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3.1 Context Free Grammars

A context free grammar G = (V, Σ, P, S) is a four tuple where

1. V is a set of non-terminal characters and variables.

2. Σ is a set of terminals. This set defines the alphabet of the language to be described by the
grammar.

3. P is the set of production rules that generates the sentences in the language encapsulated by
the grammar.

4. S is the start symbol contained in the set V .

Example for a production:

x → yz (1)
x → a

where x, y, z are non-terminals and a is a terminal.
The set of strings generated by such a grammar is called a context free language. One fundamen-

tal problem in context free languages is parsing, where given a string and a grammar one decides
whether the string is in the grammar. There corresponds a parse tree to every string that can be
generated by the grammar.

For example corresponding to the grammar

S → NP V P

NP → Det N

V P → V NP

N → Adj N

Adj → fat

Det → the

N → cat mouse

(2)

where S is a sentence and NP and V P correspond to noun and verb phrase respectively. The
parse tree for the sentence ”The fat cat ate the skinny mouse” is shown in table 1.

3.2 CYK Algorithm

We show the algorithm for the Chomsky normal form (CNF) for a context free grammar. A grammar
is in CNF if all its production rules are of the form (1). Every context free grammar can be written
in this form.
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S

NP VP

Det N V NP

Adj N ate
Det N

the Adj N

skinny mouse

fat cat

the

Table 1: Parse tree for an english sentence where V=verb,N=noun, Adj=adjective and
Det=determiner.

The CYK algorithm creates a database of word positions and the word itself. If we represent the
input string as a set of assertions of the form si = a which implies that the ith symbol in the string
is the terminal symbol a. The algorithm can be represented as a two rule inference procedure

1. Rule 1:
terminal(i,a)
X → a, succ(i, j)
————————-
phrase(X,i,j)

2. Rule 2:
Phrase(Y,i,j)
Phrase(Z,j,k)
X → Y Z
————————-
phrase(X,i,k)

here phrase is the substring from position i to j in the sequence of input sring.
The running time of the above algorithm can be bounded by the number of rule firings. For rule

1 there are at most |G| ways of instantiating the first antecedent. Each such antecedent fixes the
value of X and therefore there are |G|n ways of continuing with an instantiation of i (n ways of
continuing with each such instantiation). For rule 2 there are |G|2n2 ways of instantiating i and j.
For each of the instantiations of j there are n values of k. Thus the total number of rule firings is
at most |G|3n3.
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3.3 Turing Machines

A Turing machine operates on a tape where it can read or write a symbol and move to the left or
right. Each move can be expressed as

move(s, a, s′, a′, d) (3)

where s, s′ are states and a, a′ are symbols that the machine can write on the tape. The variable
d ∈ R,L represents a move to the right or the left of the tape. Each such move changes the
configuration of the Turing machine. A configuration for a Turing machine is an ordered pair of the
current state and the tape contents with the symbol currently under the head

1. config(s,a,Tl,Tr)

2. move(s,a,s’,a’,L)

3. config(s’,a’,T ′
l ,T ′

r)

Here Tl and Tr represent the tape to the left and right of the read/write head and T ′
l , T

′
r represent

the tape contents after the move. Thus one can write inference rules for the Turing machine, for
example

1. config(A) → config(B)

3.4 Transitive Closure

Theorem 3.1. For any set of inference rules we can compute the closure in time proportional to
the number of rule firings plus the size of the closure.

The CYK algorithm we looked at is an example of the above result. The detailed proof is given
in [1].

As an example consider the inference rule

P (y) ∧Q(y, x) ∧R(x) → H(x, y) (4)

Here P,Q and R are antecedent expressions and the output H is the derived antecedent expression.
This is equivalent to deriving the transitive closure of the input rules. This can be understood as
follows, the rule iterates over antecedent expresssions of the form P (y) and for every such expression
iterate over the values of x keeping Q(y, x) true and accordingly for all such x′s keeps R(x) true and
in this case asserts H(x, y). Note that the order of the antecedents is important to the complexity
of the closure computation.
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