to find good
approximations of the regression function from a set of random samples z := {(a:z, yi)}:zl
drawn independently according to p. This purpose is achieved in Corollaries 3, 4, and 5
below. Here we consider kernel based learning algorithms.

Let K : X x X — IR be continuous, symmetric and positive semidefinite, i.e., for

any finite set of distinct points {z1,---, 2} C X, the matrix (K(mi,xj))ﬁj:l

is positive
semidefinite. Such a kernel is called a Mercer kernel.
The Reproducing Kernel Hilbert Space (RKHS) H i associated with the kernel K

is defined to be the closure [2] of the linear span of the set of functions {K, := K(z,:) : = €
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X} with the inner product < -,- > satisfying < K,, K, >xg= K(x,y). The reproducing
property takes the form

< Kz,9 >r=g(z), Ve e X,g € Hk. (7.1)

The learning algorithm we study here is a regularized one:

m

. : 1 2
Learning Scheme fa\ = arg frg%r;{g ;(f(xz) — i) + >\||f||§(} (7.2)

We shall investigate how f, » approximates f, and how the choice of the regulariza-
tion parameter A leads to (optimal) convergence rates. The convergence in ng has been
considered in [4, 5, 18]. The purpose of this section is to present a simple functional anal-
ysis approach, and to provide the convergence rates in the space Hx as weel as sharper,
dimension independent probability estimates in Lix.

The reproducing kernel property (7.1) tells us that the minimizer of (7.2) lies in
Hk,n = span{K,,}™, by projection onto this subspace. Thus, the algorithm can be
written in the same way as (3.3). To see this, we denote T = {z;}I,, p» = p(-|x) — fo(x)
for x € X. Then E, = K, for z € T. Special Assumption holds, and (3.1) is true except
that f* € H is replaced by f* = f,. Denote y = (y;)i~;. The learning scheme (7.2)

becomes

=g in {2 (7@ =) +20f b 9=

feHK,z

Therefore, Theorem 1 still holds and we have
far = (SZSz +mAI) ™ 5Ty,

This implies the expression (see, e.g. [3]) that f,x = > -, ¢; Ky, with ¢ = (¢;)7 satisfying
((K(mz, zi)io1 + m)\])c =.
Denote k := /sup,cx K(z,2) and f,|z := (fp(x))xez' Define

for = (SZSz +mAl) ' SLf, |z
Observe that S% :IR™ — Hg 5 is given by S%C = 221 ¢iK,,. Then S%Sg satisfies

S%Sff = Z f(flf)Km = mLK,Esf(f)a fe HK,Z?

TET
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where Lz : (*(T) — H is defined as

1 m
LKjC = — E C'Lsz
m 1
1=

It is a good approximation of the integral operator Ly : L%X — Hg defined by

/Ka:y y)dpx (y), xr e X.

The operator Ly can also be defined as a self-adjoint operator on H g or on Lf) - We shall
use the same notion Lx for these operators defined on different domains. As operators
on Hg, Lk 757 approximates Ly well. In fact, it was shown in [5] that F(||Lk 757 —
Ll —try) < j—% To get sharper error bounds, we need to get estimates for the

operators with domain L%X

Lemma 1. Let ¥ € X™ be randomly drawn according to px. Then for any f € LpX,

E(HLKT(ﬂT) - LKfHK) - E(”% Zf(l”z)Kx - LKfHK) < H|\|/J;_n||p.
i=1

Proof. Define ¢ to be the Hg-valued random variable ¢ := f(z)K, over (X, px). Then
% 2211 f(xi)) Ky, — Lg f = % 2111 §(xi) — E(£). We know that

1
{B01;; Zs n-B@l) | < E(n— >te)-EOl) = 5 (PO -1k )
which is bounded by &2|| f||2/m. [

The function fz  may be considered as an approximation of f) where f is defined
by
fri= (L + M) " L f, (7.3)

