A Study of Convex Regularizersfor Sparse Recovery
and Feature Selection

Andreas Argyriou
Toyota Technological Institute at Chicago

Abstract

We study the problem of recovering a sparse vector from afdgtemr measure-
ments. This problem also relates to feature or variableSetein statistics and
machine learning. A widely used method for such problemsbeas regulariza-
tion with the L; norm. We extend this methodology to allow for a broader class
of regularizers which includes thie; norm. This class is characterized by a con-
vex analytic condition on the subdifferentials of its memsbeWe derive oracle
inequalities for the estimators obtained by solving regeddion problems of this
type. These bounds show that this class of regularizers raaysed for sparse
recovery with the convergence rate depending on the fids#rgroperties of the
regularizer. In particular, the optimal value in these dsiis attained by thé,
norm. Finally, we present lower bounds on the recovery ewhich hold under
no assumptions on the design matrix.

1 Introduction

In recent years, a significant amount of research in macbemaing and statistics has addressed the
problem of sparse recovery and prediction from a set of foptiput training data. This problem

is relevant in different contexts, such as feature seleaiiovariable selection in machine learning,
nonparametric statistics, image reconstruction and cessed sensing in signal processing etc. One
of the most widely used approaches has been regularizattbrttve L; norm, where the empirical
error on the data is penalized against thenorm of the estimator [6, 9]. In the case of a quadratic
error term, the method is often referred to as Lasso [12, @b Another related formulation with a
different error term is the Dantzig selector [5].

The theoretical study of these methods usually assumeshalgtistic model in which training
data{(z1,v1),...,(zn,yn)} are generated in a linear way from a sparse veetgrwhich is to

be estimated. Sparsity means that most of the elementssofdistor are assumed to equal zero.
Moreover, the regime of interest is high-dimensional regien in the sense that the number of
variables is much larger than the sample size. An amountsefaireh has demonstrated that recovery
of w* is possible under certain assumptions on the training dat4, [5, 7, 8]. These assumptions
quantify the intuition that the covariance matrix of theadahould be close enough to the identity
matrix in order to be able to recover the sparsity patterh Wigh probability. In some of this work,
such assumptions have led to bounds on the estimation ertbe @rediction error in terms of the
unknown targetv*, often referred to asracle inequalities

In this paper, we investigate further the theoretical prige of such methods in a simple proba-
bilistic setting. Our main goal, however, is to extend theoty to regularization methods other than
the ones mentioned above. That is, we consider regulanzatioblems which use penalties other
than theL; norm. At the same time, we assume that this class of penéiékaves similarly to

the L, norm, in terms of gradients and subgradients. It turns cait sparse recovery is possible
with these regularizers and that the first order properfiéiseopenalties determine the quality of the
convergence rates. Specifically, we derive oracle inetigsifior the error of such estimators, which



are similar to known inequalities for Lasso [1]. As usuakdé results are conditioned on Restricted
Eigenvalue assumptions on the data covariance matrix.

There are several reasons for this treatment and somedglagstions:

o the proof techniques rely on convex analytic propertiesclvican lead to application in
a general context, not limited to norms; as a side benefit, btai improved bounds in
comparison to [1]

e the results are a first step towards a broader study of oraelgualities for convex pro-
grams; thus, we address a broad class of convex regulainoduging the elastic net, order
statistics, polyhedral functions etc.; on the other hamdexample which cannot be ad-
dressed with our treatment is entropic regularization [10]

e by enlarging the scope, we gain new intuition about why raxeers like thel.; norm are
good for sparse recovery; indeed, we see that the convergates become optimal exactly
in the case of; (Sec. 3)

o our framework allows for parameterization of “sparsityucthg” effects, that is, by adjust-
ing parameters one may trade off between sparsity and lackdh(Sec. 2.2); one such
example is a variation on the elastic net

e the inequalities also highlight the relation between thesand the constant in the Re-
stricted Eigenvalue assumption; improving the rate rexgustrengthening this assumption;
they also indicate a trade-off between the estimation @mdrdata error, so that they cannot
be simultaneously optimized.

