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Abstract

Standard ML employs an opaque (or generative) semarics of datatypes,in which every datatype declara-
tion producesa newtypethat is di erent from any other type, including other identically de ned datatypes.
A natural way of accourting for this is to consider datatypesto be abstract. When this interpretation is
applied to type-preservingcompilation, however, it hasthe unfortunate consequencehat datatype construc-
tors cannot be inlined, substartially increasingthe run-time cost of constructor invocation comparedto a
traditional compiler. In this paper we examine two approachesto eliminating function call overhead from
datatype constructors. First, we considera transparent interpretation of datatypesthat doesaway with gen-
erativit y, altering the semartics of SML; and second,we proposean interpretation of datatype constructors
as coercions,which have no run-time e ect or cost and faithfully implement SML semartics.
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1 Intro duction

The programming language Standard ML (SML) [9] provides a distinctiv e mechanism for de ning recursive
types, known as a datatype declaration. For example, the following declaration de nes the type of lists of
integers:

datatype intlist = Nil
| Consof int * intlist

This datatype declaration introducesthe typeintlist ~ and two constructors: Nil represerts the empty list,
and Conscombines an integer and a list to produce a new list. For instance, the expressionCons (1, Cons
(2, Cons (3,Nil))) has type intlist ~ and corresponds to the list [1;2;3]. Values of this datatype are
deconstructed by a caseanalysisthat examinesa list and determineswhether it was constructed with Nil
or with Cons and in the latter case,extracting the original integer and list.

An important aspect of SML datatypesis that they are geneative. That is, every datatype declaration
de nes a type that is distinct from any other type, including those produced by other, possibly identical,
datatype declarations. The formal De nition of SML [9] makes this precise by stating that a datatype
declaration producesa new type name, but doesnot assaiate that name with a de nition; in this sense,
datatypesare similar to abstract types. Harper and Stone [7] (hereafter, HS) give a type-theoretic interpre-
tation of SML by exhibiting a translation from SML into a simpler, typed internal language This translation
is faithful to the De nition of SML in the sensethat, with a few well-known exceptions, it translates an
SML program into a well-typed IL program if and only if the SML program is well-formed accordingto the
De nition. Consequetly, we considerHS to be a suitable foundation for type-directed compilation of SML.
Furthermore, it seemslikely that any other suitable type-theoretic interpretation (i.e., one that is faithful
to the De nition) will encourter the sameissueswe explore in our analysis.

Harper and Stone capture datatype generativity by translating a datatype declaration as a module
cortaining an abstract type and functions to construct and deconstruct values of that type; thus in the
setting of the HS interpretation, datatypesare abstract types. The generativity of datatypes posessome
challengesfor type-directed compilation of SML. In particular, although the HS interpretation is easyto
understand and faithful to the De nition of SML, it is ine cien t when implemented nasvely. The problem
is that construction and deconstruction of datatype valuesrequire calls to functions exported by the module
de ning the datatype; this is unacceptable given the ubiquity of datatypesin SML code. Convertional
compilers, which disregard type information after an initial type-cheking phase, may dispensewith this
cost by inlining those functions; that is, they may replace the function calls with the actual code of the
corresponding functions to eliminate the call overhead. A type-directed compiler, however, does not have
this option sinceall optimizations, including inlining, must be type-preserving. Moving the implemertation
of a datatype constructor acrossthe module boundary violates type abstraction and thus results in ill-t yped
intermediate code. This will be made more precisein Section 2.

In this paper, we will discusstwo potential ways of handling this performance problem. We will presen
thesealternativ esin the context of the TIL T/ML compiler developedat CMU [11, 14]; they arerelevant, how-
ever, not just to TIL T, but to understanding the de nition of the languageand type-preservingcompilation
in general.

The rst approad is to do away with datatype generativity altogether, replacing the abstract typesin
the HS interpretation with concreteones. We call this approac the transparent interpretation of datatypes
Clearly, a compiler that doesthis is not an implementation of Standard ML, and we will show that, although
the modi ed language does admit inlining of datatype constructors, it has some unexpected properties.
In particular, it is not the casethat every well-formed SML program is allowed under the transparent
interpretation.

In cortrast, the secondapproach, which we have adopted in the most recert versionof the TILT compiler,
o ers an e cien t way of implementing datatypesin atyped setting that is consistert with the De nition. In
particular, sincea value of recursivetypeis typically represeried at run time in the sameway asits unrolling,
we can obsene that the mediating functions produced by the HS interpretation all behave like the identity
function at run time. We replace these functions with special valuesthat are distinguished from ordinary
functions by the introduction of \coercion types”. We call this the coercion interpretation of datatypes and
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Figure 2: Shorthand De nitions

argue that it allows a compilation strategy that generatescode with a run-time e ciency comparable to
what would be attained if datatype constructors were inlined.

The paper is structured as follows: Section 2 gives the details of the HS interpretation of datatypes
(which we alsorefer to asthe opaqueinterpretation of datatypes) and illustrates the problemswith inlining.
Section 3 discusseghe transparent interpretation. Section 4 givesthe coercion interpretation and discusses
its properties. Section 5 givesa performance comparison of the three interpretations. Section 6 discusses
related work and Section 7 concludes.

2 The Opaque Interpretation of Datat ypes

In this section, we review the parts of Harper and Stone's interpretation of SML that are relevant to our
discussionof datatypes. In particular, after de ning the notation we usefor our internal language,we will
give an example of the HS elaboration of datatypes. We will refer to this example throughout the paper.
We will also review the way Harper and Stone de ne the matching of structures against signatures, and
discussthe implications this has for datatypes. This will be important in Section 3, where we shov some
di erences betweensignature matching in SML and signature matching under our transparent interpretation
of datatypes.

2.1 Notation

Harper and Stone give their interpretation of SML as a translation, called elaloration, from SML into a
typed internal language (IL). We will not give a complete formal description of the internal language we
usein this paper; instead, we will use ML-lik e syntax for examplesand employ the standard notation for
function, sum and product types. For a complete discussionof elaboration, including a thorough treatment
of the internal language,we refer the readerto Harper and Stone[7]. Sincewe are focusingour attention on
datatypes, recursive types will be of particular importance. We will therefore give a precisedescription of
the sematrtics of the form of recursive typeswe use.

The syntax for recursivetypesis givenin Figure 1. Recursivetypesare separatedinto their own syntactic
subcategory, ranged over by . This is mostly a matter of notational corvenience,as there are many times
when we wish to make it clear that a particular type is a recursive one. A recursive type has the form
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iC 10 n)iCaiis on), wherel i n and eadh ; is a type variable that may appear free in any
or all of 1;:::; n. Intuitiv ely, this type is the ith in a system of n mutually recursive types. As sud, it
is isomorphic to ; with ead ; replaced by the jth componert of the recursive bundle. Formally, it is
isomorphic to the following somewhatunwieldy type:
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(where, as usual, we denote by [ 1;:::; n= 1;::5 n] the simultaneous capture-avoiding substitution of

1;::5 nfor g0 4 in ). Sincewe will be writing such typesoften, we usesomenotational cornventions
to make things clearer; theseare shown in Figure 2. Using theseshorthands, the above type may be written
asexpand (~):(~)).

