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Review of Inference on Graphical Models

Elimination algorithm finds single marginal probability p(f )
by

Choosing an elimination ordering I such that f is the last
node
Keep track of active potentials
Eliminate a node i by removing all active potentials
referencing i , take product and sum over xi , put this
message on the active list.

Consider trees with multiple queries. This is a special case
of Junction Tree Algorithm, Sum-Product algorithm.
Choose a root node arbitrarily
A natural elimination order is depth-first traversal of the
tree.
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Inference on Trees for Single Query p(r)
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Elimination of j node.
If j is an evidence node φE(xj) = 1[xj = x̄j ] else φE(xj) = 1

mji(xi) =
∑

xj

φE(xj)φ(xi , xj)
∏

k∈c(j)

mkj(xj)


The marginal of root xr is proportional to its messages

p(xr |x̄e) = φE(xr )
∏

k∈c(r)

mkr (xr )
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Inference on Trees for Multiple Query
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Fig a) Choosing 1 as root, 2 has all the messages from
nodes below it
Fig b) To compute p(x2), m12(x2) is needed
Fig c) One pass from leaves to root and one pass
backward gives the messages required to compute all
node marginals
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Inference on HMMs
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Hidden Markov Models are directed sequence models.
Let x = (x1, . . . , xl) and y = (y1, . . . , yl) be sequences.
xi ∈ O, where O is a set of possible observations.
yi ∈ Y, where Y is a set of possible labels.
πσ = p(y1 = σ; θ) initial transition.
Tσ,σ′ = p(yi+1 = σ|yi = σ′; θ) transition probabilities for
σ, σ′ ∈ Y
Oσ,u = p(xi = u|yi = σ; θ) observation probabilities for
σ ∈ Y, u ∈ O

P(x, y; θ) = πy1

N∏
i=1

Oyi ,xi

N−1∏
i=1

Tyi+1,yi
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Forward-Backward Algorithm for HMMs

Set yl as the root, x are evidence.
Forward pass αi(σ) = m(i−1)i(xi = σ)

p(x̄1:i , yi = σ) = αi(σ) =

(∑
σ′∈Y

αi−1(σ
′)Tσ,σ′

)
Oσ,x̄i

Backward pass

p(x̄i+1:l |yi = σ) = βi(σ) =
∑
σ′∈Y

Tσ′,σOσ′,x̄i+1βi+1(σ
′)

Combining messages

P(yi = σ|x1:l) =
p(x̄1:l |yi)p(yi)

p(x̄i:l)

∝ p(x̄1:i |yi)p(x̄i+1:l |yi)p(yi) = αi(σ)βi(σ)
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Generalization to Junction Tree Algorithm

Data structure:
Generate a tree whose nodes are the maximal cliques.
Then, we get p(xC |xV\C) using the sum-product. We can
marginalize over this to get individual marginal probabilities.
Marginalization over different cliques of node i should yield
to same p(xi |xV\i).
There are multiple clique tree. We need a data structure
that preserves global consistency via local consistency.
A junction tree is a clique tree for each clique pair Ci , Cj ,
sharing some variables Cs, Cs is included in all the nodes
of the clique tree on the path from Ci and Cj .
There exists a junction tree of a graph iff the graph is
triangulated.

Elimination ordering
Message-Passing Protocol: A clique Ci can send a
message to neighbor Cj if it has received messages from
all its other neighbors.
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Junction Tree Algorithm

Moralize if the graph is directed
Triangulate the graph G (using variable elimination
algorithm)
Construct a junction tree J from the triangulated graph via
maximal weight spanning tree.
Initialize the potential of cliques C of J as the product of
potentials from G all assigned factors from the model.
Propagate local messages on the junction tree
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Finding maximum probability configurations

Same formulation can be used exactly for finding MAP
Multiplication distributes over max as well as sum

max(ab, ac) = a max(b, c)

We can do MAP computation using exactly the same
algorithm replacing sums with max

Computing Joint Pairwise Posteriors

•We can also easily compute the joint pairwise posterior distribution
for any pair of connected nodes xi, xj.