In addition, we derive a new result bounding the estimatioorefrom below (Section 4). This
inequality holds under no assumptions and shows that thexdimit to estimation which depends
on the regularization parameter.

2 Methodology

Let us introduce the problem of interest and the model we @uar. goal is to estimate a vector
w* € R of regression coefficients. We are given input and output daawn from a Gaussian
model

y=Xw"+v (2.1)
where X € R™*? is a deterministidesign matrixy € R”, andv is ann-dimensional Gaussian
random variable with zero mean and covarianéé, (¢ > 0). We work in the cases in whiafhis
larger tham and hence it is not possible to uniquely recowéreven if X w* were known. However,
we shall show that it is possible in this model to learn vergrsp vectorsv*, that is, vectors most
of whose components are zero. Learning such a regressitor ven be done under very general
assumptions, stated in Section 3, which are often satisfipdhictice.

2.1 Regularization with Bounded Gradient Functions

We now propose a family of new regularization methods fanesingw* in (2.1). These methods
can be seen as an alternative to convex regularization Wli.{ norm, discussed above. Let us
denote the set af-dimensional vectors with nonnegative componentR@yand that with positive

components biRiJr. We will solve the optimization problem
1
min{n||Xw—y||2+2/\f(|w|) :weRd} (2.2)

whereX > 0 is a regularization parameter arfd: R — R_. By |w| we denote the vector of
absolute value§w |, ..., Jwq|)".

As typical, f is assumed to beonvexandincreasingin each coordinate. Under these assumptions,
the minimum (2.2) is well defined and the optimization prabis a convex program (easy to verify).

In addition, we want to require that the gradient of the ragaér f(|w|) exhibits a discontinuity
at zero coordinates. This characteristic is important duaing sparse solutions, a well known fact



from the study of the,; norm. To this end, the gradient gfshould be bounded away from zero
on the positive side. Moreover, we assume that the gradiefiti® bounded from above as well.
As we shall see in Section 3, this assumption is necessamgbtaining theoretical guarantees for
sparse estimation. In fact, the range of the upper and loaends quantifies how appropriate the
regularizer is for sparse estimation.

Let f'(z; ) denote the one-sided directional derivativefddt = in directiond, that is,

t—0+ t

If f is convex, the directional derivative exists on its doma8ummarizing, we shall make the
following assumptions.

Assumption 2.1. The functionf : Ri — Ry in (2.2) satisfies
e fis convex

o foreveryi € {1,...,d}, there exist constantd;, B; > 0 such that, for allz € R \ {0}
f/(Z; 61') = A; and
B; =sup{f'(z+ Te;;e;) : 7> 0}

Geometrically, this assumption translates as a positivpeséqual ta4; at zero and a maximum
slope of B; at infinity. Looking at the level sets of(|w|), they are nonsmooth at vectors with zero
components and many of the tangent subspaces will tend snigertt at such vectors. The sparser
the vectorw the larger the size of the subdifferentiyf (|w|) — see (3.1). This gives a first intuition
as to why sparse solutions may be expected with these regpriar

Finally, we may extend the class of regularization problefisterest to include problems of the
form

min{;|Xw—y||2+2/\h(f(w|)) :weRd} 2.3)

where f satisfies Assumption 2.1 arid: R, — R, is anincreasingfunction. It is clear that, if
A is allowed to vary in(0, +o00), the solution paths of (2.2) and (2.3) are the same. The ifumct
ho f will not, in general, satisfy Assumption 2.1. However, $ofya problem of the form (2.3) may
sometimes simplify implementation.

2.2 Examples

Let us provide some examples of candidate functions satg#ssumption 2.1. A simple way to
obtain such regularizers is by component-wise addition

d
F2) = w(z) Vz € RY,
i=1
wherey is convex and satisfigs< A < ¢/(t) < Bforallt > 0.