The judgment forms of the static semarics of our internal languageare givenin Figure 3, and the rules
relevant to recursive typesare given in Figure 4. Note that the only rule that can be usedto judge two
recursive types equal requiresthat the two typesin question are the same(ith) projection from bundles of
the samelength whoserespective componerts are all equal. In particular, there is no\unrolling” rule stating
that expand ); type theoriesin which this equality holds are said to have equi-recursive typesand are
signi cantly more complex[5]. The recursive typesin our theory are iso-recursive typesthat areisomorphic,
but not equal, to their expansions. The isomorphismis embodied by the roll and unroll operations at the
term level; the former turns a value of type expand ) into one of type , and the latter is its inverse.

2.2 Elaborating Datat yp e Declarations

The HS interpretation of SML includes a full account of datatypes, including generativity. The main idea
is to encale datatypes as recursive sum types but hide this implementation behind an opaque signature.
A datatype declaration therefore elaborates to a structure that exports a number of abstract types and
functions that construct and deconstruct values of those types. For example, consider the following pair
of mutually recursive datatypes, represeriing expressionsand declarations in the abstract syntax of a toy
language:

datatype exp = VarExp of var
LetExp of dec * exp
ValDec of var * exp

SeqDecof dec * dec

and dec



structure  ExpDec:> sig
type exp
type dec
val expin : var + (dec * exp) -> exp
val exp_out : exp -> var + (dec * exp)
val decin : (var * exp) +
(dec * dec) -> dec
val decout : dec -> (var * exp) +
(dec * dec)
end = struct
type exp = 1(; )i(var + * ; var * + * )
type dec = o(; )i(var + * ; var * + * )
fun exp.in x = roll exp(x)
fun exp-out x = unroll exp(x)
fun decin x = roll gegc(x)
fun dec_out x = unroll gec(X)
end

Figure 5. Harper-StoneElaboration of exp-dec Example

The HS elaboration of this declaration is givenin Figure 5, using ML-lik e syntax for readability. To construct
a value of one of these datatypes, a program must use the corresponding in function; these functions eadch
take an elemen of the sumtypethat is the \unrolling" of the datatype and produce a value of the datatype.
More concretely, we implemert the constructors for exp and dec as follows:

VarExp(x) def ExpDec.exp.in (inj (X))
LetExp(d,e) def ExpDec.exp.in (inj ,(d,e))
ValDec(x,e) % ExpDec.dec.n (inj ;(x,e))

o
Il
<

SeqgDec(d1,d2) ExpDec.dec.n (inj ,(d1,d2))

Notice that the typesexp and dec are held abstract by the opaquesignature ascription. This captures
the generativity of datatypes,sincethe abstraction prevents ExpDec.expand ExpDec.decfrom being judged
equal to any other types. Howewer, as we mertioned in Section 1, this abstraction also preverts inlining of
the in and out functions: for example, if we attempt to inline exp_in in the de nition of VarExp above, we
get

varExp(x) £ roll ExpDec.explini 1(X)

but this is ill-t yped outside of the ExpDecmodule becausethe fact that exp is a recursive type is not
visible. Thus performing inlining on well-typed code can lead to ill-t yped code, sowe say that inlining across
abstraction boundariesis not type-preserving and therefore not an acceptablestrategy for a typed compiler.
The problem is that sincewe cannot inline in and out functions, our compiler must pay the run-time cost
of a function call every time a value of a datatype is constructed or case-analyzed.Since these operations
occur very frequertly in SML code, this performancepenalty is signi cant.

One strategy that can alleviate this somewhatis to hold the implementation of a datatype abstract
during elaloration, but to exposeits underlying implemertation after elaloration to other code de ned
in the same compilation unit. Calls to the constructors of a locally-de ned datatype can then be safely
inlined. In the setting of whole-program compilation, this approach can potentially eliminate constructor
call overheadfor all datatypes except those appearing as argumerts to functors. Howevwer, in the context
of separate compilation, the clients of a datatype generally do not have accessto its implementation, but
rather only to the specications of its constructors. As we shall seein Section 3, the speci cations of
a datatype's constructors do not provide sucien t information to correctly predict how the datatype is
actually implemerted, so the above compilation strategy will have only limited successn a true separate
compilation setting.



2.3 Datat ypes and Signature Matc hing

Standard ML makesan important distinction betweendatatype declarations, which appear at the top level or
in structures, and datatype speci ¢ ations, which appearin signatures. As we have seen,the HS interpretation
elaborates datatype declarations as opaquely sealedstructures; datatype speci cations are translated into
speci cations of structures. For example, the signature

signature S = sig
datatype intlist = Nil
| Consof int * intlist
end

cortains a datatype speci cation, and elaborates as follows:

signature S = sig
structure  Intlist . Sig
type intlist
val intlist _n
unit + int * intlist -> intlist
val intlist _out :
intlist -=> unit + int * intlist
end
end

A structure M will match Sif M cortains a structure Intlist  of the appropriate signature.r In particular,
it is clear that the structure de nition produced by the HS interpretation for the datatype intlist  de ned
in Section1 hasthis signature, sothat datatype declaration matchesthe speci cation above.

What is necessaryin generalfor a datatype declaration to match a speci cation under this interpretation?
Since datatype declarations are translated as opaquely sealedstructures, and datatype speci cations are
translated asstructure speci cations, matching a datatype declaration against a specboils down to matching
one signature|the one opaquely sealingthe declaration structure|against another signature.

Supposewe wish to know whether the signature S matchesthe signature T, that is, whether a structure
with signature Smay alsobe giventhe signature T. Intuitiv ely, we must make surethat for every speci cation
in T there is a speci cation in Sthat is compatible with it. For instance, if T contains a value speci cation
of the form val x : , then Smust also contain a speci cation val x : 9 where ° . For an abstract
type speci cation of the form type t occurring in T, we must ched that a speci cation of t also appears
in S, furthermore, if the speci cation in Sis a transparert one,say type t = inp , then when cheding the
remainder of the speci cations in T we may assumein both signaturesthat t = 5, . Transparert type
speci cations in T are similar, but there is the added requiremert that if the speci cation in Tistype t =

spec and the speci cation in Sistype t = jmp, then gpec and imp must be equivalert.

Returning to the speci ¢ question of datatype matching, a speci cation of the form

datatype t; = 1 and:::andt, = ,

(wherethe ; may be sum types) elaboratesto a speci cation of a structure with the following signature:

sig
type t
type t,
val tiin @ 1 -> tq
val tout : t; -> 1
val thin @ , > t,
Val tn_OUt . tn -> n
end

1standard ML allows only datatypesto match datatype specications, so the actual HS elaboration must use a name for
the datatype that cannot be guessedby a programmer.



structure  ExpDec:> sig

type exp = 1(; )i(var + * ; var * +  * )
type dec = (; )i(var + * ; var * +  * )
(* ... specifications for in and out functions
sameas before ... *)
end =
(* ... samestructure as before ... *)

Figure 6: The Transparert Elaboration of Exp and Dec

In order to match this signature, the structure corresponding to a datatype declaration must de ne types
namedt;:::;t, and must contain in and out functions of the appropriate type for ead1. (Note that in any
structure producedby elaborating a datatype declaration under this interpretation, the t;'s will be abstract
types.) Thus, for example,if m n then the datatype declaration

datatype t; = ; and:::andty = n

matchesthe above speci cation if and only if ; i forl i n, sincethis is necessaryand su cien t for
the typesof the in and out functions to match for the typesmertioned in the speci cation.

