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Abstract
Existentialtypesprovide a simpleandelegant foundationfor un-
derstandinggenerativeabstractdatatypes,of thekind supportedby
theStandardML modulesystem.However, in attemptingto extend
ML with supportfor recursivemodules,wehavefoundthatthetra-
ditionalexistentialaccountof typegenerativity doesnotwork well
in thepresenceof mutually recursive modulede�nitions. Thekey
problemis that, in recursive modules,onemay wish to de�ne an
abstracttypein a context wherea namefor thetypealreadyexists,
but theexistentialtypemechanismdoesnot allow oneto doso.

We proposea novel accountof recursive typegenerativity that
resolvesthisproblem.Thebasicideais to separatetheactof gener-
atinga namefor anabstracttypefrom theactof de�ning its under-
lying representation.To de�ne several abstracttypesrecursively,
onemay �rst “forward-declare”themby generatingtheir names,
andthende�ne eachonesecretlywithin its own de�ning expres-
sion. Intuitively, this canbe viewed asa kind of backpatchingse-
manticsfor recursionat the level of types. Caremustbe taken to
ensurethat a type nameis not de�ned more than once,and that
cyclesdo notariseamong“transparent”typede�nitions.

In contrastto the usualcontinuation-passinginterpretationof
existential typesin termsof universaltypes,our accountof type
generativity suggestsa destination-passinginterpretation.Brie�y ,
insteadof viewing a value of existential type as somethingthat
createsa new abstracttypeevery time it is unpacked,we view it as
a functionthattakesasinputa pre-existingunde�nedabstracttype
andde�nesit. By leaving thecreationof theabstracttypenameup
to theclient of theexistential,our approachmakesit signi�cantly
easierto link abstractdatatypestogetherrecursively.
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1. Intr oduction
Recursive modulesareoneof themostfrequentlyrequestedexten-
sionsto theML languages.After all, theability to have cyclic de-
pendenciesbetweendifferent�les is a featurethatis commonplace
in mainstreamlanguageslike C andJava. To thenovice program-
mer especially, it seemsvery strangethat the ML modulesystem
shouldprovidesuchpowerful mechanismsfor dataabstractionand
codereuseasfunctorsandtranslucentsignatures,andyetnotallow
mutuallyrecursive functionsanddatatypesto bebrokeninto sepa-
ratemodules.Certainly, for simpleexamplesof recursivemodules,
it is dif�cult to convincingly arguewhy ML couldnot beextended
in somead hocway to allow them.However, whenoneconsiders
thesemanticsof a general recursive modulemechanism,oneruns
into severalinterestingproblemsfor whichthe“right” solutionsare
far from obvious.

One problem involves the interactionof recursionand com-
putational effects. The evaluation of an ML module may in-
volve impure computationssuch as I/O or the creationof mu-
table state.Thus, if recursionis introducedat the module level,
it appearsnecessaryto adopta backpatching semanticsof recur-
sion (in the style of Scheme's letrec construct)in order to en-
surethat the effectswithin recursive modulede�nitions areonly
performedonce.Under such a semantics,a recursive de�nition
letrec X = M in ... is evaluatedby (1) bindingXto anunini-
tializedref cell, (2) evaluatingMto a valueV, and(3) backpatching
thecontentsof X's cell with V, therebytying therecursive knot.As
amatterof bothmethodologyandef�ciency, it is desirableto know
statically that this recursive de�nition is well-founded, i.e., that M
will evaluateto V without requiringthevalueof X prematurely. In
previouswork [4], we studiedthis problemin detailandproposed
a type-basedapproachto guaranteeingwell-foundedrecursion.

In thispaper, wefocusonasecond,orthogonalproblemwith re-
cursive modulesthatweandotherresearchershave struggledwith.
Thisproblemis of particularimportanceandshouldbeof interestto
ageneralaudiencebecauseit concernstheinteractionof two funda-
mentalconceptsin programming,recursion anddata abstraction,
andit is possibleto understandandexplore theproblemindepen-
dentlyof modules.(In fact, that is preciselywhatwe aregoing to
do later in thepaper.) To begin, however, we will usesomeinfor-
mal examplesin termsof ML modulesasa way of illustratingthe
problem.

1.1 Mutually Recursive Abstract Data Types

Supposewe want to write two mutually recursive ML modulesA
andB, asshown in Figure1. Module A (resp.B) de�nes a type t
(resp.u) anda function f (resp.g) amongothercomponents.It is
sealedwith a signatureSIGA(X) (resp.SIGB(X) ) that hidesthe
de�nition of its typecomponent.1 Notethatthetypeof thefunction

1 We make useof parameterizedsignatureshereas a matterof syntactic
convenience,althoughML doesnotcurrentlysupportthem.
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signature SIGA(X) = sig
type t
val f : t -> X.B.u * t
...

end
signature SIGB(X) = sig

type u
val g : X.A.t -> u * X.A.t
...

end
signature SIG(X) = sig

structure A : SIGA(X)
structure B : SIGB(X)

end

structure rec X :> SIG(X) = struct
structure A :> SIGA(X) = struct

type t = int
fun f (x:t) : X.B.u * t =

let val (y,z) = X.B.g(x+3) (* Error 1 *)
in (y,z+5 ) end (* Error 2 *)

...
end
structure B :> SIGB(X) = struct

type u = bool
fun g (x:X.A.t) : u * X.A.t = ...X.A.f(...)...
...

end
end

Figure1. Mutually Recursive AbstractDataTypes

componentin eachmodulerefersto theabstracttypeprovidedby
theothermodule.

