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In this paper we study the problem of estimating conditional probability distribu-
tions for structured output prediction tasksin Reproducing Kernel Hilb ert Spaces.
More speci cally, we prove decomposition results for undirected graphical models,
give constructions for kernels, and shov connectionsto GaussianProcessclassi -
cation. Finally we presen e cien t meansof solving the optimization problem and
apply this to label sequencdearning. Experiments on namedentit y recognition and
pitch accen prediction tasks demonstrate the competitiv enessof our approac.

In tro duction

The benets of a framework for designing exible and powerful input represen-
tations for machine learning problems has been demonstrated by the successof
kernel-basedmethods in binary and multiclass classi cation as well as regression.
However, many real-world prediction problems alsoinvolve complex output spaces,
with possible dependenciesbetween multiple output variables. Markov-chain de-
pendencystructure is a prominent example of this kind and is ubiquous in natural

language processing(e.g. part-of-speed tagging, shallow parsing), speed recogni-
tion (e. g. pitch accen prediction), information retrieval (e. g. named entit y recog-
nition) and computational biology (e. g. protein secondarystructure prediction).

More complicated dependency structures such as hierarchies and parse trees are
alsocommonplace.
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A well-known approach for solving theseproblemsare Conditional Random Fields
(CRFs), proposedby (La ert y et al., 2001), an extension of logistic regressionthat
takes dependenciesbetweenrandom variables in a graph (e. g. neighboring labels
along a chain) into accourt. Related approadesinclude (Punyakanok and Roth,
2000; McCallum et al., 2000). More recertly, other discriminative methods sud as
AdaBoost (Altun et al., 2002), perceptron learning (Collins, 2002), and Support
Vector Machines (SVMs) (Altun et al., 2003; Taskar et al., 2003; Tsochantaridis
et al., 2004) have beenextendedto learning the prediction of structured objects.

In this chapter, which is an extension of our work in (Altun et al., 2004b) and
(Altun et al., 2004a)and is closelyrelated to (Laert y et al., 2004), we study the
problem of estimating conditional probability distributions over structured outputs
within a Reproducing Kernel Hilbert Space. Framing this as a special case of
inverse problems, we show that maximizing entropy with respect to approximate
momert matching constraints in Banach spacedeadsto the maximum a posteriori
estimation and exponertial families. The spacein which the momerts are de ned
and approximated, specify a regularization of the conditional log-likelihood of the
sample.When this spaceis ", we have a GaussianProcessover the structured input-
output space.Then, one can construct and learn in Reproducing Kernel Hilb ert
SpaceqdRKHS), thereby overcomethe limitations of ( nite-dimensional) parametric
statistical models and achieve the exibilit y of implicit data represenations.

Our framework presenes the main strength of CRFs, namely their rigorous
probabilistic semartics, which is not the casefor other discriminative methods such
as max-margin approades. There are two important advantages of a probabilistic
model. First, it is very intuitiv eto incorporate prior knowledgewithin a probabilistic
framework. Second,in addition to predicting the best labels, one can compute
posterior label probabilities and thus derive con dence scoresfor predictions. This
is avaluable property in particular for applications requiring a cascadedarchitecture
of classi ers. Con dence scorescan be propagatedto subsequeh processingstages
or used to abstain on certain predictions. Another advantage over max-margin
methods for structured output prediction is its consistencywith in nite samples.
Eventhough the performanceof alearning method on small-sampleproblemsdo not
necessarilycoincidewith its performanceonin nite sample,asymptotic consistency
analysis provides useful insights.

Performing density estimation via Gaussian Processesover structured input-
output spacesfacesserious tractabilit y issues,since the spaceof parameters, al-
though nite, is exponertial in the size of the structured object. We prove decom-
position results for Markov Random elds, which allow usto obtain an optimization
problem scalingpolynomially with the sizeof the structure. This leadsto the deriva-
tion of an e cien t estimation algorithm, for which we provide the details for label
sequencedearning. We report experimental results on pitch accen prediction and
named-enit y recognition.
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1.2 Estimating Conditional Probabilit y Distributions over Structured Outputs

1.2.1 General Setting

In this paper, we are interested in the prediction of structured variables. The goal
is to learn a mapping h : X ! Y from structured inputs to structured response
variables, where the inputs and response variables form a dependency structure.
There exists a cost function Y Y! <, where ( y;y) denotesthe cost of
predicting y instead of y. We restrict our attention to cost functions suc that
(y;y)=0and ( y;y)> Ofory 6 y. This function is generally the standard 0-1
classi cation error for multiclass classi cation problems.However, in the structured
prediction problems,it canincorporate di erences in the structure of y andy, such
as Hamming loss of sequence®r 1 F; scoreof parsetrees.
Letusde ne Z asX Y.Weassumethat thereisa xed but unknown distribution