3 A Transparent Interpretation of Datat ypes

A natural approac to enabling the inlining of datatypesin a type-preservingcompiler is to do away with
the generative sematrtics of datatypes. In the context of the HS interpretation, this correspondsto replacing
the abstract type speci cation in the signature of a datatype module with a transparent type de nition, so
we call this modi ed interpretation the transparent interpretation of datatypes (TID).

3.1 Making Datat ypes Transparen t

The idea of the transparent interpretation is to exposethe implementation of datatypes as recursive sum
typesduring elaboration, rather than hiding it. In our expdec example, this correspondsto changing the
declaration shawn in Figure 5 to that shown in Figure 6 (we cortinue to use ML-lik e syntax for readability).

Importantly, this change must extend to datatype speci cations aswell as datatype declarations. Thus,
a structure that exports a datatype must export its implementation transparently, using a signature similar
to the onein the gure|otherwise a datatype inside a structure would appear to be generative outside that
structure, and there would be little point to the new interpretation.

As we have mertioned before, altering the interpretation of datatypesto exposetheir implemertation
as recursive types really creates a new language, which is neither a subset nor a superset of Standard
ML. An example of the most obvious di erence can be seenin Figure 7. In the gure, two datatypes
are de ned by seeminglyidentical declarations. In SML, becausedatatypes are generative, the two types
Listl.t and List2.t are distinct; sincethe variable | has type Listl.t but is passedto List2.Cons ,
which expects List2.t , the function switch is ill-t yped. Under the transparent interpretation, however,
the implementations of both datatypesare exported transparently as : unit + int * . Thus under this
interpretation, Listl.t and List2.t are equaland soswitch is a well-typed function.

It is clearthat many programslik e this onefail to type-ched in SML but succeedunder the transparent
interpretation; what is lessobvious is that there are someprograms for which the opposite is true. We will
discusstwo main reasonsfor this.

3.2 Problematic Datat ype Matc hings

Recall that according to the HS interpretation, a datatype matches a datatype speci cation if the types
of the datatype'sin and out functions match the types of the in and out functions in the speci cation.
(Note: the typesof the out functions match if and only if the typesof the in functions match, so we will



struct
Nil | Consof int * t

structure  Listl
datatype t

end

structure List2 = struct
datatype t Nil | Consof int * t

end

fun switch Listl.Nil = List2.Nil
| switch (Listl.Cons (n)l)) =
List2.Cons (n,l)

Figure 7: Non-generativity of Transparert Datatypes

hereafter refer only to the in functions.) Under the transparent interpretation, howewver, it is also necessary
that the recursive type implementing the datatype match the one given in the speci cation. This is not a
trivial requiremert; we will now give two examplesof matchings that succeedin SML but fail under the
transparent interpretation.

3.2.1 A Simple Example

A very simple exampleof a problematic matching is the following. Under the opaqueinterpretation, matching
the structure

struct

datatype u = Aof u* u| B of int
type v =u * u
end

against the signature
sig
type v
datatype u

Aof v | Bof int
end

amounts to cheding that the type of the in function for u de ned in the structure matchesthat expected
by the signature onceu * u has been substituted for v in the signature. (No de nition is substituted for
u, sinceit is abstract in the structure.) After substitution, the type required by the signature for the in
function isu * u + int -> u, which is exactly the type of the function given by the structure, so the
matching succeeds.

Under the transparent interpretation, however, the structure de nes u to be Uimp def *  +int but
the signaturespeciesu as : v +int . In order for matching to succeedthesetwo typesmust be equivalent
after we have substituted uimp * uUimp for v in the speci cation. That is, it is required that

Obserwethat the type on the right is noneother than : expanduimp ). (Notice alsothat the bound variable

doesnot appear free in the body of this -type. Hereafter we will write sud typeswith a wildcard _ in
place of the type variable to indicate that it is not usedin the body of the .) This equivalencedoes not
hold for iso-recursiwe types, so the matching fails.

3.2.2 A More Complex Example

Another example of a datatype matching that is legal in SML but fails under the transparent interpretation
can be found by reconsideringour running example of exp and dec. Under the opaque interpretation, a



structure containing this pair of datatypesmatchesthe following signature, which hidesthe fact that exp is
a datatype:

sig
type exp
datatype dec = ValDec of var * exp
| SeqDecof dec * dec
end

When this datatype speci cation is elaborated under the transparent interpretation, however, the resulting
IL signature looks like:

sig
type exp
type dec = deCspec
end
where decCspec ef . yar exp + * . Elaboration of the declarationsof exp and dec, on the other hand,

producesthe structure in Figure 6, which hasthe signature:

sig
type exp = eXpjy,
type dec = deCimp
end
where we de ne
€XPimp LG )var+ *varx o+ x )
decCimp & 2(; DJi(var + * ; var* o+ * )

Matching the structure cortaining the datatypesagainst the signature can only succeedif deCspec ~ deCimp
(under the assumptionthat exp  expy,, ). This equivalencedoesnot hold becausethe two -typeshave
di erent numbers of componernts.

3.3 Problematic Signature Constrain ts

The module systemof SML providestwo waysto expresssharing of type information betweenstructures. The
rst, where type, modi es a signature by \patc hing in" a de nition for a type the signature originally held
abstract. The second,sharing type, assertsthat two or more type names(possibly in di erent structures)
refer to the sametype. Both of these forms of constraints are restricted so that multiple inconsistert
de nitions are not given to a single type name. In the caseof sharing type, for example,it is required
that all the namesbe exible, that is, they must either be abstract or de ned as equalto another type that
is abstract. Under the opaqueinterpretation, datatypes are abstract and therefore exible, meaning they
can be shared; under the transparent interpretation, datatypesare concretely de ned and hencecan never
be shared. For example, the following signature is legalin SML:



signature S = sig
structure M: sig

type s
datatype t = A| Bof s

end
structure N : sig
type s
datatype t = A| Bof s
end
sharing type M.t = N.t
end

We canwrite an equivalent signature by replacing the sharing type line with where type t = M.t, which
is alsovalid SML. Neither of thesesignatureselaborates successfullyunder the transparent interpretation of
datatypes, since under that interpretation the datatypes are transparent and therefore ineligible for either
sharing or where type.

Another exampleis the following signature:

signature AB = sig
structure A : sig
type s
val C: s
end
structure B : sig
datatype t = C| Dof As * t
end
sharing type A.s = B.t
end

(Again, we can construct an analogousexample with where type.) Sincethe name B.t is exible under
the opaqueinterpretation but not the transparent, this code is legal SML but must be rejected under the
transparent interpretation.

3.4 Relaxing Recursiv e Type Equiv alence

We will now describe a way of weakening type equivalence(i.e., making it equate more types) so that the
problematic datatype matchings describedin Section3.2 succeedunder the transparent interpretation. (This
will not help with the problematic sharing constraints of Section 3.3.) The ideasin this section are based
upon the equivalencealgorithm adopted by Shao[8] for the FLINT/ML compiler.

To begin, considerthe simple u-v example of Section 3.2.1. Recall that in that example, matching the
datatype declaration against the specrequired proving the equivalence

where the type on the right-hand sideis just _:expanduimp ). By simple variations on this example, it
is easyto show that in general, for the transparent interpretation to be as permissive as the opaque, the
following recursive type equivalencemust hold:

_.expand )

We refer to this asthe boxed-unroll rule. It says that a recursive type is equal to its unrolling \b oxed" by a
. An alternativ e formulation, equivalert to the rst one by transitivit y, makestwo recursive typesequal if
their unrollings are equal, i.e.:
expand 1) expand »)

1 2




Intuitiv ely, this rule is neededbecausedatatype matching succeedsinder the opaqueinterpretation whenewer
the unrolled form of the datatype implementation equalsthe unrolled form of the datatype spec (because
theseare both supposedto describe the domain of the in function).