In fact, f) is a minimizer of the optimization problem:
fa = arg min {||f = f,|I7 + Al flic} = arg min {E(f) = E(fp) +AIfI%} (74)
feEHK feHK

Theorem 3. Let z be randomly drawn according to p. Then

) < 5V a?(p)

EZEZm(“fZ,/\ —Jz \/m)\
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and
36| follp
vmA

Proof. The same proof as that of Theorem 2 and Proposition 1 shows that

2 m 2
K 21:1 Oz,

(2 +ma)”

Ezexm (Ifzx — fallx) <

Ey(Ilfar — fanlk) <

But Ez(Y.1", 02 ) = mo?(p). Then the first statement follows.

To see the second statement we write fz x — f\ as fz\ — f,\ + f,\ — f, where f>\ is

defined by

fri= (LkzSe+A) "' Licf,. (7.5)
Since
for—H = (Lxz57 + )\I)_l (S folz — L £5) (7.6)
Lemma 1 tells us that
: 1 k| foll
E([lfz — k) < XE(||S§fp|E_ Lk folk) < \/mp)\p.

To estimate fy — f, we write Lif,as (Lx + M) fx. Then
H—FHh=(LxzS:+ )\I)_l(LK + A fr — fr=(LgzS7+ /\I)_l(LKf/\ — L5z /).
Hence
. 1
[fx = fallx < XHLK]C)\ — LrzSzf\| K- (7.7)

Applying Lemma 1 again, we see that

ll Al
VmA

Note that fx is a minimizer of (7.4). Taking f = 0 yields || fx — f,lI2 + Al fall% < [1foll2-

E(H]E/\ - fAHK) <

1
XE(HLKf,\ — LrgzSzfallx) <

Hence

Ile <20 fll, and Al < 1Follo/ VX (7.8)

Therefore, our second estimate follows. ]

The last step is to estimate the approximation error || fy — f,||.
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Theorem 4. Define fy by (7.3). If L f, € L?  for some 0 < r <1, then

||f>\ - fp”p < >‘THLI_<Tfp||p- (7-9)

When % < r <1, we have

r—Llip—r
13 = Folle S A 2([LE" foll - (7.10)

We follow the same line as we did in [11]. Estimates similar to (7.9) can be found [3,
Theorem 3 (1)]: for a self-adjoint strictly positive compact operator A on a Hilbert space

‘H, there holds for 0 < r < s,
in {Hb _ +7HA‘st2} <474 A "al. (7.11)
beH

(A mistake was made in [3] when scaling from s = 1 to general s > 0: 7 should be < 1 in
the general situation.) A proof of (7.9) was given in [5]. Here we provide a complete proof
because the idea is used for verifying (7.10).
Proof of Theorem 4. If {\;, 1; };>1 are the normalized eigenpairs of the integral operator
Lk : L2 — L2, then [[vAi|xk =1 when A; > 0.

Write f, = Lig for some g = ;5 dity; with [[{di}|lez = |lg|l, < oo. Then f, =
>i>1 Afdiv; and by (7.3),

f)\_fp:(LK+>\I)_1LKfp_fp:_Z A
i>1

Ai + A

A di;.

It follows that

\ 24 1/2 A\ 21=r) /o O\ 2T ) 1/2
— = Td; :)\T : d )
1 fx = Follp {Z()\i_{_)\)\ZdZ) } {;()\i—k)\) <)\+>\i> Z}

1>1

This is bounded by X"||[{d;}||ez = A"||g]|, = A"||LK" f»|,- Hence (7.9) holds.

When r > %, we have

2 A T AN T
_ _ ’f"—gdi — T— v d
||f>\ f,OHK Z ()\1_}_)\/\1 ) A ;(AZ—{—)\) <>\+>\z> ’

A >0

This is again bounded by A"~ ![{d;}||. = A" ~'||LL" f,||2. The second statement (7.10)
has been verified. []

Combining Theorems 3 and 4, we find the expected value of the error || f, x» — f,||. By

choosing the optimal parameter in this bound, we get the following convergence rates.