• To do this, we simply take the product of all messages coming into
node i (except the message from node j), all the messages coming
into node j (except the message from node i) and the potentials
!i(xi),!j(xj),!ij(xi, xj).

• The posterior is proportional to this product:

p(xi, xj|x̄E) ! !E(xi)!
E(xj)!(xi, xj)

!

k "=j#c(i)

mki(xi)
!

" "=i#c(j)

m"j(xj)

• These joint pairwise posteriors cover all the maximal cliques in the
tree, and so those are all we need to do learning.

• Inference of other pairwise or higher order joint posteriors is
possible, but more di!cult.

Maximizing instead of Summing

•Elimination and Belief Propagation both summed over
all possible values of the marginal (non-query, non-evidence) nodes
to get a marginal probability.

•What if we wanted to maximize over the non-query, non-evidence
nodes to find the probabilty of the single best setting consistent
with any query and evidence?

max
x

p(x) = max
x1

max
x2

max
x3

max
x4

max
x5

p(x1)p(x2|x1)p(x3|x1)p(x4|x2)p(x5|x3)p(x6|x2,x5)

= max
x1

p(x1) max
x2

p(x2|x1) max
x3

p(x3|x1) max
x4

p(x4|x2) max
x5

p(x5|x3)p(x6|x2,x5)

• This is known as the maximum a-posteriori or MAP configuration.

• It turns out that (on trees), we can use an algorithm exactly like
belief-propagation to solve this problem.

1X

2X

3X

X 4

X 5

X6

Sum-Product, Max-Product and Semirings

•Why can we use the same trick for MAP as for marginals?

• Because multiplication distributes over max as well as sum:

max(ab, ac) = a max(b, c)

• Formally, both the “sum-product” and “max-product” pair are
commutative semirings.

• It turns out that the “max-sum” pair is also a semiring:

max(a + b, a + c) = a + max(b, c)

which means we can do MAP computations in the log domain:

max
x

p(x) = max
x

!

i

p(xi|x#i) = max
x

log p(x) = max
x

"

i

log p(xi|x#i)

Max-Product Algorithm

• Choose a root node arbitrarily.

• If j is an evidence node, !E(xj) = $(xj, x̄j), else !E(xj) = 1.

• Pass messages from leaves up to root using:

mmax
ji (xi) = max

xj

#

$!E(xj)!(xi, xj)
!

k#c(j)

mmax
kj (xj)

%

&

• Remember which choice of xj = x$j yielded maximum.

• Given messages, compute max value using any node i:

max
x

pE(x|E) = max
xi

#

$!E(xi)
!

k#c(i)

mki(xi)

%

&

• Retrace steps from root back to leaves recalling best x$j to get the
maximizing argument (configuration) x$.

Computing Joint Pairwise Posteriors

•We can also easily compute the joint pairwise posterior distribution
for any pair of connected nodes xi, xj.

• To do this, we simply take the product of all messages coming into
node i (except the message from node j), all the messages coming
into node j (except the message from node i) and the potentials
!i(xi),!j(xj),!ij(xi, xj).

• The posterior is proportional to this product:

p(xi, xj|x̄E) ! !E(xi)!
E(xj)!(xi, xj)

!

k "=j#c(i)

mki(xi)
!

" "=i#c(j)

m"j(xj)

• These joint pairwise posteriors cover all the maximal cliques in the
tree, and so those are all we need to do learning.

• Inference of other pairwise or higher order joint posteriors is
possible, but more di!cult.

Maximizing instead of Summing

•Elimination and Belief Propagation both summed over
all possible values of the marginal (non-query, non-evidence) nodes
to get a marginal probability.