Although the boxed-unroll equivalenceis necessaryfor the transparent interpretation of datatypesto
admit all matchings admitted by the opaqueone, it is not su cien t; to seethis, considerthe problematic
exp-dec matching from Section 3.2.2. The problematic constraint in that exampleis:

0
decSpec deCimp

where decgpec = deCspec[€XPim, =eXP] (substituting exp;y,, for exp in decimp hasno e ect, sincethe variable
doesnot appear free). Expanding the de nitions of thesetypes, we get the constraint:

* *
var * exp, +

2(; Ji(var + * ; var* + * )

The boxed-unroll rule is insu cien t to prove this equivalence. In order to apply boxed-unroll to prove these
two typesequivalent, we must be able to prove that their unrollings are equivalert, in other words that

0 0
var * expjn, + deCgyec * deCqpec

var * eXPimp + deCimp * decCimp

But we cannot prove this without rst proving decgpec decimp , Which is exactly what we set out to prove
in the rst place! The boxed-unroll rule is therefore unhelpful in this case.

The trouble is that proving the premise of the boxed-unroll rule (the equivalence of expand ;) and
expand 2)) may require proving the conclusion(the equivalenceof ; and ;). Similar problems have been
addressedin the context of generalequi-recursive types. In that setting, deciding type equivalenceinvolves
assumingthe conclusionsof equivalencerules when proving their premises[1, 2]. Applying this idea provides
a natural solution to the problem discussedin the previous section. We can maintain a \trail" of type-
equivalenceassumptions;when deciding the equivalenceof two recursive types, we add that equivalenceto
the trail before comparing their unrollings.

Formally, the equivalencejudgemert itself becomes; A" , whereA is a set of assumptions,ead of
the form ; 2. All the equivalencerules in the static semarics must be modi ed to accourt for the trail.
In all the rules except those for recursive types, the trail is simply passedunchangedfrom the conclusions
to the premises. There are two new rules that handle recursive types:

AT 1 o

Al f 1 20 expand 1) expand »)
PAT 1

The rst rule allows an assumption from the trail to be used;the secondrule is an enhancedform of the
boxed-unroll rule that addsthe conclusionto the assumptionsof the premise. It is clear that the trail is just
what is necessaryin order to resolve the exp-dec anomaly described above; before comparing the unrollings
of decspec and decimp , we add the assumptiondecspee  deCimp to the trail; we then usethis assumptionto
avoid the cyclic dependencywe encourtered before.

In fact, the trailing version of the boxed-unroll rule is su cien t to ensurethat the transparent interpre-
tation acceptsall datatype matchings acceptedby SML. To seewhy, considera datatype speci cation

datatype t; = 3 and .. andt, = |,

(where the ; may be sum typesin which the t; may occur). Supposethat someimplementation matches
this spec under the opaqueinterpretation; the implemertation of ead type t; must be a recursive type ;.
Furthermore, the type of the t;_in function givenin the specis ;! t;, and the type of its implementation
is expand ;) ! ;. Becausethe matching succeedsunder the opaque interpretation, we know that these
typesare equal after eath ; hasbeensubstituted for t;; thus we know that expand ;) i[=t] for each i.
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When the speci cation is elaborated under the transparent interpretation, howewer, the resulting sig-
nature declaresthat the implementation of ead t; is the appropriate projection from a recursive bundle
determined by the specitself. That is, ead t; is transparently specied as (t):(~). In order for the
implementation to match this transparent speci cation, it is thus su cien t to prove the following theorem:

Theorem 1 If 8i 2 1::n, ; ; ~ expand ;) i[=t], then8i 2 1::n, ; ;| i(0):(~).

Pro of: SeeAppendix A. 2

3.5 Discussion

While we have given a formal argumert why the trailing version of the boxed-unroll rule is exible enough
to allow the datatype matchings of SML to typecied under the transparent interpretation, we have not
been precise about how maintaining a trail relatesto the rest of type equivalence. In fact, the only work
regarding trails we are aware of is the seminal work of Amadio and Cardelli [1] on subtyping equi-recursive
types,and its later coinductive axiomatization by Brandt and Henglein [2], both of which are conductedin
the context of the simply-typed -calculus. Our trailing boxed-unroll rule can be viewed as a restriction of
the corresponding rule in Amadio and Cardelli's trailing algorithm sothat it is only applicable when both
typesbeing compared are recursive types.

It is not clear, though, how trails a ect more complex type systemsthat contain type constructors of
higher kind, such as Girard's F' [6]. In addition to higher kinds, the MIL (Middle Intermediate Language)
of TILT employs singleton kinds to model SML's type sharing [13], and the proof that MIL typededing is
decidableis rather delicate and involved. While we have implemented the above trailing algorithm in TILT
for experimental purposes(seeSection5), the interaction of trails and singletonsis not well-understood.

As for the remaining con ict betweenthe transparent interpretation and type sharing, one might argue
that the solution is to broaden SML's semartics for sharing constraints to permit sharing of rigid (non-
abstract) type componerts. The problem is that the kind of sharing that would be necessaryto make the
examplesof Section 3.3 typeched under the transparent interpretation would require someform of type
uni cation. It is dicult to determine whereto draw the line between SML's sharing semartics and full
higher-order uni cation, which is undecidable. Moreover, uni cation would constitute a signi cant change
to SML's semartics, disproportionate to the original problem of e cien tly implementing datatypes.

4 A Coercion Interpretation of Datat ypes

In this section,wewill discussatreatment of datatypesbasedon coercions. This solution will closelyresenble
the Harper-Stoneinterpretation, and thus will not require the boxed-unroll rule or a trail algorithm, but will
not incur the run-time cost of a function call at constructor application sites either.

4.1 Representation of Datat ype Values

The calculus we have discussedin this paper can be given the usual structured operational semartics, in
which an expressionof the form roll  (v) is itself a value if v is a value. (From here on we will assumethat
the metavariable v rangesonly over values.) In fact, it can be shovn without di cult y that any closedvalue
of a datatype must have the form roll (v) wherev is a closedvalue of type expand ). Thus the roll
operator plays a similar role to that of the inj ; operator for sum types, as far as the high-level language
semairtics is concerned.

Although we specify the behavior of programs in our languagewith a formal operational semariics, it
is our intent that programs be compiled into machine code for execution, which forcesus to take a slightly
dierent view of data. Rather than working directly with high-level language values, compiled programs
manipulate representations of those values. A compiler is free to choosethe represenation schemeit uses,
provided that the basic operations of the language can be faithfully performed on represerations. For
example, most compilers construct the value inj ;(v) by attaching a tag to the value v and storing this
new object somewhere. This tagging is necessaryin order to implement the case construct. In particular,
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Types ; j(= 1)) 2
Terms e j +fold | ~unfold
jvact;e)

Figure 8: Syntax of Coercions

,~ 1type ;~"  type ;~"  type ~" type
T (=5 1)) 2 type © =xfold :(~;expand))) * ~unfold :(~; )) expand )
vi(= 1)) 2 Cerq[~=] 821 ° ; type
T V@Ese)  o[~=]

Figure 9: Typing Rules for Coercions

the represenation of any value of type 1+  must carry enoughinformation to determine whether it was
created with inj ; or inj , and recover a represenation of the injected value.

