Canonical correlation analysis (CCA)

Given data: X € RN Y € R%*N CCA solves

max uTExyv,
u,v

st. u'Y,,u= VTEny = 1,
where X, = %XYT, 3, = %XXT + 7.1 X, = %YYT + YL (Yayvy) > 0.

Goal: efficiently solve CCA problem when N,d are large.

Our approach: reduce CCA to a sequence of least square problems,
and solve each problem to sufficient accuracy using fast solver.

Closed-form Solution
Form matrix T

w12 —1/2 d,xd,
T=%,"%,% VR
Compute SVD:

T:[¢7327°"7aT] 102.. [¢7b27"'7bT]T

Obtain (u*, v¥) = (Sri, Ty2ah)
Forming T costs O(Nd* + d°)

Alternating least squares (ALS) [Golub and Zha 1995]

The ALS Algorithm: Fort=1,...,
Uy <+ X3, Vi1,
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Alternative view in @, = Zixut and ¥, = Zéyvt:
C}St — X Xy By, {bt A E;yﬁZ;yZ;g?qbt_l
Gy < D/ || D] Y, < P,/ ||,
ALS w.r.t (u,v) <= Power iterations w.r.t (¢, )
o). 9 T)[2]. [2]- b/ 11|
_?,bt_ T 0| |vY]° Y, _%ﬁ/”’ﬁt” ]

Every two steps of ALS perform one step power iteration on TT ' for the ¢-sequence,
and T 'T for the ¥-sequence.

Theorem: After T'= O (pfiz log (%)) iterations, we have for all ¢ > T

min (v, 2,0, (v, Z,,v")?) > 1—n, u/ ., v > pi(1—2n).
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Inexact ALS: inexact power iteration on T 0
Non-zero eigenvalues: DL P> o> pp > —pp > e > —py

with eigenvectors
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Algorithm: Fort=1,....T

Relative eigengap:

1 v
— Approximately solve min fi(u) := 5( ! v ! lu|” st

2

N
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— Approximately solve min gi(v) : N Z §(VTYi —u,_ %)+ ?y |v]|” st
(Vvy) < min ¢(v)+e€
\/ﬁ;rEmﬁt, Vi < \N/'t/\/{/';rzyy{ft

Subproblem conditioning: s’ for NAG, k for SVRG

gt
— Normalization: u; < u;/
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Theorem: After T'= O (ﬁ log (%)) iterations with €(1") = 1= (((22;1 1// pig)T_—11) 7

we have up X, ur = vy 2, vy = 1 and min ((up2,,u%)?, (vpX,,v¥)?) > 1 —n.
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Shift-and-invert: inexact power iteration on TT
Eigenval : > oo b s

19€1ValucEes.

i A—=p1 = T A=pr T T Ad+pe T T A4

1 a, a,
with eigenvectors \% {ZZ} e, \% |:br:| e % |:_b7":| o % {_q:p}

For A = p1 + ¢(p1 — p2) where ¢ = O(1), relative eigengap is 1 + ¢, a constant
Algorithm: Fort=1,....T

2 %{ AT —T}l 'qbtl} -

— Approximately solve

Y, =T AL | [
1 Ay — 20y ]
(ﬁt, {775) ~ arg I}/lllvn 5 [UTVT} |:—ET )\Eyj:| |:3 — ungjxut—l — VTEnyt—l
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— Intermediate normalization: { t} — V2 { = / \/ u' 3,0+ v, 2y Vi

Final normalization: 1 < up/ \/ w3, ur, vV vp/ \/ VX, VT

/
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P1—P2

) for NAG. © ( i ) for SVRG

Subproblem conditioning: O ( P
Theorem: After T' = O (k)g (%)) iterations, we have u' ¥ 0 =v'X%, v = 1,
and min ((0'X,,u*)? (v'E,v9)?) >1-1.

There exists an efficient algorithm for locating .
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Summary of running time
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Runtime (up to polylog factors) to find (u,v) with min ((uTZmu*)z, (VTEny*>2) >1—n
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Related Work

e [Ma, Lu, and Foster 2015], AppGrad: one full gradient step on ALS subprob-
lems, can only guarantee local convergence

e Parallel work: [Ge et al, 2016], CCALin: ALS with subproblems solved by NAG,

time complexity O (d N \/?pQ'O—%p2. log (%))
1 2
Experiments
Datasets Description d, | d, N

JW11 |Acoustic and articulation measurements| 2731112 30,000
MNIST Left and right halves of images 3921 392/60,000
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