The L, normis an important boundary case withy; (t) = ¢. It is (up to constants) the only
regularizer for whichA = B. As mentioned in Section 1, regularization with thenorm has been
extensively studied and used for sparse learning in the pastextended class of regularizers is

given by
d
f(Z) = Zaizi
=1
witha; > 0foralli =1,...,d. Inthis caseA; = B; = «;.

Thelogistic regularizer
Plog(t) = log(a +¢€'),



parameterized by > 0, has gradient bounded by = a—1|—1 B =1.

Other examples include hyperbolas

Pnyp(t) = Va+ (z+5)?
with o, 3 > 0 andA = \/fw,B =1,

trigonometric functions,

@arctun(t) =t arctan(a + Bt)
with A = arctan(a), B = z
logarithms of hyperbolic functions,

@lcosh(t) = 1Og(COSh(Oé + ﬁt))

with A = Stanh(«),B = 3 etc.

Other types of valid regularizers may not decompose acrasgponents, an example of which is
similar to theelastic nef3, 17],
f(2) =zl + allzl2,

with A; = 1, B; = 1 + «. One may even define theelastic netforp > 1,
f(z) =zl + ellzllp

againwithA; =1, B; =1 + a.

Finally, one may view thé&.; norm as golyhedralconvex function and observe that many polyhe-
dral functions satisfy Assumption 2.1. One category cassibthe order statistics,

d
F(2) =) aiz}
=1

wherea; > 0, foreveryi =1,..., dandzf > 2> zj denote the descending ordering of vector

d
Here, A; = @{1 o, B; = mjalx «;. The vector analog of the Ky Fan norms is obtained in the limit

as the lastk lo_f the o apprlaach), signifying that Ky-Fan-like norms are inappropriate fpasse
recovery.

More generally, functions of the form
f(z) = max (v;, z)
wherevy,...,v, € Ry, can be considered. To compute the valuesipiand B; one merely

requires the differentiation rule for max functions — sag §13, Lemma 24].

3 Sparsity Bounds
In this section, we obtain theoretical bounds justifying tlse of bounded gradient regularizers for
feature selection.
We work with the model (2.1), where the noise variables am i Gaussian with zero mean and
variances?. We useX; to denote thé-th column of the design matriX. For any vector € R,
we denote

Jw):={ie{l,...,d} :w; # 0}

J(w):={ie{l,...,d} :w; =0}

M(w) :=|J(w)].

We start with a few facts about optimality conditions for Ipiem (2.2).



Lemma 3.1. Assume thaf satisfies Assumption 2.1. Lebe a subgradient of the functiof{(| - |)
atw € R%\ {0}. Then

Ap < = f(|lwl; —ei) < ussgn(w;) < f/(|wlse;) < B ifw; #0

Moreover, flipping the sign af; at anyi such thatw, = 0 produces again a subgradient #f| - |)
atw.

Consequently, any minimizér of problem(2.2) satisfies the necessary conditions

1
X (X y)’ < AB; Vie{l,...,d} 3.2)
Ly - y)‘ > A, Vi sty £0. (3.3)
n

Proof. We observe thatf o | - |) (w;sgn(w;)e;) = f'(Jlw];e;), (f o] - |) (w;—sgn(w;)e;) =

f'(Jw|; —e;) wheneverw; # 0 and(f o |- |)(w;+xe;) = f'(Jw|;e;) wheneverw; = 0. Using
Assumption 2.1 and the property of subgradients that) < (fo|-|)'(w;J) for everys € R?[14,

Thm. 23.2], we obtain (3.1). The first lower bound also useddbt thatd; = f/(|w|—|w;|e;; e;) <

—f'(Jw|; —e;) by [14, Thm. 24.1]. The assertion about sign flips is immexdfeam the definition
of subgradients.