What are the requiremerts for represenations of values of recursive type? It turns out that they are
somewhat wealer than for sums. The elimination form for recursive typesis unroll , which (unlik e case)
doesnot needto extract any information from its argumert other than the original rolled value. In fact, the
only requiremert is that a represenation of v can be extracted from any represenation of roll (v). Thus
one reasonablerepresertation strategy is to represen roll  (v) exactly the sameasv. In Appendix B, we
give a more preciseargumert asto why this is reasonable,making use of two key insights. First, it is an
invariant of the TILT compiler that the represertation of any value ts in a single machine register; anything
larger than 32 bits is always stored in the heap. This meansthat all possible complications having to do
with the sizesof recursive values are avoided. Second,we de ne represenations for values, not types; that
is, we de ne the set of machine words that can represen the value v by structural induction on v, rather
than de ning the set of words that can represen valuesof type by induction on as might be expected.

The TILT compiler adopts this strategy of identifying the represenations of roll  (v) and v, which has
the pleasant consequencehat the roll and unroll operations are \no-ops". For instance, the untyped
machine code generated by the compiler for the expressionroll (e) neednot dier from the code for e
alone, sinceif the latter evaluatesto v then the former evaluatesto roll (v), and the represerations of
thesetwo values are the same. The reversehappensfor unroll

This, in turn, hasan important consequencdor datatypes. Sincethe in and out functions produced by
the HS elaboration of datatypesdo nothing but roll or unroll their argumerts, the code generatedfor any
in or out function will be the sameasthat of the identit y function. Hence,the only run-time costincurred
by using an in function to construct a datatype value is the overhead of the function call itself. In the
remainder of this sectionwe will explain how to eliminate this cost by allowing the typesof the in and out
functions to re ect the fact that their implementations are trivial.

4.2 The Coercion Interpretation

To mark in and out functions as run-time no-ops, we use coercions, which are similar to functions, except
that they are known to be no-ops and therefore no code needsto be generatedfor coercion applications.
We incorporate coercionsinto the term level of our languageand intro duce special coercion typesto which
they belong. Figure 8 givesthe changesto the syntax of our calculus. Note that while we have so far
con ned our discussionto monomorphic datatypes, the general caseof polymorphic datatypeswill require
polymorphic coercions. The syntax we give here is essetially that usedin the TILT compiler; it doesnot
addressnon-uniform datatypes.

We extend the type level of the languagewith a type for (possibly polymorphic) coercions,(~; 1)) 2;
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structure  ExpDec:> sig
type exp
type dec
val expin : var + (dec * exp) ) exp
val exp_out : exp ) var + (dec * exp)
val decin : (var * exp) + (dec * dec) ) dec
val decout : dec) (var * exp) + (dec * dec)
end = struct
type exp = 1(; )i(var + * ; var * + )
type dec = (; )i(var + * ; var * + * )
val expin = fold exp
val exp-_out = unfold exp
val dec.in = fold dec
val dec_out = unfold dec
end

Figure 10: Elaboration of exp and dec Under the Coercion Interpretation

Values v = j ~fold j =<unfold j( ~:fold )@(;V)

e7 e
V@E;e) 7! v@t; ) ( =unfold ))@¢;(( ~fold ,)@E%V)) 7! v

Figure 11: Operational Sematriics for Coercions

a value of this type is a coercion that takeslength(~) type argumerts and then can changea value of type
1 into one of type , (where, of course,variables from ~ can appear in either of thesetypes). When ~ is
empty, we will write (~; 1)) 2as 1) 2.
Similarly, we extend the term level with the (possibly polymorphic) coercion values = fold and
< unfold ; these take the place of roll and unroll expressions. Coercions are applied to (type and
value) argumerts in an expressionof the form v@¢; €); herev is the coercion, ~ are the type argumerts, and
e is the value to be coerced. Note that the coercion is syntactically restricted to be a value; this makesthe
calculus more amenableto a simple code generation strategy, as we will discussin Section4.3. The typing
rules for coercions are essetially the sameas if they were ordinary polymorphic functions, and are shavn
in Figure 9.

With these modi cations to the languagein place, we can elaborate the datatypesexp and dec using
coercionsinstead of functions to implement the in and out operations. The result of elaborating this pair
of datatypesis shawvn in Figure 10. Note that the interface is exactly the sameasthe HS interface shown in
Section 2 exceptthat the function arrows (->) have beenreplacedby coercion arrows () ). This interfaceis
implemented by de ning exp and dec in the sameway asin the HS interpretation, and implemerting the in
and out coercionsasthe appropriate fold and unfold values. The elaboration of a constructor application
is super cially similar to the opaque interpretation, but a coercion application is generatedinstead of a
function call. For instance, LetExp(d,e) elaboratesasexp_in @{nj ,(d;e)):

4.3 Coercion Erasure

We are now ready to formally justify our claim that coercions may be implemenrted by erasure, that is,
that it is sound for a compiler to consider coercions only as \ret yping operators" and ignore them when
generating code. First, we will describe the operational sematrtics of the coercion constructs we have added
to our internal language. Next, we will give a translation from our calculusinto an untyped onein which
coercion applications disappear. Finally, we will state a theorem guaranteeing that the translation is safe.

13



X =X

(x::€) = xe
) _ ) ( +fold ) = fold
M = j x:M jfold junfold ( ~:unfold ) = unfold
(v@tie) =e

Figure 12: Target Language Syntax; Type and Coercion Erasure

The operational semartics of our coercion constructs are showvn in Figure 11. We extend the class of
valueswith the fold and unfold coercions,as well asthe application of a fold coercion to a value. These
are the canonical forms of coercion types and recursive types respectively. The two inferencerules shovn
in Figure 11 de ne the manner in which coercion applications are evaluated. The evaluation of a coercion
application is similar to the evaluation of a normal function application where the applicand is already a
value. The rule on the left speci es that the argumert is reduced until it is a value. If the applicand is a
fold , then the application itself is a value. If the applicand is an unfold , then the argument must have a
recursive type and therefore (by canonical forms) consist of a fold applied to a value v. The rule on the
right de nes unfold to be the left inverseof fold , and hencethis evaluatesto v.

As we have already discussedthe data represenation strategy of TIL T is such that no code needsto be
generatedto compute fold v from v, nor to compute the result of cancellinga fold with an unfold . Thus
it seemsintuitiv e that to generatecode for a coercion application v@¢; €), the compiler can simply generate
code for e, with the result that datatype constructors and destructors under the coercion interpretation have
the samerun-time costs as Harper and Stone's functions would if they were inlined. To make this more
precise,we now de ne an erasure mapping to translate terms of our typed internal languageinto an untyped
languagewith no coercion application. The untyped nature of the target language(and of machine language)
is important: treating v asfold v would destroy the subject reduction property of a typed language.

Figure 12 givesthe syntax of our untyped target language and the coercion-erasingtranslation. The
target languageis intended to be essetially the sameas our typed internal language,exceptthat all types
and coercion applications have beenremoved. It contains untyped coercion valuesfold and unfold , but no
coercion application form. The erasuretranslation turns expressionswith type annotations into expressions
without them ( -abstraction and coercion valuesare shown in the gure), and removescoercion applications
so that the erasure of v@¢;e) is just the erasureof e. In particular, for any value v, v and fold v are
identi ed by the translation, which is consistert with our intuition about the compiler. The operational
semariics of the target languageis analogousto that of the source.