13



Corollary 3. Let z be randomly drawn according to p. Assume Lj" f, € L%X for some
% < r <1, then

EzeZm (Hfz)\ - prK) < Cp,K{ﬁ + )\r——} (7.12)

where C,, i := k\/02(p) + 3k foll, + ILK foll, is independent of the dimension. Hence

2r—1

1 1, 2=1
A=m" % = E,czm (||far — follx) < QCp,K(E) e (7.13)
Remark. Corollary 3 provides estimates for the Hy-norm error of f, x — f,. So we
_1
require f, € Hx which is equivalent to L;.* f, € L,%X. To get convergence rates we assume
1

a stronger condition L f, € L,QJX for some 5 < r < 1. The optimal rate derived from

1
Corollary 3 is achieved by r = 1. In this case, Eyczm (|| far — follx) = ()®. The norm

| fax — foll can not be bounded by the error £(f, ) — £(f,), hence our bound for the

‘H i -norm error is new in learning theory:.

Corollary 4. Let z be randomly drawn according to p. If L}." f, € LE,X for some 0 < r <
1, then

EzEZm(Hfz,)\ fp” ) 0, K{ \/—/\ )\r} (714)
where G« i= /a(0) + 362 fyllp + 1L f,ll Thus
1 1.,
A=m T = Byepm (||far — follp) < 20k (=) 772 (7.15)

Remark. The convergence rate (7.15) for the Lg -norm is obtained by optimizing the

1

regularization parameter A in (7.14). The sharp rate derived from Corollary 4 is (E)Z,

which is achieved by r = 1.

In [18], a leave-one-out technique was used to derive the expected value of learning

schemes. For the scheme (7.2), the result can be expressed as

m

Fucon(6t) < (1425 i Lot + 21715} (7.16)

Notice that £(f) — E(f,) = ||f — foll>. If we denote the regularization error (see [12]) as

D(A) == férgK{5 —E(fp) + A% :fiGI;fK{IIf—fplli+>\||f||?<}, (7.17)
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then the bound (7.16) can be restated as

Buezn (1 = 1) < DOV2) + (00 + D0 ) (25 + (;))

1
One can then derive the convergence rate (i) * in expectation when f, € Hx and £(f,) >

0. In fact, (7.11) with H = L2 , A = Lg holds for r = s = 1/2, which yields the
best rate for the regularization error D(A) < ||f,[|%A. One can thus get E,czm (Hfm\ _
f sz) = (i)% by taking A =1/y/m. Applying (3.2), one can have the probability estimate
| fzr — pr < £(L)* for the confidence 1 — .

In [5], a functional analysis approach was employed for the error analysis of the scheme

(7.2). The main result asserts that for any 0 < § < 1, with confidence 1 — 4§,

E(far) — E(F)] < ¢_1< +;_) (1+ 210g(2/5)). (7.18)

Convergence rates were also derived in [5, Corollary 1] by combining (7.18) with (7.9):
when f, lies in the range of L, for any 0 < d < 1, with confidence 1 — d, there holds

los(2/8)y4 5o (1820t

m m

Hfz,)\ - prp < C(

1
Thus the confidence is improved from 1/ to log(2/d), while the rate is weakened to (=-)°.
In the next section we shall verify the same confidence estimate while the sharp rate is kept.
Our approach is short and neat, without involving the leave-one-out technique. Moreover,

we can derive convergence rates in the space Hg.