P over Z according to which input/output pairs (x;y) are generated. If this
distribution was known, the optimal predictor i. e.the Bayesdecisionrule, is given

by

X
he (x) = argmin  p(y%x) ( y%y): (1.1)
y2yY yo8y
In the special caseof 0-1 loss, this is equivalert to hg(x) = argmax,,y p(yjX).
Then, one can reducethe (structured) prediction problem to one of estimating the
conditional distribution p(yjx) and performing the argmin operation asin (1.1).

1.2.2 Maxim um Entrop y with appro ximate matc hing
In supervised learning, we are given a sample S of ° input-output pairs S =

task, commonly referred as moment or feature functions, :Z ! B, whereB
is a Banach spacein the most general form of the problem. The goal is to nd
the conditional probability distribution p over YjX sudc that the expectation of
the features with respect to p(yjx) for all xinSy (Ey p[ (x;y)jx]) matches their
empirical values (7), Ey o[ (X;y)jx] = ~, Here S, denotesthe set of * inputs in

from the sample by

=y 2)
i=1

This estimation task is an instance of a more general problem, namely the inverse

problem wherethe goalisto nd x satisfying Ax = b. Inverseproblems are known

to beill-formed and are stabilized by imposing a regularity or smoothnessmeasure,

such as the entropy of the distribution (Ruderman and Bialek, 1994). Then, the

estimation problem can be formulated as nding the maximum entropy distribution
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p (equivalently minimizing the relative entropy of p with respect to a constart
distribution) sudh that it satis es the momernt matching constraints,

mpin K L(pkq) subject to Ey o[ (X;y)ix]= 7

In general,it is very dicult to satisfy the momert matching constraints exactly,
especially when the number of features can be very large (and possibly in nite).
For example,the solution may lie on the boundary of a feasibility region. Moreover,
this can lead to sewere over tting of the data. In order to overcomethis obstacle,
the constraints can be relaxed to approximate matches such that the di erence
betweenthe expected and the empirical valuesare small with respect to the norm
of the spaceB, denotedby k:k; . An adaptation of Theorem 8 of (Altun and Smola,
2006) gives the solution of this estimation problem and establishesthe duality
connection between the KL divergenceminimization with approximate momernt
matching constraints and the maximum a posteriori (MAP) estimation.

Theorem 1 (Appro ximate KL Minimization) Let p;q be conditional protabil-
ity distributions over YjX and S be a sampleof size*. Moreover, :Z! Bisa
mapping from Z to a Banach space B, “2 B and B is the dual space of B. Then,
for any 0 the problem

mpin K L(pka) subjetto  Ey p[ (X;y)ix] ~ .
has a solution of the form

pw (YiX) = q(yjx) exp(h (x;y);wi  g(w; X)) (1.3)

where w 2 B and g is the log-partition function guaranteeing p to be a prolability
distribution. Moreover, the optimal value of w is found as the solution of

D E 1 X
min Swoo+ - g(w;x) + kwkg (1.4)
W X2 Sy
Eqtivalgntly, igr every feasible , there exists a 0 such that the minimum of
1

Tw o+ 1 s gwix)+ 5 kwki minimizes (1.4).

Note that the well-known connection between conditional maximum entropy opti-
mization (MaxEnt) with exactmomert matching constraints and conditional maxi-
mum lik elihood estimation is a special caseof Theorem 1 with = 0. Thus, relaxing
the constraints correspondsto a regularization in the dual problem scaledby the
relaxation parameter. Sincethe dual (1.4) is an unconstrained optimization prob-
lem (over a possibly nite domain), it is commonto solve the density estimation
problem by performing the optimization in the dual space.
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1.2.3 Exp onential Families

As we have seenin (1.3), exponertial families arise from the optimization of KL
divergencewith respectto (approximate) momert matching constraints. Here w is
called the canonical or natural parameter, (x;y) is the corresponding vector of
su cien t statistics and g(w; x) is the log-partition function or momert generating
function.