The language with coercions has the important type-safey property that if a term is well-typed, its
evaluation doesnot get stuck. An important theorem is that the coercion-erasingtranslation presenesthe
safety of well-typed programs:

Theorem 2 (Erasure Preserv es Safety) If ~ e: ,thene issafe. Thatis, if e 7! f,thenf is not
stuck.
Pro of: SeeAppendix C. 2

Note that the value restriction on coercionsis crucial to the soundnesof this \co ercion erasure" interpre-
tation. Sincea divergernt expressioncan be given an arbitrary type, including a coerciontype, any semartics
in which a coercion expressionis not evaluated beforeit is applied fails to be type-safe. Thus if arbitrary
expressionf coercion type could appear in application positions, the compiler would have to generatecode
for them. Since values cannot divergeor have e ects, we are free to ignore coercion applications when we
generatecode.
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Test HS CID TID

life 8.233| 2.161| 2.380
leroy 5.497| 4.069| 3.986
fft 22.167| 17.619| 16.509

boyer 2.031| 1.559| 1.364
simple 1.506| 1.003| 0.908

tyan 16.239| 8.477| 9.512
msort 1.685| 0.860| 1.012
pia 1.758| 1.494| 1.417

lexgen 11.052| 5.599| 5.239
frank 37.449| 25.355| 26.017
TOTAL | 107.617| 68.199 | 68.344

Figure 13: Performance Comparison

5 Performance

To evaluate the relative performance of the di erent interpretations of datatypes we have discussed,we
performed experiments using three di erent versionsof the TILT compiler: one that implements a nave
Harper-Stoneinterpretation in which the construction of a non-locally-de ned datatype requires a function
call’; onethat implemerts the coercioninterpretation of datatypes;and onethat implemerts the transparent
interpretation. We compiled ten di erent bendimarks using eat version of the compiler; the running times
for the resulting executables(averagedover three trials) are shown in Figure 13. All tests were run on an
Ultra-SPARC Enterprise sener; the times reported are CPU time in seconds.

The measuremets clearly indicate that the overheaddueto datatype constructor function calls under the
naeve HS interpretation is signi cant. The optimizations a orded by the coercion and transparent interpre-
tations provide comparable speedupsover the opaqueinterpretation, both on the order of 37% (comparing
the total running times). Given that, of the two optimized approades, only the coercion interpretation
is ertirely faithful to the semarics of SML, and since the theory of coercion typesis a simpler and more
orthogonal extensionto the HS type theory than the trailing algorithm of Section 3.4, we believe the coercion
interpretation is the more robust choice.

6 Related Work

Our trail algorithm for weakened recursive type equivalenceis basedon the one implemented by Shaoin
the FLINT intermediate language of the Standard ML of New Jersey compiler [12]. The typing rules in
Section 3.4 are basedon the formal semartics for FLINT given by Leagueand Shao [8], although we are
the rst to give a formal argumert that their trailing algorithm actually works. It is important to note that
SML/NJ only implemerts the transparent interpretation internally: the opaqueinterpretation is employed
during elaboration, and datatype speci cations are made transparent only afterward. As the examplesof
Section 3.3 illustrate, there are programs that typedced accordingto SML but not under the transparent
interpretation evenwith trailing equivalence,soit is unclearwhat SML/NJ does(after elaboration) in these
cases. As it happens, the nal example of Section 3.3, which is valid SML, is rejected by the SML/NJ

compiler.

Curien and Ghelli [4] and Crary [3] have de ned languagesthat use coercionsto replace subsumption
rulesin languageswith subtyping. Crary's calculusof coercionsincludesroll andunroll for recursivetypes,
but sincethe focus of his paper is on subtyping he doesnot explore the potential usesof these coercionsin
detail. Nevertheless,our notion of coercion erasure,and the proof of our safety presenation theorem, are
basedon Crary's. The implementation of Typed Assenbly Languagefor the x86 architecture (T ALx86) [10]
allows operandsto be annotated with coercionsthat changetheir typesbut not their represenations; these
coercionsinclude roll and unroll aswell asintroduction of sumsand elimination of universal quarti ers.

2In particular, we implement the strategy described at the end of Section 2.2.
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Our intermediate languagedi ers from thesein that we include coercionsin the term level of the lan-
guagerather than treating them specially in the syntax. This simpli es the presenation of the coercion
interpretation of datatypes,and it simplied our implementation becauseit required a smaller incremertal
change from earlier versionsof the TILT compiler. However, including coercionsin the term level is a bit
unnatural, and our planned extension of TILT with a type-preserving badk-end will likely involve a full
coercion calculus.

7 Conclusion

The generative nature of SML datatypes posesa signi cant challenge for e cien t type-preservingcompi-
lation. Generativity can be correctly understood by interpreting datatypes as structures that hold their
type componerts abstract, exporting functions that construct and deconstruct datatype values. Under this
interpretation, the inlining of datatype construction and deconstruction operations is not type-preserving
and hencecannot be performed by a typed compiler such as TILT.

In this paper, we have discussedtwo approachesto eliminating the function call overheadin a type-
preservingway. The rst, doing away with generativity by making the type componerts of datatype struc-
tures transparent, resultsin a new languagethat is di erent from, but neither more nor lesspermissive than,
Standard ML. Someof the lost expressienesscan be regainedby relaxing the rules of type equivalencein the
intermediate language, at the expenseof complicating the type theory. The fact that the transparent inter-
pretation forbids datatypesto appearin sharing type or where type signature constraints is unfortunate;
it is possiblethat a revision of the semariics of these constructs could remove the restriction.

The secondapproach, replacingthe construction and deconstruction functions of datatypeswith coercions
that may be erasedduring code generation, eliminates the function call overheadwithout changingthe static
semariics of the external language. Howewer, the erasureof coercionsonly makessensein a setting where a
recursive-type value and its unrolling are represerted the sameat run time. The coercion interpretation of
datatypeshas beenimplemented in the TILT compiler.

Although we have preserted our analysisof SML datatypesin the context of Harper-Stoneand the TILT
compiler, the idea of \coercion types" is one that we think is generally useful. Terms that serve only as
retyping operations are pervasive in typed intermediate languages,and are usually described as\co ercions"
that can be eliminated before running the code. However, applications of these informal coercions cannot
in general be erasedif there is no way to distinguish coercions from ordinary functions by their types;
this is a problem especially in the presenceof true separatecompilation. Our contribution is to provide a
simple mechanism that permits coercive terms to be recognizedas such and their applications to be safely
eliminated, without requiring signi cant syntactic and meta-theoretic overhead.
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A Pro of of Theorem 1

Supposethat 8i 2 1::n, ; ; ~ expand ;) i[T=t]. Then we can prove the following lemma:
Lemma 1 For anysetS f1;:::;;ng, dene As = f ; i():(~)ji2Sg. Thenforany S f1;:::;ng
andanyj 2 fl;:::5ng, ; As ™ i (6):(~).

Pro of Sketch: The proof is by induction onn |Sj. If n jSj = 0, then for any j the required equivalence
is an assumptionin As and can therefore be concludedusing the assumptionrule. If n jSj > 0, then there
are two cases:

Case: j 2 S. Then the required equivalenceis an assumptionin As.