It is known thatw is a minimizer of problem (2.2) if and only if there existsn the subdifferential
of f o |- | atw such that

2
—XT(Xw—y)+2 \u=0.
n

This condition, combined with (3.1), yields (3.2) and (3.3) |

The main lemma we will need in order to obtain oracle inediealiis the following. The proof
follows the analysis in [1, 4, 11] (which only applies to these of Lasso) but uses the optimality
conditions of Lemma 3.1 instead of norm properties and lemdsmewhat different results.

Lemma 3.2. Consider the moddP.1) and assume thatX;|| = v/nforall : € {1,...,d}. Letw
be a solution of the optimization problgf2.2) under Assumption 2.1 ofiand with

o [2logd
A> ——
- A n

(3.4)
for somel’ > 0. Then, with probability at least — d=°, the following hold for every € R¢

R 1 . ,
(A=p) Y lwi =i+ | X (0 —w")[* <

ieJe(w)
(B+o) Y bl + (0~ ) XX (w - ) (3.5)
ieJ(w)
‘1X;X(w*w)‘ < A(Bi+p) Vie{l,....,d}  (3.6)
n
M) < —2m2 X (i — w)| (3.7)
A2n (A —p)



where

T'c [2logd
pP= BY ) (3.8)
n

d d
A=minA; , B =maxB;
i=1 i=1

and ¢,.x denotes the largest eigenvalueXf X /n.

Proof. Lety(w) = L[| Xw —y||? 42X f(Jw|), which is a convex function. Sineg s a solution of

(2.2), it satisfies
P (3w — ) > 0

for everyw € RY. By the “max formula” [2, Sec. 3.1],[14, Thm. 23.2], for eyar € R?, there
exists a subgradiegte 9y (w) such that

(g,w—1b) > 0. (3.9)
By Lemma 3.1, any subgradienbf ¢ atw equalsy = %XT (X —y) +2\u for someu satisfying
(3.1). Substituting in (3.9) yields
/\i (X —y, Xw — X)) + (u,w —w) >0
n
hence using (2.1),

1
E(—||Xw—Xw*H2+<Xw—Xw*,Xw—Xw*>—<u,Xw—Xw>)+<u,w—w> >0 =
1
m((Xw—Xw*,Xw—Xwﬂ—|—<V,X12J—Xw>)—|— Z w;(w; — ;) >
i€J(w)
~ 1 ~ * (12
Z wW; + — || X — Xw*||* =
_ An
i€Je(w)
1
1 (X = X', Xw — Xw™) + (v, X = Xw)) + Y Bilws — | >
ieJ(w)
1
Do A+ || Xd - Xow*|?
‘ An
i€Je(w)

by (3.1) and Assumption 2.1, and hence

1 ~ * * ~ d ~
E((w —w")" X X (w—w*) + (v, X — Xw)) + (r?:alXBl) Z |w; — ;| >
ieJ(w)
fin A 0 L \xé - X |? (3.10
min 4; > wi = wi| + | X — Xw™||” (3.10)

ieJe(w)
By Holder's inequality and the hypothesis, we have
(v, X1b — Xw) < | X V[|oo [0 —wlly < v/ [V [l — w] -
Let us consider the event

A={|v|| < Xpv/n} . (3.11)



Using (3.8) and a Chernoff bound, we obtain ti#gt4) > 1 — d-T". Thus, on event4, inequality
(3.10) becomes

Lo . A d .
E(w —w) T X X (w—w")+ p||o — w1 + (Izrljl){Bi) ; ) |w; — ;| >
ieJ(w

d- -~ 1 S *\ (|2
(A ) 3 o i+ @ - )

i—
ieJe(w)

d
which implies (3.5). The lower bound onis obtained by enforcingn_i? A; > p.
To show (3.6), we recall optimality condition (3.2). In atidin, on the evenid we have

1
—Xv

n K2

<\p (3.12)

and (3.6) follows using (2.1).