X
g(w;x) :=log  exp(h (x;y);wi)a(yjx): (1.5)
y2Y
The log-partition function plays an important role in estimating probability distri-
butions. In particular, it can be usedto compute the momerts of the distribution,
seee.g. Lauritzen (1996):

Prop osition 2 g(w;x) is a convex C! function. Moreover, the derivatives of g
geneate the correspnding moments of

@og(w;x) = Eyjx p,[ (xX3¥)] Mean (1.6a)
@ g(w;x) = Covyix p. [ (X3¥)] Covariance: (1.6b)

It is important to use exponertial families with rich su cien t statistics. One
can show that if (z2) for z = (x;y) 2 Z is powerful enough, exponertial families
becomeuniversal density estimators, in the sensethat the set of all functions of
the form hw; (%)i is densein the set of all bounded continous functions de ned on
CO(2). This is advantageous,asit canopenthe domain of nonparametric estimation
to an area of statistics which so-far was restricted to parametric distributions. In
Proposition 3, we show that exponertial families canin fact be denseover C°(2), if
they are de ned with respect to a universal kernel. More precisely we restrict the
Banadch spaceB be a Reproducing Kernel Hilbert Space(RKHS) with the kernel
function k and de ne a linear discriminant function F : Z! < as

F@G) =h()wi; (1.7)
for F 2 H sud that
F(2) = IR k(z; )iy (1.8)

where is the feature map induced by k. We can now represert p as a function of
w and F interchangeably
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Prop osition 3 (Dense Densities) Let Z be a measurable set with respect to the
Lekesgue measure. Moreover, let H be universal and P be the space of C%(2Z)
densitieswith kpk, < 1 . Then the classof exmnential family densities

Py : fppipp (z) :Fexp(F(z) g9(F)) andF 2 Hg (1.9)

wher g(F) := log exp(F(2)) dz
z

is densein P. Moreover, for any p 2 P with klogpk; C and < 1 we have
klogp Fk; implies D(pkpr) 2 and kp prk; 4e° (1.10)

Proof We prove the secondpart rst: Let > 0. If klogpk, C, we can nd
someF 2 H sud that kF  logpk, . By the de nition of g(F) it follows that

z
X
jo(F)j = log exp(F(2))dz = logp(z) exp(F(z) logp(z))dz © (111
z z
Sincelogpr = F  g(F) haveklogp logprk; 2 . This immediately shows the
rst part of (1.10). For the secondpart, all we needto do is exponertiate the bound
and usethe fact that logp is bounded by C.
To seethe general result, pick some < =Z with < 1, where Z is the

measure of Z. Moreover, let p (z) := max(p(z); ). Finally, pick F sud that
kF logp k . By the samereasoningasin (1.11) it follows that jg(F)j 2.
Hencekp prk 4 kpk, . Since wasarbitrary, this provesthe claim. ]

Note that a similar result can be obtained wheneer Z is endoved with a measure
if we state our results for densitieswhoseRadon-Nikodym derivativeswith respect
to satis es the propertiesabove. Moreover, similar results apply for the conditional
densities, as long as logp(yjx) is a well behaved function of x and the kernel k is
universalkernel in y for every x.

Many RKHS H are densein C°(X). SeeSteinwart (2001) for examplesand a
proof. This shows that choosinga density from a suitable exponertial family is not
restrictiv e in terms of approximation quality.

1.2.4 Objectiv e Function and Relationship to Gaussian Pro cesses

Theorem 1 establishesthat, when B is an RKHS, our density estimation problem
is given by
D E 1 X
R ~ Lyl
min W+ - g(w;x') +
i=1

2.
5 kwks :
Thus, we perform a regularized maximum likelihood estimate, where a normal
distribution is assumedas a prior on w. It follows from (Williams, 1999) that a
normal prior on w correspondsto a GaussianProcesson the collection of random
variables F (z) with zero mean and a covariance function k, where k is the kernel
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assaiated with RKHS H and F is de nes asin (1.7). Using (1.2), (1.5), (1.7) and
(1.8), we can rewrite the optimization as
0 1

X - X .
F = argmin\1 @ F(x';y)+log exp(F(x";y)A + EkF kﬁ o (1.12)
F2H i=1 y2Y

Equivalently, F maximizes

Y o
p(FjS) / p(F) _ p(y'jx'; F) (1.13)

where p(F) /' exp(5 kF kﬁ ). In GaussianProcessclassi cation, (1.13) is approxi-
mated by a Gaussianand F is the mode of the Gaussianapproximating p(FjS)
by a secondorder Taylor expansionof the log-posterior via Laplace approximation.
Given F , onecan approximate the curvature C at the mode and usethis normal
distribution p(FjS) N(F ;C) to obtain the predictive distribution of a newinput
X via
Z
p(yjS;x) = p(yix;F)p(FjS)dF:

Unfortunately, the Bayesianapproac facestractabilit y problems with even mod-
erate datasetsduring training. Exact inferencefor structured output prediction is
intractable (Qi et al., 2005) and even the approximate inferenceis very expensiwe.
Also motivated by the maximum entropy principle, we usethe MAP estimate F
to obtain the predictive distribution p(yjS;x) p(yjF (x;:)).