•What if we wanted to maximize over the non-query, non-evidence
nodes to find the probabilty of the single best setting consistent
with any query and evidence?

max
x

p(x) = max
x1

max
x2

max
x3

max
x4

max
x5

p(x1)p(x2|x1)p(x3|x1)p(x4|x2)p(x5|x3)p(x6|x2,x5)

= max
x1

p(x1) max
x2

p(x2|x1) max
x3

p(x3|x1) max
x4

p(x4|x2) max
x5

p(x5|x3)p(x6|x2,x5)

• This is known as the maximum a-posteriori or MAP configuration.

• It turns out that (on trees), we can use an algorithm exactly like
belief-propagation to solve this problem.

1X

2X

3X

X 4

X 5

X6

Sum-Product, Max-Product and Semirings

•Why can we use the same trick for MAP as for marginals?

• Because multiplication distributes over max as well as sum:

max(ab, ac) = a max(b, c)

• Formally, both the “sum-product” and “max-product” pair are
commutative semirings.

• It turns out that the “max-sum” pair is also a semiring:

max(a + b, a + c) = a + max(b, c)

which means we can do MAP computations in the log domain:

max
x

p(x) = max
x

!

i

p(xi|x#i) = max
x

log p(x) = max
x

"

i

log p(xi|x#i)

Max-Product Algorithm

• Choose a root node arbitrarily.

• If j is an evidence node, !E(xj) = $(xj, x̄j), else !E(xj) = 1.

• Pass messages from leaves up to root using:

mmax
ji (xi) = max

xj

#

$!E(xj)!(xi, xj)
!

k#c(j)

mmax
kj (xj)

%

&

• Remember which choice of xj = x$j yielded maximum.

• Given messages, compute max value using any node i:

max
x

pE(x|E) = max
xi

#

$!E(xi)
!

k#c(i)

mki(xi)

%

&

• Retrace steps from root back to leaves recalling best x$j to get the
maximizing argument (configuration) x$.
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Learning

Parameter Learning: Given the graph structure, how to get
the conditional probability distributions Pθ(Xi |XΠi )?

Parameters θ are unknown constants
Given fully observed training data D
Find their estimates maximizing the (penalized)
log-likelihood

θ̂ = argmax
θ

log P(D|θ)(−λR(θ))

Parameter estimation with fully observed data
Parameter estimation with latent variables, Expectation
Maximization (EM)

Structure Learning: Given fully observed training data D,
how to get the graph G and its parameters θ?

After studying the discriminative framework
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Parameter Estimation with Complete Observations

Random variable X = (X1, . . . , Xn). The data
D = (x1, . . . , xm) is a set of m IID observations.
Maximum likelihood estimate (MLE) can be found by
maximizing the log probability of the data. In Bayes nets,

`(θ; D) = log p(D|θ) = log
m∏

j=1

p(xj |θ) =
m∑

j=1

n∑
i=1

log p(x j
i |x

j
π

j
i
, θi)

Consider Xi be discrete rv with K possible values. Then,
p(xi |Xπi , θi) = θi(xi , xπi ) is a multinomial distribution st∑

xi
θi(xi , xπi ) = 1.

`(θ; D) =
∑

i

∑
xi,πi

N(xi,πi ) log θi(xi , xπi )

N(xi,πi ) =
∑m

j=1 1[x j
i,πi

= xi,πi ] observed count of xi,πi

assignment in data
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Parameter Estimation with Complete Observations

`(θ; D) =
∑

i

∑
xi,πi

N(xi,πi ) log θi(xi , xπi )

Estimation of θi is independent of θk for k 6= i .
Estimating of θi , ignore data associated with nodes other
than i and πi and maximize N(xi,πi ) log θi(xi , xπi ) wrt θi .
Add a Lagrangian term for normalization and solve for θi

ML estimate is the relative frequency.