68. Probability Estimates by McDiarmid Inequalities

In this section we apply some McDiarmid inequalities to improve the probability
estimates derived from expected values by the Markov inequality.
Let (€2, p) be a probability space. For t = (t1,--+,t,) € Q™ and t, € Q, we denote

ti = (tla e 7ti—17t;7ti+17 e 7tm)

Lemma 2. Let {t;,t;}", be ii.d. drawers of the probability distribution p on €2, and

F: Q™ — IR be a measurable function.
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(1) If for each i there is ¢; such that suptegm’tiGQ’F(t) — F(tz)’ < ¢;, then

2¢2

ZI-L sz

(2) If there is B > 0 such that supt69m71§i§m|F(t) — Ey,(F(t))| < B, then

Probgecqm {F(t) — Ey(F(t)) > 5} < exp{— } Ve > 0. (8.1)

82

Be/3+32%, U?(F))}’

Probgegm {F(t) — Ey(F(t)) > 5} < exp{—2( Ve > 0,
(8.2)
where o7 (F) := sup, ;,yeqm-1 Et, {(F(t) — By, (F(t)))z}

The first inequality is the McDiarmid inequality, see [8]. The second inequality is its

Bernstein form which is presented in [16].

First, we show how the probability estimate for function reconstruction stated in

Theorem 2 can be improved.

Theorem 5. If SET Sz + ~I is invertible and Special Assumption holds, then under the
condition that |y, — f*(x)| < M for each x € T, we have for every 0 < 6 < 1, with

probability 1 — 9,

~ 1 1 4 1
I = Foall < N(SE82-490) 1 118010 5 + 310 5 )

< %(\/80210g%+§]\/[10g%>.
Proof. Write || f — fz|lH as
IL(y — Szf*) I < || (S% Sz + 71)_1”“5%(9 — Sz f*) |-
Consider the function F : ¢*(T) — IR defined by
F(y) =155 (y — S5/l

Recall from the proof of Theorem 2 that F(y) = || >, cz(vz — f*(%)) Ez|l3 and

E,(F) < \/E,(F?) = \/zag < By, Ey >3 < | J||Vo2. (8.3)

TET
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. . . . — /
Then we can apply the McDiarmid inequality. Let zo € T and y,, be a new sample at zo.

We have

[F(y) = Fly™)| =[5 (y = Sz£) llre = 1155 (¥ = Sz.f*) | < 1185 (v — ™) lne-

The bound equals [|(yz, — 4,) Exollr < [ury — o |7]]- Since |y, — ()| < M for each

x € T, it can be bounded by 2M||J||, which can be taken as B in Lemma 2 (2). Also,

Ey,, (lF(y) — By, (F(y))}z) < /(/{yxo —y;O\IIJIIdeO(yéo))zdpmo(ymo)

2
<[/ (y—y) 1712dpa (. )b (a0) < 41171202

This yields o2 (F) < 4]|J||?c%. Thus Lemma 2 (2) tells us that for every € > 0,

o €x “xo

82
Prob,ey={ F) = B, (F0) > f < {5y

Solving the quadratic equation

g2 1

= log =
22M | J]e/3 + 4T [202) 0

gives the probability estimate

1 4 1
F(y) < E,(F)+ HJH( 802 log 5 + ngog 5)

with confidence 1 — §. This in connection with (8.3) proves Theorem 5.

[

Then we turn to the learning theory estimates. The purpose is to improve the bound

in Theorem 3 by applying the McDiarmid inequality. To this end, we refine Lemma 1 to

a probability estimate form.

Lemma 3. Let ¥ € X™ be randomly drawn according to px. Then for any f € L7, and

0 < 9 < 1, with confidence 1 — §, there holds

1 A6[ flloo . 1 K[l fll, 1
=5 f(w) K — L < S oe g = 4 Bl Mo (4 1 [8l0g = ).
Hm — Fli) Ko, KfHK 3m 0g5 + vm +y/8log )
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Proof. Define a function F': X™ — IR as
F(@) = Pl som) = |- 3 @) Ke, — Licf
For j € {1,---,m}, we have
F@) ~ F@)| < |- (f) ~ f@) Kyl < | fGes) — 7).