Case: j 2S. Thenlet S°= S[ fjg. Note that jS§ > jSjandson jSY< n jSj. By the induction
hypothesis, ; Aso ~ k(t):(~) for every k 2 f1;:::;ng. Becausesubstituting equal typesinto
equaltypesgivesequalresults, ; Aso ™ j[7=t] j[~(t):(~)=t]. By assumption,expand ;) ;[ =t],
so by transitivit y ; Aso ™ expand j) i [~(t):(~)=t]. The type on the right side of this equivalence
is just expand ; (t):(~)), soby the trailing boxed-unroll rule we can conclude ; As ~ i (£):(-),
asrequired. 2

The desiredresult then follows as a corollary:

Corollary 1 Forj 2f1;::5ng, 55 i (0):(-).

Pro of: ChooseS = ;. By the Lemma, ; A. ~ j(t):(=). But A. = ;, sowe are done. 2
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Types ;= natjhqiig wijlan «li
Values % mj(vo;::5Vm 2)jinj jvjroll . (v)

Figure 14: Syntax of Typesand Valuesin the First-Order Fragment of a SpecializedIntermediate Language

H n n:nat
H n (Vo;::5Vm 1) :hojiisym i if HYH(n+1i) vi: jforeahi,0 i<m
H n inj;v:[1::5 «l if 1 i<kandH(n)=1iand
H H(Mm+1) v:;
H n roll . v:: if H n v: [: =]

Figure 15: Represemation Strategy for the Intermediate Language Fragment

B Data Representation

In this appendix we will give a formal description of a data represeration strategy similar to the one used
by the TILT compiler. This is intended to clarify the sensein which the roll and unroll operations on
recursive typesare \no-ops" at run time.

A key invariant of the TILT systemis that every value (except oating-p oint humbers) manipulated by
a program at run-time is 32 bits wide. All values of record and sum typesthat require more than 32 bits
of storage are boxed| i.e., stored in the heap and referred to by a 32-bit pointer value. Our formalization
of data represenation will therefore attempt to characterize when, in the context of a particular heap, a
particular integer represernts a particular source-languagevalue. Once we have done this, we will argue that
the represenation strategy we have de ned is reasonabldthat is, that all the operations a program must
perform on values may be faithfully performed on their represenations under this strategy.

To begin, we make the simplifying assumptionthat any integer may be a valid memory address,and that
a memory location can hold any integer. This can easily be restricted sothat only integersbetween0 and,
say, 2%2 are used, but allowing arbitrary integers makesthe preseration easier. Under these assumptions
about the world, it makessenseto de ne heapsas follows:

Denition 1 A heapis a nite partial function H : N! N.

Next, we de ne the generalnotion of a represenation strategy.

Denition 2 A represenation strategy is a four-place relation S on heaps, natural numbers, closeal values
and closal types suchthat if (H;n;v; )2 SandH HY then(H%n;v; )2 S.

If S is arepresenation strategy, we will usethe notaton H s n v: to meanthat (H;n;v; )2 S,
omitting the subscript S if it is clear from context. That statemert may be read as\in the heapH, the
number n represerts the value v at type ."

We will now proceedto de ne a particular represenation strategy, similar to the one usedby the TILT
compiler. Figure 14 givesthe syntax of the typesand terms we will be represeriing. The typesinclude the
type of integers, k-ary tuple typesh 1;:::; «i, k-ary sumtypes|[ 1;:::; k] and (single) recursive types :
(We are not considering arrow types or function values here, becausethey complicate the presenation in
ways not relevant to recursive types.)

Figure 15 givesthe de nition of one possible represenation strategy for these values. Note that this
strategy is well-de ned, becauseall the valueson the right-hand side of eat clauseare syntactically smaller
than the oneon the left. An integervaluen is represenied by the integern. A tuple of k valuesis represerted
by a pointer (n) giving the location of the rst of k consecutive heap cells containing represertations of the
tuple's componerts. An injection into a sum type is represenied by a pointer to what is essetially a two-
elemen tuple: the rst elemen is a tag that identies a branch of the sum type, and the secondis a
represenation of the injected value. Finally, a value of recursive type is represeried by a represeration of
the rolled value.
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This data represeration strategy is similar to, but considerably simpler than, the one used by the
TILT/ML compiler. The main di erence is in the handling of sumtypes;TILT usesa more complex version
of sum type represenations that savesspaceand improvesrun-time e ciency . Fortunately, the treatment
of sumsand the treatment of recursive typesare orthogonal, so the di erences betweenthe represeration
strategy in Figure 15 and that of TIL T is unimportant.

We can now argue that this data represenation strategy is reasonable. The following property may be
proved using the de nition.

Construction Prop erty: LetH beahep. If ; * v: , thenthereis aheap H® H and an integer n
suchthat H®> n v

The construction property statesthat any well-typed closedvalue can be represeried in someextension
of any initial heap. This roughly meansthat all the introduction forms of the language can be faithfully
implemented under our represeriation strategy. It remains to argue that the elimination forms may be
implemented as well.

The elimination forms for integersare arithmetic operations and comparisons. Sincethe represenations
of integer values are the integersthemseles, these operations can be implemented. The elimination form

for tuples is projection; we needto show that if 1 i kandH " n v:hyg;:::;; « 11 then wecan nd
somen®that represerts the value of ; v. By canonical forms, the value v must be (vo;:::;vk 1), andso ;v
ewvaluates to v;. But by the de nition of our represenation strategy, H ~ H(n+ i) v; : i, soprojection

can be implemerted.

The elimination form for sums,the case construct, is alittle di erent in that it may take many more than
onestepto producea value, if it producesoneat all. Only the rst of thesesteps,however|the onein which
the case choosesone of its subexpressionsto continue executing and passesthe appropriate value to that
branchlis relevant to the reasonablenessf our represeration for sums. In particular, if ; ~ v:( 1;::5 «)
then the expression

casevofinj ;x) eyj::ijinj (x) e
will certainly take a step to g [v%=x] for somej and somevalue v° of the appropriate type. In order to show
case is implemertable, it su ces to show that givenH ~ n v :[ 1;:::; k] we cancompute the appropriate
j and a represenation of the appropriate value v°. But note that by canonical forms v must have the form
inj ; vi, in which casethe branch to selectis the ith one, and the value to passis v; (i.e.,j = i and v°= v;).
According to our represertation strategy, H(n) =i andH ~ H(n+ 1) v;: i, sowe canimplemen case.

Finally, considerthe elimination form for recursive types,unroll . . In order to implemert this opera-
tion, it must be the casethat if ; ~v: : andH ~n v: : then we can construct somen®sud that
n® represerts the value of unroll . v. By canonicalforms,v =roll . vPandunroll . v ewaluatesto
v0. But under our represenation strategy, H * n v°: [: = ] and sowe canimplement unroll

Notice also that a represenation of a value v of recursive type also represers the value produced by
unroll v, just aswasthe casefor roll . This justi es our notion that roll and unroll may be implemented
as no-opsin a compiler that usesthis data represenation strategy.

C Proof of Coercion Erasure

In this appendix we will prove the coercion erasuresafety theorem stated in Section 4 for a simple fragment
of our intermediate language. The theorem states that if an expressionis well-typed, then ewaluation of
its erasuredoesnot get stuck; that is, it never reachesan expressionthat is not a value but for which no
transition rule applies. To prove this, we will establish a correspondencebetweenthe transition relation of
the typed calculus and that of the untyped one; we will then be able to show that the type-presenation and
progresslemmas for the typed calculus guarantee safety of their erasures. The proofs of type presenation
and progressfor the typed languageare standard and omitted.
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Figure 16: Annotated Operational Semariics for Typed Language

The rst two lemmaswe will useare easyto prove using the de nition of erasuregivenin Section 4.