1.2.5 Subspace Represen tion

The Represeter Theorem (Kimeldorf and Wahba, 1970) guaranteesthat F , the
optimizer of (1.12) is of the form

X X
F (xy) = iy KOG Y)s (X5 Y)); (1.14)
i=1 y2Y
with suitably chosencoe cien ts . Note that there isone (;.yy coe cien t for every
training example x' and its possiblelabeling y, due to the fact that F is de ned
over X Y and the log-partition function sumsover all y 2 Y for each x' 2 S. The
feature map over Z is induced by the kernel function k via

k((X;¥);(X;y)) = h (x;y); (X;y)i:

Thus, in completeanalogyto GaussianProcessclassi cation and other kernel meth-
ods, we can perform the estimation and prediction by computing the inner products
betweensu cien t statistics without the needfor evaluating (x;y) explicitly.
Although the application of the Represener Theorem reducesthe optimization
problem from anin nite dimensionalspace(H) to a nite dimensionalspacescaling
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with the size of the sample and the sizeof Y (< 1Y), this formulation su ers from
scalability issues.This is becausein the structured output prediction problems,jYj
is very large, scaling exponertially in the size of the structure. However, if there
is a decomposition of the kernel into substructures, then the dimensionality can
be reduced further. We now show that such a decomposition exists when (X;y)
represeris a Markov Random Field (MRF).

Let G be an undirected graph, C be the set of maximal cliques of G, z be a
con guration of G and z; be the restriction of z on the clique ¢ 2 C. The well-
known theorem of Hammersley and Cliord (1971), Theorem ??, states that the
density over Z decompsesinto potential functions de ned on the maximal cliques
of G. Using this theore, it is easyto show that the Gibbs form translates into a
simple decomposition of the kernel functions on Markov Random Fields.

Lemma 4 (Decomp osition of kernels on MRFs) For positive prokability den-
sity functions over a MRF Z on G, the kernel k(z;z) = h (z); (2)i satis es

X
k(z;z) = k(zc; zc): (1.15)
c2C

Proof We simply needto show that the sucient statistics (z) satisfy a de-
composition over thlg cliques. From Theorem 1 and Theorem ?7?, we know that

F(z)=h(z2),wi = c(ze;w) forall z2 Z and any w. Then, we can pick an
orthonormal basisof w, say e and rewrite
X
h (z);ei = o(2c)
c2C

for somescalar functions 1(z;). The key point is that | dependson z only via its
restriction on z. Setting ¢(zc) == ( X(z.); 2(zc);:::) allows usto compute
*

+
X X X X )
h (z);wi = (2); ew; = wi h (2);egi = wi (20):

i i c2C i
Rearranging terms shows that decompsesinto  (z) = ( ¢ (Zc,); 05 ¢, (Zc,))-
Setting

K(Ze;ze) = h c(ze); c(zo)i (1.16)
satis es the claim 1. n

Many applications involve a family of graph structures such that some subsets
of cliques in these graphs share the same potential function. For instance, in

1. Note that similar decomposition results can be achieved by selecting other basis
functions. This might lead to interaction acrossdi erent cliques. However, one can reduce
such formulations to the decomposition preserted in this lemma via rotating the basis
functions.
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Figure 1.1 A time invariant Markov chain with three typesof cliques.

the case of Markov chains that are time invariant, there exists three types of
cliques,x x, x yandy vy. Figure 1.2.5 shows these types of cliques with
red,blue and greenrespectively, where samecoloredcliquessharethe samepotential
Emctiorln_., For such graphs, the decomposition in Lemma 4 correspondsto k(z; z) =

c2c, co2c, K(Ze;zc), where C, denotes the set of maximal cliques in z and
k(z¢;z.) = Oif cand careof dierent types.In order to simplify our future notation,
we de ne W as the set of all possible clique con gurations for all cliques de ned
over the setof Markov elds and { asthe number of times the clique con guration
I 2 W occursin z. Then,

X
k(z;2) = Eork(;) (1.17)
2w

We can now usethis result to decomposethe linear discriminant F givenby (1.8)
into a linear discriminant function f : W ! < over cliquesby

X

Fi (2) = tEe); (1.18)
2w

f(1)=H k()i : (1.19)

This givesus a new optimization problem with a subspacerepresenation

0 1
1 X o X ) )
f =argmins @ F(x';y)+1log exp(Fi (x';y)A + Ekf ki ; (1.20)
f2H i=1 y2v
X
f ()= k(1) (1.21)