θ̂i(xi , xπi ) = N(xi , xπi )/N(πi)

Yasemin Altun Lecture 3



Parameter Estimation in HMMs
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Hidden Markov Models are directed sequence models.
Let x = (x1, . . . , xl) and y = (y1, . . . , yl) be sequences.
xi ∈ O, where O is a set of possible observations.
yi ∈ Y, where Y is a set of possible labels.
πσ = p(y1 = σ; θ) initial transition.
Tσ,σ′ = p(yi+1 = σ|yi = σ′; θ) transition probabilities for
σ, σ′ ∈ Y
Oσ,u = p(xi = u|yi = σ; θ) observation probabilities for
σ ∈ Y, u ∈ O

P(x, y; θ) = πy1

N∏
i=1

Oyi ,xi

N−1∏
i=1

Tyi+1,yi
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Parameter Estimation in HMMs

P(x, y; θ) = πy1

N∏
i=1

Oyi ,xi

N−1∏
i=1

Tyi+1,yi

MLE estimate
π∗

σ =
Pm

j=1 1[y j
1=σ]

m

T ∗
σ,σ′ =

Pm
j=1

Plj−1

i=1 1[y j
i+1=σ∧y j

i =σ′]Pm
j=1

Plj−1

i=1 y j
i =σ′

O∗
σ,u =

Pm
j=1

Plj
i=1 1[y j

i =σ∧x j
i =u]Pm

j=1
Plj

i=1 y j
i =σ
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MLE with Complete Observations for MRF

p(x|θ) =

∏
C φ(xC)∑

x′∈Yn
∏

c φ(x ′c)

In MRFs, Z couples the parameters. There is no closed
formed solution of θ.
For potential functions φC(xC) = exp(〈f (xC), θC〉)

`(θ; D) =
m∑

j=1

log p(xj |θ)

=
∑

j

(∑
C

〈f (xC), θC〉 − log Zθ

)
=

∑
C

N(xC) 〈f (xC), θC〉 −m log Zθ

Take the derivative of ` wrt θ, equate to 0 and solve for θ.
The derivative of log Z wrt θC is the expectation
Ex∼pθ

[f (xC)].

N(xC)f (xC) = mEx∼pθ
[f (xC)]

Use an unconstraint convex optimization method, eg.
Conjugate gradient, Quasi-Newton method
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Parameter Estimation with Latent Variables

When there are latent variables, we need to marginalize
over the latent variables, which leads to coupling between
parameters.
Let X be observed variables, Z latent variables.

`(θ; D) = log
∑

z

p(x , z|θ)

Expectation Maximization (EM) Algorithm is a general
approach to maximum likelihood parameter estimation
(MLE) with latent(hidden) variables.
EM is a coordinate-descent algorithm to minimize
Kullback-Leibler (KL) divergence
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EM Algorithm

Since Z is not observed, the log-likelihood of data is a
marginal over Z which does not decompose.

`(θ; x) := log p(x |θ) = log
∑

z

p(x , z|θ)

Replace this with expected log-likelihood wrt the averaging
distribution q(z|x). This is linear in
lc(θ; x , z) := log p(x , z|θ).

〈`c(θ; x , z)〉q :=
∑

z

q(z|x , θ) log p(x , z|θ)

This optimization is a lower bound on l(θ; x). Using
Jensen’s inequality

`(θ; x) = log
∑

z

p(x , z|θ) = log
∑

z

q(z|x)
p(x , z|θ)
q(z|x)

≤
∑

z

q(z|x) log
p(x , z|θ)
q(z|x)

= L(q, θ)

Use coordinate ascent on L(q, θ)
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EM Algorithm

Until convergence
Maximize wrt q (E step):

qt+1 = argmax
q

L(q, θt)

Maximize wrt θ (M step):

θt+1 = argmax
θ

L(qt+1, θ)
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EM Algorithm

Until convergence
Maximize wrt q (E step): qt+1 = argmaxq L(q, θt)

Maximize wrt θ (M step): θt+1 = argmaxθ L(qt+1, θ)

argmax
θ

L(q, θt) = argmax
θ

∑
z

q(z|x) log p(x , z|θ)

−
∑

z

q(z|x) log q(z|x)