To show (3.7), we use optimality condition (3.3), which congal with (3.12) and (2.1) yields, on
the event4,

’1XJX(1@ —w")| > A4 - p) Vi s.toa; £0.
n
Therefore, ond it holds that
Qsmax - *
WHX(’LU —w*)|? >
1
)\an(ﬁ) w)TXTXXTX (b —w*) =
1</ 2
v > (nXJX(w - w*)) >
i=1
1 2
T Z ( X X (o — )> >
€J(d
> (Ai-p)P=

i€.J (1)

M) (smip ;- p)2

i=1

and the assertion follows. [ ]

Note that the above lemma recovers the case of Lasso in [Jdyi= 1, B; =1, p = % However,

as we shall see in Theorem 3.1, another valug wields better results. Lemma 3.2 also indicates
that the case of thé; norm is optimal, in the sense that inequality (3.5) becorigigdst when
A; = Bj, Vi,j. Itis also worth noting the inverse relationship of the flagaation parametek
with A; in condition (3.4), since the smaller the gradient the haitde to obtain sparse solutions
and hence the larger the regularization needed.

We now state thdrestricted Eigenvaluassumption from [1]. Several well known assumptions
from the literature imply this condition, as mentioned imttiwork. Let a vecto € R? and

J C {1,...,d}. We denote by/° the complement off with respect to{1,...,d} and byd, the
vector which has the same components as J and zero components aff.



Assumption 3.1. RE(s, ¢)

1X4]l
Vllds

K(s,c) := min{ S CA{L, . dE T < 8,0 # 0,161 §c|5J||1} >0

Under this assumption for= M (w*) we can bound the quality of recovery and obtain the depen-
dence ofc on the properties of.

Theorem 3.1. Consider the moddPR.1) and assume thadtX;|| = v/nforall i € {1,...,d}. Let
d
A= @{1 A;,B= mjaf( B;. Letw be a solution of the optimization problg@2) under Assumption
2.1 on_f and with
o [2logd
by R
- A n
for somel’ > 0. Assume also tha& E (s, ¢) holds with

and

where

7I‘70 2logd
D) n

Then, with probability at least — d~L~, we have

. . (B+ A)(B+p)T 2logd
[ — w1y < (A= ) #2(5.0) o5/ — (3.13)
2172
I1X (6 — w*)||2 < %a%logd (3.14)
M(ﬁ)) < (B + p)2¢max (3.15)

(A= p)r2(s,0)”

Proof. Settingw = w* in (3.5) yields

* ~ 1 ~ * * ~
(A=p) D |wf -y + 4 X (@ —w)[* < (B +p) D fwf -l (3.16)
ieJe(w*) ieJ(w*)
and hence
s oo (BEp) .o
| < iy .
ieJe(w*) i€J(w*)

Thus, using AssumptioRE (s, ¢) with § = w* — &, J = J(w*) ands, ¢ as in the hypothesis, we
obtain that
[ X (w” — @)
Vil (we =)

> k(s )



and combining with (3.16) that

2
(A=p) Y i+ D ) <
ieJe(w*)
(Bto) Y Iwf -l =
ieJ(w*)
2
k2(s, ¢ . . N
B LS ol | <@ Y i (318)
i€J(w*) i€ J(w*)

In combination with (3.17) this yields (3.13).
To show (3.14), we obtain

1 ~ * * ~
IX@— w2 < (B4p) Y fwf —
ieJ(w*)

from (3.16) and combine with (3.18).
Finally, (3.15) follows from (3.14) and (3.7). [ ]

The first interesting observations which arise relate tactmection of the bounds and constants in
the above theorem. In particular, in the case of Lagse-(B = 1), we can optimize the bound in
(3.13) and obtain the valugs= v/2 — 1 andc = /2 + 1. However, it is more difficult to decrease
the error on the data (3.14), because the bound is optimizedproache$ andc approaches-oc.
The results of Theorem 3.1 improve on the constants in [1,. T&u2]. Choosing: = /2 + 1, the
bounds (3.13), (3.14), (3.15) become tighter and the RéstrEigenvalue assumption is weakened.
Specifically, we have the following.

