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Canonical correlation analysis (CCA)

Given data: X ∈ Rdx×N ,Y ∈ Rdy×N , CCA solves

max
u,v

u>Σxyv,

s.t. u>Σxxu = v>Σyyv = 1,

where Σxy = 1
NXY>, Σxx = 1

NXX> + γxI, Σyy = 1
NYY> + γyI, (γx, γy) ≥ 0.

Goal: efficiently solve CCA problem when N, d are large.

Our approach: reduce CCA to a sequence of least square problems,
and solve each problem to sufficient accuracy using fast solver.

Closed-form Solution

Form matrix T:
T = Σ−1/2

xx ΣxyΣ
−1/2
yy ∈ Rdx×dy

Compute SVD:

T = [φ, a2, . . . , ar]


ρ1

ρ2
. . .

ρr

 [ψ,b2, . . . ,br]
>

Obtain (u∗, v∗) = (Σ
−1

2
xxφ, Σ

−1
2

yyψ)

Forming T costs O(Nd2 + d3)

Alternating least squares (ALS) [Golub and Zha 1995]

The ALS Algorithm: For t = 1, . . . ,

ũt← Σ−1
xxΣxyvt−1, ṽt← Σ−1

yyΣ>xyut−1

ut← ũt/
√

ũ>t Σxxũt, vt← ṽt/
√

ṽ>t Σyyṽt

Alternative view in φt = Σ
1
2
xxut and ψt = Σ

1
2
yyvt:

φ̃t← Σ
−1

2
xxΣxyΣ

−1
2

yyψt−1, ψ̃t← Σ
−1

2
yyΣ>xyΣ

−1
2

xxφt−1

φt← φ̃t/
∥∥∥φ̃t∥∥∥ , ψt← ψ̃t/

∥∥∥ψ̃t

∥∥∥
ALS w.r.t (u,v) ⇐⇒ Power iterations w.r.t (φ,ψ)[

φ̃t
ψ̃t

]
←
[

0 T
T> 0

] [
φt−1

ψt−1

]
,

[
φt
ψt

]
←

[
φ̃t/||φ̃t||
ψ̃t/||ψ̃t||

]

Every two steps of ALS perform one step power iteration on TT> for the φ-sequence,
and T>T for the ψ-sequence.

Theorem: After T = O
(

ρ21
ρ21−ρ22

log
(

1
η

))
iterations, we have for all t ≥ T :

min
(
(u>t Σxxu

∗)2, (v>t Σyyv
∗)2
)
≥ 1− η, u>t Σxyvt ≥ ρ1(1− 2η).

Inexact ALS: inexact power iteration on

[
0 T

T> 0

]
Non-zero eigenvalues: ρ1 ≥ ρ2 ≥ · · · ≥ ρr ≥ −ρr ≥ · · · ≥ −ρ1

with eigenvectors[
φ
ψ

]
,

[
a2

b2

]
, . . . ,

[
ar
br

]
,

[
ar
−br

]
, . . . ,

[
a2

−b2

]
,

[
φ
−ψ

]
Relative eigengap: ρ21

ρ21−ρ22
Algorithm: For t = 1, . . . , T

– Approximately solve min
u

ft(u) :=
1

N

N∑
i=1

1

2
(u>xi − v>t−1yi)

2 +
γx
2
‖u‖2 s.t.

ft(ũt) ≤ min
u

ft(u) + ε

– Approximately solve min
v

gt(v) :=
1

N

N∑
i=1

1

2
(v>yi − u>t−1xi)

2 +
γy
2
‖v‖2 s.t.

gt(ṽt) ≤ min
v

gt(v) + ε

– Normalization: ut← ũt/
√

ũ>t Σxxũt, vt← ṽt/
√

ṽ>t Σyyṽt

Subproblem conditioning: κ′ for NAG, κ for SVRG

Theorem: After T = O
(

ρ21
ρ21−ρ22

log
(

2
η

))
iterations with ε(T ) = η2ρ2r

128

(
(2ρ1/ρr)−1

(2ρ1/ρr)T−1

)2

,

we have u>TΣxxuT = v>TΣyyvT = 1 and min
(
(u>TΣxxu

∗)2, (v>TΣyyv
∗)2
)
≥ 1− η.

Shift-and-invert: inexact power iteration on

[
λI −T

−T> λI

]−1

Eigenvalues:
1

λ− ρ1
≥ · · · ≥ 1

λ− ρr
≥ · · · ≥ 1

λ + ρr
≥ · · · ≥ 1

λ + ρ1

with eigenvectors 1√
2
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]
, . . . , 1√

2

[
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br

]
, . . . , 1√

2

[
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−br

]
, . . . , 1√

2

[
φ
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]
For λ = ρ1 + c(ρ1 − ρ2) where c = O(1), relative eigengap is 1 + c, a constant

Algorithm: For t = 1, . . . , T

– Approximately solve

[
φ̃t
ψ̃t

]
←
[
λI −T
−T> λI

]−1 [
φt−1

ψt−1

]
or

(ũt, ṽt) ≈ arg min
u,v

1

2

[
u>v>

] [ λΣxx −Σxy

−Σ>xy λΣyy

] [
u
v

]
− u>Σxxut−1 − v>Σyyvt−1

– Intermediate normalization:

[
ut
vt

]
←
√

2

[
ũt
ṽt

]/√
ũ>t Σxxũt + ṽ>t Σyyṽt

Final normalization: û← uT/
√

u>TΣxxuT , v̂← vT/
√

v>TΣyyvT

Subproblem conditioning: O
(

κ̃′

ρ1−ρ2

)
for NAG, O

(
κ̃

ρ1−ρ2

)
for SVRG

Theorem: After T = O
(

log
(

2
η

))
iterations, we have û>Σxxû = v̂>Σyyv̂ = 1,

and min
(
(û>Σxxu

∗)2, (v̂>Σyyv
∗)2
)
≥ 1− η.

There exists an efficient algorithm for locating λ.

Summary of running time

Alternating least squares Shift-and-invert (λ > ρ1)

Power
iterations

[
0 T

T> 0

] [
λI −T
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]−1
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squares
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]−1 [
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Σyyvt−1

]
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Runtime (up to polylog factors) to find (u,v) with min

(
(u>Σxxu

∗)2, (v>Σyyv
∗)2
)
≥ 1− η

κ′ := max

(
σmax(Σxx)

σmin(Σxx)
,
σmax(Σyy)

σmin(Σyy)

)
≤ κ := max

(
maxi ‖xi‖2

σmin(Σxx)
,
maxi ‖yi‖2

σmin(Σyy)

)
≤ ≤

κ̃′ :=
max

(
σmax(Σxx), σmax(Σyy)

)
min

(
σmin(Σxx), σmin(Σyy)

) ≤ κ̃ :=
maxi max

(
‖xi‖2 , ‖yi‖2

)
min

(
σmin(Σxx), σmin(Σyy)

)
Related Work

• [Ma, Lu, and Foster 2015], AppGrad: one full gradient step on ALS subprob-
lems, can only guarantee local convergence

•Parallel work: [Ge et al, 2016], CCALin: ALS with subproblems solved by NAG,

time complexity O
(
dN
√
κ′ ρ21
ρ21−ρ22
· log

(
1
η

))
Experiments

Datasets Description dx dy N

JW11 Acoustic and articulation measurements 273 112 30,000
MNIST Left and right halves of images 392 392 60,000

γx = γy = 10−4 γx = γy = 10−3 γx = γy = 10−2
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