= argmax
θ

〈`c(θ; x , z)〉q
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EM Algorithm

Until convergence
Maximize wrt q (E step): qt+1 = argmaxq L(q, θt)

`(θ; x)− L(q, θ) =
∑

z

q(z|x) log p(x |θ)−
∑

z

q(z|x) log
p(x , z|θ)
q(z|x)

= D(q(z|x)||p(z|x , θ))

Minimizing `(θ; x)− L(q, θ) is equivalent to maximizing
L(q, θ).
KL divergence is minimizes when q(z|x) = p(z|x , θt)
Intuitively, given p(x , z|θ), p(z|x , θt) is the best guess for
latent variables conditioned on x .

Maximize wrt θ (M step): θt+1 = argmaxθ L(qt+1, θ)

M step increases a lower bound on likelihood
E step closes the gap to yield `(θt ; x) = L(qt+1, θt)
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EM for HMMs

E step: Get expected counts using Forward-Backward
Algorithm.

qt = p(z|x , θt−1)

M step: Find MLE estimate wrt the expected counts
(relative frequency).

θt = argmax
θ

〈`c(θ; x , z)〉qt
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Discriminative Training of HMMs

grammatical features. We would like the observations to

be parameterized with these overlapping features.

The second problem with the traditional approach is that

it sets the HMM parameters to maximize the likelihood of

the observation sequence; however, in most text applica-

tions, including all those listed above, the task is to predict

the state sequence given the observation sequence. In other

words, the traditional approach inappropriately uses a gen-

erative joint model in order to solve a conditional problem

in which the observations are given.

This paper introduces maximum entropy Markov models

(MEMMs), which address both of these concerns. To al-

low for non-independent, difficult to enumerate observa-

tion features, we move away from the generative, joint

probability parameterization of HMMs to a conditional

model that represents the probability of reaching a state

given an observation and the previous state. These con-

ditional probabilities are specified by exponential models

based on arbitrary observation features. The exponen-

tial models follow from a maximum entropy argument, and

are trained by generalized iterative scaling (GIS) (Darroch

& Ratcliff, 1972), which is similar in form and compu-

tational cost to the expectation-maximization (EM) algo-

rithm (Dempster, Laird, & Rubin, 1977). The “three classic

problems” (Rabiner, 1989) of HMMs can all be straightfor-

wardly solved in this new model with new variants of the

forward-backward, Viterbi and Baum-Welch algorithms.

The remainder of the paper describes our alternative model

in detail, explains how to fit the parameters using GIS, (for

both known and unknown state sequences), and presents

the variant of the forward-backward procedure, out of

which solutions to the “classic problems” follow naturally.

We also give experimental results for the problem of ex-

tracting the question-answer pairs in lists of frequently

asked questions (FAQs), showing that our model increases

both precision and recall, the former by a factor of two.

2. Maximum-Entropy Markov Models

A hiddenMarkov model (HMM) is a finite state automaton

with stochastic state transitions and observations (Rabiner,

1989). The automaton models a probabilistic generative

process whereby a sequence of observations is produced

by starting in some state, emitting an observation selected

by that state, transitioning to a new state, emitting another

observation—and so on until a designated final state is

reached. More formally, the HMM is given by a finite set of

states , a set of possible observations , two conditional

probability distributions: a state transition probability from

to , for and an observation probability

States as well as observations could be represented by fea-
tures, but we will defer the discussion of that refinement to later.

s

o

t

t

t-1s s

o

t-1s t

t

(a) (b)
.

Figure 1. (a) The dependency graph for a traditional HMM; (b)

for our conditional maximum entropy Markov model.

distribution, for , and an initial state

distribution . A run of the HMM pairs an observation

sequence with a state sequence . In text-

based tasks, the set of possible observations is typically a

finite character set or vocabulary.

In a supervised task, such as information extraction, there is

a sequence of labels attached to each training ob-

servation sequence . Given a novel observation,

the objective is to recover the most likely label sequence.