1 2W (Sy)

where W(S) W denotesthe set of clique assignmens with non-zero counts for
any (x;y) for all x 2 S and all y 2 Y. The subspacerepresertation (1.21) holds
immediately through a simple variant of the Represeter Theorem La ert y et al.
(2004); Altun et al. (2006) for any local loss function, where locality is de ned as
follows:

De nition 5 (Lo cal loss function) A lossL is local if L(x;y;f) is determined
by the value of f on the set W(fxg), i.e., for f;g : W ! < we have that if

f(p) = 9(p) for all p2 W(fxg) then L(x;y;f) = L(X;y;0).
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Note that the log-lossin (1.20) is local due to the decomposition of kernels on
MRFs. This reducesthe number of parametersfrom exponertial in the size of the
structure (number of vertices for MRF) to linear in the number of cliques and
exponertial in the number of vertices in the maximal cliques, which is generally
much smaller than the total number of vertices. In this paper, we restrict our focus
to sudh MRFs. For instance, in the Markov chain example, let the length of the
chain bem and the number of possiblelabel assignmen for eat vertex ben. Then,
the number of parametersis reducedfrom n™ to mn + n2. Note that sinceour goal
is to estimate p(yjx), which is independert of x x cliques,there are no parameters
for such cliques. In general, the set of cliquesfor which the restriction of (x;y) are
solely contained in x are irrelevant.

1.3 A Sparse Greedy Optimization

19:14

Using the represenation of f overthe subspacef Z, let us re-state our optimiza-
tion in terms of the subspaceparameters . Let K be the matrix of kernel values
of cligue assignmetts k(! ;!) for all ! ;! 2 W(Sx) and ? be the vector of clique
counts 7 in z for all ! 2 W(Sx). Then, the linear discriminant F can be written
as

F(ay)= TK 09

and the optimization problem is given by minimizing R( ;S) with respect to
where
-0 1
1 X [ X i.
R(;S)== @ TK *¥ +log exp( 'K xvy)A+§ TK ' (1.22)
i=1 y2vy
We now have a polynomial size convex optimization problem, whose Jacobian
and Hessianis

o h i
@R = K x5y 4 KE v p (x :y)j + K (1233)

@R=rl Covy , [K (X‘:y)]+ K: (1.23b)
i=1

Note that ead term of the Hessianis computed by

@ . R= k(;!)
X X h i i i h i i h i i
1= k(O By 0 Y By Y By (Y

i=1 10} 00
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whigh involves cqrrelation between con guration assignmerns of dierent cliques
(E, %) U9y Such correlations can be prohibitiv ely expensive. For instance,
in the Markov chain example, the complexity of the computation of the Hessian
scalesguadratically with the length of the chain. For this reason,we perform quasi-
Newton optimization which simply requires 1% order derivatives. The expectations
can be computed using a dynamic programming algorithm in polynomial time with

the size of the structure. For example, the expectations in Markov chains can be
computed using the Forward-Backward algorithm whosecomplexity scaleslinearly
in the length of the chain.

While optimization over the complete spaceis attractiv e for small data sets,
the computation or the storage of K posesa serious problem when the data set
is large. Also, classi cation of a new obsenation involves evaluating the kernel
function at all the cliquesin W(Sx), which may be more than acceptablefor many
applications. Hence,asin the caseof standard GaussianProcessClassi cation, one
may have to nd a method for sparsesolutions in terms of the parametersto
speedup the training and prediction stages.We perform a sparsegreedy subspace
approximation algorithm along the lines of the method preserted by Zhang (2003).
In order to motivate this algorithm, we presert the following lower bound on convex
functions which is simply a tangent of the convex function.

Lemma 6 (Lower Bound on Convex Functions) LetC: ! < bea convex
function on a vector space and ¢ 2 . We denoteby g2 @C( o) a vector in the
suldi er ential of C at . Then

min C( ) + k k> C( o)+ k ok? kg+ ok?: (1.24)

Proof Since C is convex, it follows that for any subdierential g 2 @C( ¢) we
haveC() C( o)+ g :Consequetly,

min C( ) + k k2 min C( o) + g +kot+ K= (1.25)

The minimum is obtained for = (% + ), which provesthe claim. [

This bound provides a valuable selectionand stopping criterion for the inclusion of
subspaceduring the greedy optimization process.Note in particular that g+ 2 ¢
is the gradient of the optimization problem in Eq. (1.24), hencewe obtain a lower
bound on the objective function in terms of the L, norm of the gradient. This
meansthat optimization over a subspacespannedby a parameter is only useful if
the gradient in the corresponding direction is large enough.