It follows that |F(Z) — E,, (F(z))| < 26 flle —. B. Moreover,

m

E., (F@)—Exjw(f))fg [ ([ it = alans e ))dex(l‘y)

K2 2 )
< f P 2l P pxte) < Fge

m?2

4?1 £117
P

Then we have Z o2(F) <

i—1 ]

Thus we can apply Lemma 2 (2) to the function F' and find that

Probexn { F(@) ~ Ex(F(@) 2 & b < expf - - b

26| fll oo As2|IF113
2( 3m €+ m p)

Solving a quadratic equation again, we see that with confidence 1 — §, we have

_ v o A6l e sl 1,
F(z) < Ez(F ——  log — log
() < B5(F(@) + —5 - log 5 -4 i m V8
Lemma 1 says that Fz(F(Z)) < “I/le - Then our conclusion follows. [

vm

Theorem 6. Let z be randomly drawn according to p satisfying |y| < M almost every-
where. Then for any 0 < § < 1, with confidence 1 — § we have

Proof. Since |y| < M almost everywhere, we know that || f,|, < ||fsllcc < M.
Recall the function f defined by (7.5). It satisfies (7.6). Hence

[fzx = fallx <

fox—f,\HK < —H_pr i) Ky, — Lr foll k-

18



Applying Lemma 3 to the function f,, we have with confidence 1 — ¢,

4 M kM 1
||fac,\—f,\||K_3 )\10g +\/_)\(1+\/810g5>

In the same way, by Lemma 3 with the function fy and (7.7), we find

Fll fallo

; 4 1 &l falle -
Probze xm — < —————log—-+———F11 8log — >1-0.
robzex {Hf)\ f)\HK = 3m\ Og6 + \/%)\ + Ogé -

By (7.8), we have || fi]|, < 2M and

kM
[fxlloe < Bl Al < —=

N

Therefore, with confidence 1 — §, there holds

4Kk2M 1 kM 1
— ———=log 1 1
I~ fale < o Ytog s+ 2 (14 s1og 5 ).

Finally, we apply Theorem 5. For each * € X", there holds with confidence 1 — 4§,

(82100 L 4 4 1
A( 8a 10g5—|—3M10g5 . (8.4)

Here 02 = >"1" | o2 .. Apply the Bernstein inequality

Probzexm{% gé(m) — B = 5} = eXp{_2(Bg/?i202(§)) }

to the random variable &(z) = [, (y — f,o( ))zdp(y|x). It satisfies 0 < & < 4M?, E(§) =
o%(p), and o%(¢) < 4M202(p). Then we see that

1 — 8MZ21og(1/6 8M?202(p)log(1/6
PrObEeXM{EZUiSUQ(P)%—#%—\/ 72 (p) log(1/ )}21—5.
=1

| fax — fz

m

Hence
Vo? < \/mo?(p) + M/3log(1/5) + (8mM?>a>(p) log(l/é))l/4
which is bounded by 21/mo?(p) + 2My/3log(1/8). Together with (8.4), we see that with

probability 1 — 24 in Z™, we have the bound

4m\/202(p)10g(1/5) 34 M log(1/0)
\/m)\ + 3mA ‘

| fax — fz
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Combining the above three bounds, we know that for 0 < § < 1/4, with confidence
1 —46, || f2.» — frllx is bounded by

KM {1310g(1/6) +3+3m 4\/202 0g(1/9) . 4mog(1/<5)}

VmA vm 3vVmA

kM log(1/5) 202(p) 4k [log(1/9)
< ———4/log(1/6 6 —A .
= /m\ °g</>{ m 1og2+ Va8 A Y
But 02?(p) < M2. Then our conclusion follows. []
We are in a position to state our convergence rates in both || - ||k and || - ||, norms.

Corollary 5. Let z be randomly drawn according to p satisfying |y| < M almost every-
where. If f, is in the range of Lk, then for any 0 < § < 1, with confidence 1 —§ we

have

m

| fax — follx < C(%) by taking A= (M) ’ (8.5)
and

1 fax — Follp < c<(l()g(—4/5)) by taking = A= (M> %, (8.6)

m m

where C is a constant independent of the dimension:
C :=30kM + 262M + | L7 foll -
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