Corallary 3.1 (Lasso) Consider the mode(2.1) and assume thal X;|| = /n for all i €
{1,...,d}. Letw be a solution of the optimization probleg@.2)with f = || - ||; and
A= (24 VE)Toy 084

for somel’ > 0. Assume also thaR E (s, ¢) holds with
s = M((w")
and

c=vV24+1.
Then, with probability at least — d~L”, it holds that

(6v2+8)r logd
K2(s,c) 7V
(12 + 8v/2)I?
K2(s,¢)
(3+2V2)bmas

K2(s,¢)

[0 — w1 <

| X (0 — w*)|]? < o?slogd

M(w) <

In general, (3.13) is optimized fop = /B(B+ A) — B, which yields a value ofc =

4 (V/B(B + A) + B). We also remark that and the sparsity ofy can be decreased at the cost of
increasing the estimation error and data error bounds., Bhwegion aroungd = \/B(B + A) — B

is optimal in the sense that all of the above quantitiesratidsonably small values. This trade off
between the extremes of underfitting and overfitting is deiteed by the regularization parameter
A



In fact, the bounds of Theorem 3.1 are vacuous in the reginimégbf regularization. Optimizing
and the sparsity of the solution (3.15) leadgte 0, that is, toA = +oco. This should be expected.

. L ) C . da | X
For example, in the case of Lasso, it is known thsta minimizer if and only ifA > max M In
1= n

| X"yl

7

d
general, ifA > max —> = and alsa\ is large enough fob to be a minimizer, one obtains stronger

inequalities which always hold on eveAt by replacings with the larger quantltyu Indeed,

vnlw*|
(B+ A)(B+ P)FnHU’*”208 [2logd (B + A)(B+ p)n|lw*||*sA -
p(A = p) || Xw=|? n (A= p) || Xw=? -
(B+A)(B+p)nllw|[FA  (B+A)(B +p)nllw|hA (B +p)nfw i
(A=p) [ Xw*> = (A=p) [[XTXw*|lo [ X7 Xw*loo
(i A; + p) mlj*] 1A
[ X7 Xw oo

> [lw*ly,

where the last inequality follows fronX,” Xw*| < | X, y| + |X,'v| < AnA; + Apn. Similar
reasoning applies to (3.14), whereas (3.15) becomesiltrivia
We conclude the section with the case of the elastic net.

Corollary 3.2 (Elastic net) Consider the modg(2.1) and assume thatX;|| = /n for all i €
{1,...,d}. Letw be a solution of the optimization proble@.2)with f = || - ||; + | - |,, p > 1,

a>0,and
A= (,/2+2+\/§> Ty /089
1+« n

for somel’ > 0. Assume also thaR E (s, ¢) holds with
s = M(w")

and
c=v([1+a)2+a)+1+a.

Then, with probability at least — d~L”, it holds that

logd
[ — w*[ly < V2(2+ @) <3+2a+2\/1+a 2+a) 08

/@250 n

| X (0 — w*)||* <2(2+ ) (3—|—2a+2\/1+o¢ 2—|—a) oslogd
A (bmax
M) <(1+a)(3+2a+2V/(1+a)(2+a)
Proof. Setp = /B(B+A)—B=+/(1+a)2+a)—1—c«inTheorem 3.1. [ |

Note that all the bounds in the above corollary are monotoitie n@spect tax. In the limita = 0
they recover the Lasso bounds of Corollary 3.1. Moreavés,a monotone function af as well.
Thus, the smaller the: the better the sparse recovery and the weaker the assuspéquired.
Oracle inequalities for the elastic net have been studi§8]irmThe comparison of those results with
Corollary 3.2 is not direct, since here the regularizer isilsir but not identical to the elastic net.
However, allowing all the parameters such\aanda to vary corresponds to the same regularization
path of solutions. Another difference is that the bounds3inchn be meaningful even whenis
close to zero.