Let ~ denote the sparselinear combination of basis vectors in W(Sy) and K
denote the matrix of the kernel function evaluated at basis vectors in ~ and all
W(Sx). The SparseGreedy SubspaceApproximation (SGSA) algorithm starts with
an empty matrix R . At ead iteration, it selectsa training instancex' and computes
the gradierts of the parametersassaiated with clique con gurations ! 2 W(fx'g)
to selectd coordinates with the largest absolute value of the gradient vector of
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R over this subspace2. We denote those coordinates by v. Then, R (which is
de ned via R rather than K now) is optimized with respectto , using a Quasi-
Newton method. Finally, ” is augmerted with the selectedsubspaces® = [*% 021°
and K is augmerted with the columnsassaiated with the selectedsubspacesK e

for eat selected! 2 v. This processis repeated until the gradients vanish (i.e.
they are smaller than a threshold value ) or some sparsenesdevel is achieved
(i. e.a maximum number p of coordinates are selected).Notice that the bottleneck
of this mgthod is the computation of the expectations of the clique assignmers,
E, Y). Therefore, oncethe expectations are computed, it is more e cien t to
include multiple coordinates rather than a single coordinate. This number, denoted
by d, is a parameter of the algorithm.

We considertwo alternativ esfor choosingthe training sequenceat ead iteration.
One method is to choosethe input x whoseset of cliques W(f xg) has the highest
magnitude gradients. Another option is simply to selecta random input from the
sample.

Algorithm 1.1 SparseGreedy SubspaceApproximation (SGSA) algorithm.

Require:  Training data (x';y')iz1. -; Maximum number of coordinates to be selected,
p; Number of coordinates to be selected at ead iteration, d; Threshold value for

gradients, .
LR OEr 0
2: repeat
3 Pick i:
4 (1) Pick i where! = argmax; ws,) @, Rjand! 2 W(fx'g), or
5 (2) Pick i 2 f1;:::; g randomly
6 v argmax(d), 2w (Fxig) i@, Rj via (1.23a)
7 Optimize R wrt  via dynamic programming.
8 Augment = [~ V]
9 Augment R [R;Ke]foral! 2v

10: until @R < or p coordinates selected.

When the input pattern is selected randomly, SGSA becomesan instance of
coordinate descem or Gauss-Seidelmethod. This method is guaranteedto converge
to the unique minimum asymptotically irrespective of coordinate selectionsequence
and the initial vector, if the optimization function is convex (Murty, 1998), which
is the casefor R. If we considerthe convex setsof W(Sx), Theorem I1.1 of (Zhang,
2003) shows that this algorithm has an O(1=k) cornvergencerate where k denotes
the number of iterations.

2. In Algorithm 1.1, argmax(d), f (x) selectsthe d number of x that maximize f (x).
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Theorem 7 (Zhang (2003)) LetM bean upper bound on R ). Then, after k
iterations of the algorithm we have

R(":S) R( :S) 2M =k + 2)

where s the true minimizer of R( ;S) and ~K is the estimate at the k iteration.

Note in the above analysis, it is assumedthat | 0;8! . This is obviously a
special caseof the SGSAalgorithm. However, intro ducing the negative of all features
functions enableus to generalizethe non-negativity constraint and therefore apply
Theorem 7.

One can establish better convergencerates if the besttraining sequenceselection
criteria (Line 4) is not prohibitiv ely expensiwve. In this case, SGSA becomesan
approximation of Gauss-Southwdl method, which has been show to have linear
cornvergerate of the form

k
R(™M:S) R( ;S) 1 X (R(™:S) R( :S))

wherel< < 1 (Ratsch et al., 2002). Here, depends polynomially on jW(Sy)j.
It alsohas dependencyon M . In practice, we obsened that the random selection
yields faster (approximate) corvergencein terms of computational time. Therefore,
we report experiments with this selection criteria.