Lemma 2 (Erasure of Values) If vis a value,thenv is a value.

Pro of: By structural induction onv. 2

Lemma 3 (Substitution and Erasure Comm ute)
For any expressione and valuev, (elv=x]) = e [v =X].

Pro of: By structural induction on e. 2

In order to properly characterize the relationship betweenthe typed and untyped transition relations
we must distinguish, for the typed calculus, between evaluation stepslike -reduction that correspond to
stepsin the untyped semariics and those like coercion application that do not. To this end, we annotate
transitions of the typed calculusasshown in Figure 16. The ag ' adorning ead transition may be either e,
indicating an \evaluation" stepthat is presened by erasure,or ¢, indicating (to useCrary's [3] terminology)
a \canonicalization" step that is removed by erasure. We will continue to usethe unannotated 7! to stand
for the union of 7!¢ and 7!, and as usual we will use7! , 7!, and 7!, to denote the re exiv e, transitiv e
closuresof theserelations. With thesede nitions in place, we can prove the following lemma, which states
that ewaluation stepsare presened by erasure,but terms that di er by a canonicalization step are identi ed
by erasure. It follows that any sequenceof stepsin the typed languageerasesto somesequenceof stepsin
the untyped language.

Lemma 4 (Sim ulation)
1. If eg7lcey, thene 7le,.
2. If eg 7lcep, thene = e,.

Pro of: By induction on derivations, using the de nition of erasureand Lemmas2 and 3. 2

Lemma 5
1. Ife 7. e, thene =e,.
2. If eg 7'y e, thene 7! e,.
3.1feg 7! e, thene 7! e,.

Pro of: Each part is proved separately by induction on the length of the transition sequence. 2

We are now ready to prove the equivalent of a Progresslemma for the untyped language. It states that
a term whoseerasureis a value canonicalizesto a value in somenumber of steps,and a term whoseerasure
is not a value will evertually take an evaluation step.

Lemma 6 (Progress under Erasure) If ; ° e: then either

1. e isavalueande7! v for somevaluev, OR
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2. e isnotavalueande7! . e’ 7! e®for somee’ and

Pro of: By induction on the typing derivation for e. Note that if e is a value, then sois e (by Lemma 2)
and e 7! e by de nition. Thus we needonly considerthe typing rules in which the expressionbeing typed
may be a non-value.

Case:
;e O ;e O
;ere:

Note that (e;e2) = e, €,, which is not a value. Thus we must show that e; e, 7!, €° 7! €*°
There are three sub-cases:

Sub-case: e, isnot avalue. By the induction hypothesis,e; 7!, €2 71 €% Thus,e; e, 7! €] & 7! €%;.

Sub-case: e, isavalue,e, isnot. By the induction hypothesis,e; 7!, v; and e, 7!, €3 7! €° Thus,
e 7 vie 7. vie) 7evy el

Sub-case: e; and e, are both values. By the induction hypothesis,e; 7!, vi and e, 7! v». By type
presenation, ; * vy : 9! . By canonical forms, v; = x : %es. Thus, e; & e (x: %e3) e .
(x: %e3) vy 71e e3[va=x].

Case: .
Vei(=r 1)) 2
Te:o1[~=-] 8i211l:n: °  type
S ve@€;er) 1 2[~=]
Note that (vc@¢;e1)) = e . If e is not a value, then by the induction hypothesiswe get e; 7!,

&) 71 €2 and hencev.@F; e;) 7!, vc@F; €9) 7' ve@F; €)Y as required.
If e, is avalue, then we must show that v.@¢;e;) 7! v for somevalue v. By the induction hypothesis
we have e; 7! vi. There are two sub-cases.

Sub-case: The coercionv; is =< fold . Then ve@¢;v;) is a value and v.@¢; e;) 7!, vc@¢; V1) as

required.

Sub-case: The coercionv. is -~ unfold . By inversion, ; . By type presenation, ; * vy [~=].
By canonicalforms, vi = ( ~:fold o)@¢%V?) for some ©and ~% Thus, v.@¢;e;1) 7! Vc@F; V1) =
( = unfold Y@G;( ~:fold o)@E%VvY)) 71 V2. 2

Next, we would like to prove an analogue of type presenation for our target calculus. Clearly it is
meaninglesgo provetype presenation for an untyped calculus, sowe must proveinsteadthat if the erasureof
awell-typedterm takesa step, the result is itself the erasureof a well-typedterm. Becausetype presenation
doeshold for the typed calculus, the following lemmais su cien t to show this.

Lemma 7 (Preserv ation under Erasure) If ; ~ e: ande 7! f, then there is some €° such that
e7! eand(e) =f.

Pro of: By induction on the typing derivation for e. Note that sincee 7! f, e cannot be a value and
hence neither can e. Thus, as for the progresslemma, we only needto considertyping rules in which the
expressionbeing typed may be a non-value.

Case: R
yoVei(= 1)) 2
;e oq[~=~] 8i21l:in:; ;i type

; Ve@E;er)  o[~=]
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Note that (v.@¢;e1)) = e , soin fact e 7! f. By the induction hypothesis, e; 7! €} where
(&) =f.Thusvc@tie) 7! ve@C;€)), and (ve@€;€))) = (€)) =f.
Case:

;e O ;e O

;o ere:

Note that (e; &) =e; e ,andsoe; e 7! f. There are three possibilities for the last rule usedin
the derivation of this transition.

Sub-case:
e 7! fl

e & 7lfie (wheref = f1e, )

By the induction hypothesis, e; 7! € such that €2 = f;. Thusere; 7! €le; and () e) =
€ e =fieg =f.

Sub-case:
wpe 7! W1f2
(wheree; = wj isavalue,and f = wy f))
By Lemma6, e; 7! v;. By Lemmab5,v; = e; ; hencev; = w;. By the induction hypothesis,

e 7' € sudthat (€) = f,. Thus,e;e 7! viex 7! vi€d,and (vi€)) =vi (€) =wf,="f.

Sub-case:

(x:f 3)wy 7! f3[wy=x]

(wheree; = xif 3,& = ws isavalue,

and f = f3[w,=x].)
By Lemma6,e; 7! viande, 7! vp. By Lemmab,v; = xif zandv, = w,. By type presenation,
RV , and so by canonicalforms v; = x : %es;. But this meansthat v; = xie3 , soit

must be the casethat e3 = f3. Thus we have

ee 7! (x: % e)e
70 (x: 0ie3)vo 71 e3[va=X]

and by Lemma 3, (e3[vo=x]) = e3 [vp =x] = fa[wp=x]=f. 2

We can now extend this lemmato transition sequence®f any length, and prove the safety theorem. This
last theorem e ectiv ely statesthat the erasureof a well-typed expressioncan never get stuck.

Lemma 8 If ; “e: ande 7! f,thenthereis somee?suchthate7! e’and(e®) =f.

Pro of: By induction on the length of the transition sequence. 2
Theorem 3 (Erasure Preserv es Safety) If ; ~ e: ande 7! f, then either f is a value or there
existsan f ®suchthat f 7! f©

Pro of: By Lemma 8, there is an e° such that e 7! e®and (%) = f. By type presenation, ; ~ €°: .
Supposef is not a value; then by Lemma 6 there are e®and e"such that €° 7!, €%°7!, €°® By Lemma 5,
(9 =(€"9 and (e’ 7! (e°Y . Therefore,f 7! (" . 2
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