10



4 Lower Bounds

In Section 3, we were able to boufjd* — «¥||; by assuming the Restricted Eigenvalue condition.
In this section, we obtain lower bounds on this quantity Wwhiold without assumptions.

Theorem 4.1. Consider the moddR.1)and assume thatX;|| = /nforall i € {1,...,d}. Letw
be a solution of the optimization problef2.2) under Assumption 2.1 ofi Also letl” > 0. Then,

with probability at leastt — d—L”,
- AA? B I'?02logd

g 4.1
hw* =l > 55 - == (4.2)
. I'oc [2logd X,
provided that— ,/ =8¢ <\ < mx M and
A n i=1 nA;
. MM (w)  T2?0%logd
w* — ol > 2A M@)o log (4.2)

2B ¢max nB

provided thatE1 / 2logd ¢maf‘ < A, whereA, B and ¢,,. are defined as in Lemma 3.2.
A n M (w)

Proof. Sincew is a solution of (2.2), it holds that
1 N 1 . R
~[WI + 22 f(jw]) = — [ X —yl* + 2X f([]) (4.3)

In addition, condition (3.3) along with the hypothe§i¥;| = 1/n implies that
[ X% —y[ > vVnAA.

Under the upper bound hypothesis, (3.3) holds even wihenO.
Therefore, (4.3) gives

I+ A () — F(l)) > AA%.
Thus, on the eventl (3.11), whose probability is at leabt- -’
2P0 ogd + A (f(jw*]) — f(lil)) > X247
Sincef o | - | is convex, this implies that
%I‘ng logd + 2\ (w* — b, u) > A\*A?

for all subgradients € 9(f o | - |)(w*). We may choose; to have the same sign &@s whenever
w} = 0, by the sign flipping property in Lemma 3.1. Thus we obtairt tha

2
“I%0%logd +2AB Y |w] — 1| > A2 A
" ieJ(w*)

which leads to (4.1). This bound is meaningful only whem? — 2F2O'2 log d > 0, which gives
n
the lower bound on.

11



To show (4.2), we note that
¢max
n
1
E(Xw —y) XX (X —vy) =
d 1 2
> <nXiT(XlD - y)> >
=1

NAZM (),

X — y]*

Y

due to (3.3), and proceed as before. |

This theorem states that there is a limitation to how well orey estimatav*. This limitation
vanishes gradually as we approach the noiseless ease().

In the case of Lasso, the lower bounds in the theorem betangest contrary to what happens with
the upper bounds of Theorem 3.1. Thus, for regularizers tila@ thel.; norm the estimation error
lies in a wider interval.

Moreover the lower bounds depend anin a monotone way. For small enoughthe bounds
decrease to zero. However, this takes the upper bound inrg@ime®.1 towards infinity. Note that
(4.1),(4.2) and (3.13) are comparable since they both hokl/entA of (3.11). Moreover, both (4.1)
and (3.13) assume the same interval Xan the hypothesis. In fact, a simple computation shows
that bound (4.1) is always a factor of four below bound (3.(E&e Lemma 5.1 in the appendix).

Thus, the upper bound is minimized far= Lo Zlogd bt smaller values ok may be
VB(B+A)-B n

preferable.
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5 Appendix
Lemma5.1. The lower bound ir§4.1)is at mostﬁ the upper bound if3.13)

Proof. Itis to be shown that

A2 T%0%logd < 1(B+A)(B+pT 5 2logd
— - osy/
2B B T 4 p(A—p)K2(s,c) n

AAZ \p? 1(B+ A)(B+p)rs
2B 2B — 4 (A—p)K%(s,c)
A=A+ )= < Ly ).

2

Since A < B, it suffices to show that?(s,c) < s. Indeed, pick anyy € R\ {0} such that
|J(8)] < s. It holds that

87112 max | X7 X 5loo
ooy < WX IX0012 1Ky X0l NSNS A oy
ST nlleglE o il T nflos]? B nfds]? [
whereJ := J(d) and.X ; denotes the submatrix &f with just the columns indexed by. [ |
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