Typically, this is done with models that associate one or

more states with each possible label. If there is a one-to-one

mapping between labels and states, the sequence of states

is known for any training instance; otherwise, the state se-

quence must be estimated. To label an unlabeled observa-

tion sequence, the Viterbi path is calculated, and the labels

associated with that path are returned.

2.1 The New Model

As an alternative to HMMs, we propose maximum entropy

Markov models (MEMMs), in which the HMM transition

and observation functions are replaced by a single function

that provides the probability of the current state

given the previous state and the current observation .

In this model, as in most applications of HMMs, the ob-

servations are given—reflecting the fact that we don’t actu-

ally care about their probability, only the probability of the

state sequence (and hence label sequence) they induce. In

contrast to HMMs, in which the current observation only

depends on the current state, the current observation in an

MEMMmay also depend on the previous state. It can then

be helpful to think of the observations as being associated

with state transitions rather than with states. That is, the

model is in the form of probabilistic finite-state acceptor

(Paz, 1971), in which is the probability of the

transition from state to state on input .

In what follows, we will split into separately

trained transition functions . Each

of these functions is given by an exponential model, as de-

scribed later in Section 2.3.

Next we discuss how to solve the state estimation problem

in the new framework.

Maximum Entropy Markov Models (MEMM)
[McCFrePer00] (Generalization to Bayes Nets is trivial.)
a) HMM: P(x, y; θ) = πy1

∏N
i=1 Oyi ,xi

∏N−1
i=1 Tyi+1,yi

b) MEMM: P(y|x; θ) = πy1,x1

∏N−1
i=1 Tyi+1,yi ,xi+1
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Inference and Parameter Estimation in MEMMs

Forward-Backward algorithm

αi(σ) =
∑
σ′∈Y

αi−1(σ
′)Tσ,σ′,x̄i

βi(σ) =
∑
σ′∈Y

Tσ′,σ,x̄i+1βi+1(σ
′)

Representation for σ, σ̄ ∈ Y, u ∈ O

Tσ,σ′,ū =
1

Z (ū, σ′)
exp

(〈
θ, f (ū, σ, σ)′

〉)
Z (ū, σ′) =

∑
σ

exp
(〈

θ, f (ū, σ, σ′)
〉)

Coupling between θ due to Z results in no-closed-form
solution. Use some convex optimization technique.
Note the difference between undirected models where Z is
a sum over all possible values of all nodes (Yn). Here, it is
a sum over Y.
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Generative vs Discriminative Approaches

Generative framework: HMMs model p(x, y)
Advantages:

Efficient learning algorithm. Relative frequency.
Can handle missing observation (simply latent variable)
Naturally incorporates prior knowledge

Disadvantages:
Harder problem p(y|x)p(y) vs p(y|x)
Questionable independence assumption xi ⊥ xj |yi ,∀j 6= i
Limited representation. Overlapping features are
problematic.

Assuming independence violates the model.

p(xi |yi) =
Y

k

p(fk (xi)|yi)

f1(u) = Is u the word "Brown"?, f2(u) = Is u capitalized?
Conditioning increase the number of parameters.

p(xi |yi) =
Y

k

p(fk (xi)|yi , f1(xi), . . . , fk−1(xi))

Increased complexity to capture dependency between yi and
xi−1, p(xi |yi , yi−1).
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Generative vs Discriminative Approaches

Discriminative learning: MEMM model p(y|x)

Advantages:
Solves more direct problem.
Richer representation via kernels or feature selection.
Conditioning on x, overlapping features are trivial.
No independence assumption on observations.
Lower asymptotic error

Disadvantages:
Expensive learning. There is no closed form solution as in
HMMs. Therefore, we need Forward-Backward algorithm
Missing values in observation is problematic due to
conditioning.
Requires more data (O(d)) to reach its asymptotic error,
whereas generative models require O(log d), for d number
of parameters [NgJor01].
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