1.4 Exp erimen ts: Sequence Lab eling

We proceedto experiments onaspeci ¢ structured prediction task, namely sequence

labeling, and apply our method to two problems, pitch accert prediction and named

erntity recognition. We considerthe chain model in (1.2.5), whoseclique-structure

comprisesof (yi;Vyi+1) and (X;y;) for all positionst in the sequencelLet be the

set of labels for ead vertex, n = j jand bethe Kronecker delta where (a;b) is

1if a = b, and 0 otherwise. The features corresponding to the label-input cliques
(Xt;yt) is given by the concatenation of vectors ( (yt; ) (x¢)) forall 2

Xoy) = (o 1) k)T (s n) ()™ (1.26)

This corresponds to the standard multiclass classi cation represenation where
the weight vector is given by the concatenation of the weight vector of ead
classw = (w?;:::;w?)% (1.26) is concatenatedwith a vector of 0's whose size
is given by the number of features represeriing label-label dependencies.The
featurescorresponding to the label-label cliques (y:;Yi+1 ) is given by the vector of
( (¥t; ) (yes2; ) forall ; 2 . This vectoris concatenatedto a O vector whose
sizeis given by the number of featuresrepresering input-lab el dependencies.
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Then, via (1.16) the kernel function over the cliquesis

K((Xt; 1) (X)) = (Yo Yok( (X1); (Xt));
K((Yt; Y+ )s (Yo Yesr) = (Yo Vi) (Yesr 5 Yee )

and clearly the kernel value of dierent clique typesis 0, as discussedin Sec-
tion 1.2.5. The exponertial family represeried by this kernel function givesus a
semi-parametricMarkov Random Field. Note, when k is the linear kernel, we obtain
the regularizeddensity estimation problem of Conditional Random Fields (La ert y
et al., 2001).

The major computation in Algorithm 1.1 is the computation of R and @R,
which reducesto computing the expectations of cliqgue con gurations. For Markov
chains, this is done by the Forward-Backward algorithm, using the transition and
the obsenation matrices de ned with respect to . The transition matrix is a
j J ] ] matrix common for all input sequencesThe obsenation matrix of x
isaT | jmatrix whereT is the length of x. Let us denote the con gurations of
cliques of type label-input by W, y  W(S,) and the con gurations of cliques of
type label-label by Wy y  W(Sy). Furthermore for I 2 W, y, let !, and!, be
the input and label con guration of the clique! respectively. Then the two matrices
are given by

X

T(; )= (HEE) N (1.27a)
!2)\/(Vy y

O(t; )= (Mys ) v kXt ! x) (1.27b)
12Wy

In sequencdabeling, the cost function  is generally the Hamming loss. Then,
given a new obsenation sequencex, our goalisto nd y via (1.1)

<
1

X X

argmin - p (y9x) [y 6 yI
y 06 y t=1

argmax p (y9x):
y toyoyd=y,

Thus, the best label sequenceis the one with the highest marginal probability at
ead position, which can be found by the Forward-Backward algorithm. Note that
this is di erent from nding the best label sequencewith respect to p(:jx) which is
given by the Viterbi algorithm.

1.4.1 Pitc h accent prediction

Pitch accen prediction, a sub-task of speed recognition, is detecting the words
that are more prominent than others in an utterance. We model this problem as
a sequenceannotation problem, where = f 1g. We used Switchboard Corpus
(Godfrey et al., 1992) to experimentally evaluate the described method by ex-
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Figure 1.2 Testaccuracy of Pitch Accent Prediction task.

tracting 500 sertencesfrom this corpus and running experiments using 5-fold cross
validation. Featuresconsist of probabilistic, acoustic and textual information from
the neighborhood of the label over a window of size5 (Gregory and Altun, 2004).
We chosepolynomial kernel of di erent degreesfor kernel over the inputs.

We compared the performance of CRFs and HM-SVMs(Altun et al., 2003)
with the denseand sparse optimization of our approach according to their test
accuracy on pitch accer prediction. When performing experiments on the dense
optimization, we used polynomial kernels with dierent degrees(denoted with
DGPSX in Figure 1.2whereX 2 f1; 2; 3gis the degreeof the polynomial kernel). We
usedthird order polynomial kernelin HM-SVMs (denoted with SVM3 in Figure 1.2)

As expected, CRFs and DGPS1 performed very similar. When 2"? order features
were incorporated implicitly using seconddegreepolynomial kernel (DGPS2), the
performanceincreasesExtracting 2"Y order featuresexplicitly resultsin a 12 million
dimensional feature space,where CRFs slow down dramatically. We obsened that
39 order featuresdo not provide signi cant improvemert over DGPS2. HM-SVM3
performs slightly worsethan DGPS2.

To investigate how the sparseoptimization (denoted by SGPS) a ects the per-
formance, we report the test accuracywith respect to the sparsenes®f solution in
Figure 1.3 using the random training sequenceselectioncriteria where the number
of parameters selectedat ead iteration d is 3 3, Sparsenesds measuredby the
percertage of the parameters selected.The straight line is the performance of the
denseoptimization using seconddegreepolynomial kernel. Using 1% of the param-
eters, SGPS achieves 75% accuracy (1.48% lessthan the accuracy of denseone).
When 7.8% of the parameters are selected,the accuracy is 76.18% which is not
signi cantly dierent than the performance of the dense optimization (76.48%).
We obsened that these parameterswere related to 6.2% of the obsenations along

3. The results reported here and below are obtained using a di eren t set of features where
the performance of the densealgorithm is 76.48%.



2006/07/30

16

19:14

Estimating Conditional Densities of Structured Outputs in RKHS

0.77

0.761

Accuracy
I
3
ol

I

o

~
T

0.73r

0.72 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 1 2 3 4 5 6 7 8
Sparseness %

Figure 1.3 Test accuracy of Pitch Accent Prediction w.r.t. the sparsenessof GPS
solution.

with 1.13label pairs on average.Thus, during inferenceone needsto evaluate the
kernel function only at about 6% of the obsenations which reducesthe inference
time dramatically.

In order to experimentally verify how useful the predictive probabilities are as
con dence scores,we forced the classi er to abstain from predicting a label when
the probability of an individual label is lower than a threshold value. In Figure 1.4,
we plot precision-recallvaluesfor di erent thresholds. We obsened that the error
rate decreased.54%,when the classi er abstained on 14:93% of the test data. The
improvemert on the error rate shows the validity of the probabilities generatedby
the classi er.

1.4.2 Named Entit y Recognition

Named Entit y Recognition (NER), a subtask of Information Extraction, is nding
phrases containing names in a serences. The individual labels consists of the
beginning and continuation of person, location, organization and miscellaneous
namesand non-name.We useda Spanishnewswire corpus, which was provided for
the Special Sessionof CoNLL 20020on NER, to select1000sertences(21K words).
As features, we used the word and its spelling properties from a neighborhood of
size 3.

The experimental setupwassimilar to pitch accert prediction task. We compared
the performance of CRFs with and without the regularizer term (CRF-R, CRF
respectively) with the denseand sparseoptimizations of our approach methods.
We set the sparsenesparameter of SGPSto 25%,i.e. p= 0:25W(Sy)ji j, where
j ] = 9and W(Sx) = 21K on average. The results are summarizedin Table 1.1.
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Figure 1.4 Precision-Recall curves for dierent threshold probabilities to abstain on
Pitch Accent Prediction

DGPS1 | DGPS2 | SGPS2 | CRF | CRF-R
Error 4.58 4.39 4.48 4.92 4.56

Table 1.1 Testerror of Named Entit y Recognition task.

Qualitativ ely, the behavior of the dierent optimization methods is comparable
to the pitch accen prediction task. Seconddegree polynomial DGPS achieved
better performancethan the other methods. SGPSwith 25% sparsenesschievesan
accuracythat is only 0:1% below DGPS. We obsenedthat 19% of the obsenations
are selectedalong with 1:32 label pairs on average,which meansthat one needsto
compute only one fth of the gram matrix. Note, CRF without the regularization
term correspondsto the maximum likelihood estimate, i. e. the estimation of the
probability distribution such that the expectation of the features match exactly
the empirical values. The lossof accuracyin this caseshows the importance of the
relaxation of the moment matching constraints.

1.5 Discussion

We preserted a method for estimation conditional probability distributions over
structured outputs within RKHSs. This approad is motivated through the well-
established Maximum-Entropy framework. It combines the advantages of the rig-
orous probabilistic semartics of CRFs and overcomesthe curse of dimensionality
problem using kernelsto construct and learn over RHKSs. The decomposition re-
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sults for MRFs rendersthe problem tractable. Using this decomposition, we pre-
serted an e cien t sparseapproximate optimization algorithm. Empirical analysis
showed that our approad is competitiv e with the state-of-the-art methods on se-
guencelabeling.

Cost sensitivity is an important aspect in structured output prediction problem.
For cost functions which decompose into cliques, such as the Hamming loss in
the sequenceapplications, we proposed estimating the conditional distribution
and performing the cost sensitive inference e cien tly. Another approad is to
incorporate the cost function in the optimization problem. If the cost function
decomposesinto the cliques, then the method preserted here can be applied with
minor changes If this is not the casethe decomposition results may not hold, which
may poseserioustractabilit y problems.

Investigating the density estimation problem within the Maximum-Entropy
framework points out to new directions in terms of regularizations. In particu-
lar, de ning the metric of the Banach spaceappropriately, onecanimposedi erent
regularizations for featuresthat possesdi erent characteristics, suc as features
encading inter-label dependenciesand features encaling obsenation-label depen-
denciesin sequencesThis is one of the topics of our future work.
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