The codehereis clearly contrived—e.g., A.t andB.u areim-
plementedasint andbool —but it servesto conciselydemonstrate
thekind of typeerrorsthatcanarisevery easilydueto theinterac-
tion of recursionandabstracttypes.The �rst type error comesin
the�rst line of thebodyof A.f . Thefunctiontakesasinputa vari-
ablex of typet (whichis de�ned to beint ), andmakesarecursive
call to thefunctionX.B.g , passingit x+3. Theerrorarisesbecause
the type of X.B.g is X.A.t -> X.B.u * X.A.t , and X.A.t is
not equivalent to int . To seethis, observe that the variableX is
boundwith thesignatureSIG(X), whoseA.t componentis speci-
�ed opaquely.2 Thesecondtypeerror, appearingin thenext line of
thesamefunction,is similar. Thevaluez returnedfrom thecall to
X.B.g hastype X.A.t , but the function attemptsto usez asif it
wereaninteger.

Both of thesetype errorsareof coursesymptomsof the same
problem:Alice, theprogrammerof moduleA, “knows” thatX.A.t
is implementedinternallyasint , becausesheis writing theimple-
mentation!Yet this fact is not observablefrom thesignatureof X.
Theonly simpleway thathasbeenproposedto addressthis prob-
lem is to reveal the identity of A.t in the signatureSIGA(X) as
transparentlyequalto int . This is not really a satisfactorysolu-
tion, though,sinceit exposestheidentityof A.t to theimplementor
of moduleB andessentiallysuggeststhatwe give up on trying to
imposeany dataabstractionwithin therecursivemodulede�nition.

A morecomplex suggestionwould be thatwe changetheway
that recursive modulesare typechecked. Intuitively, whenwe are

2 Incidentally, you may wonderhow it canbe legal for the signatureX is
boundwith to refer to X. This is achieved throughthe useof recursively
dependentsignatures, whichwereproposedby Crary, HarperandPuri[3] in
theory, andimplementedby Russo[19] andLeroy [13] in practice.Subject
to certainrestrictions,they arenot semanticallyproblematic,but they are
beyondthescopeof thispaper.

signature ORDERED= sig
type t
val compare : t * t -> order

end
signature HEAP= sig

type item; type heap;
val insert : item * heap -> heap
...

end
functor MkHeap: (X : ORDERED)

-> HEAPwhere type item = X.t

structure rec Boot : ORDERED= struct
datatype t = ...Heap.heap...
fun compare (x,y) = ...

end
and Heap : (HEAPwhere type item = Boot.t) = MkHeap(Boot)

Figure2. BootstrappedHeapExample

typecheckingthebodyof moduleA, we oughtto know thatX.A.t
is int , but weoughtnotknow anythingaboutX.B.u . Whenweare
typecheckingthebodyof moduleB, weoughttoknow thatX.B.u is
bool , but we oughtnot know anything aboutX.A.t . Additionally,
whentypecheckingB, we oughtto beableto observe thata direct
hierarchicalreferenceto A.t is interchangeablewith a recursive
referenceto X.A.t .

In the caseof the modulefrom Figure1, sucha typechecking
algorithmseemsfairly straightforward,but it becomesmuchmore
complicatedif the recursive modulebody contains,for instance,
nestedusesof opaquesealing.It is certainly possibleto de�ne
an algorithm that works in the generalcase—theauthor's Ph.D.
thesisformalizessuchanalgorithm[5]—but it is notaprettysight.
Furthermore,we would really like to be able to explain what is
goingonusinga typesystem, not just analgorithm.

1.2 RecursionInvolving Generative Functor Application

Figure 2 exhibits anothercommonly desiredform of recursive
module,one that is in someways even more problematicthan
the one from Figure 1. In this particularexample,the goal is to
de�ne a recursive data type Boot.t of so-called“bootstrapped
heaps,” a datastructureproposedby Okasaki[17]. The important
featureof bootstrappedheaps(for our purposes)is that they are
de�ned recursively in termsof heapsof themselves,where“heaps
of themselves” arecreatedby applyingthelibrary functorMkHeap
to theBoot module.

Theproblemwith thisde�nition, at leastin thecaseof Standard
ML semantics[14], is that functorsin SML behave generatively,
soeachapplicationof MkHeapproducesa freshabstractheap type
at run time. The way this is typically modeledin type theory is
by treatingthereturnsignatureof MkHeapassynonymouswith an
existentialtype.Consequently, while Boot.t mustbede�ned be-
fore MkHeap(Boot) can be evaluated,the type Heap.heap will
not even exist until MkHeap(Boot) hasbeenevaluatedand “un-
packed.” It doesnot make sensein the ML type systemto de�ne
Boot.t in termsof a type(Heap.heap) thatdoesnot exist yet.

Theusualsolutionto this problemis to assumethatMkHeapis
not generative, but ratherapplicative[12]. Underapplicative func-
tor semantics,MkHeap(Boot) is guaranteedto producethe same
heap type every time it is evaluated,and thus the de�nition of
Boot.t is allowedto referto thetypeMkHeap(Boot).heap stati-
cally, withouthaving to evaluateMkHeap(Boot)�rst. Thissolution
is certainlysensibleif oneis designinga recursive moduleexten-
sion to O'Caml [11], for O'Caml only supportsapplicative func-
tors. Thereare good reasons,however, for supportinggenerative
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functors.Their interpretationin typetheoryis simplerthanthatof
applicative functors,andthey provide strongerabstractionguaran-
teesthat are desirablein many cases.3 It seemsunfortunatethat
MkHeapis required to beapplicative.

1.3 Overview

Our expositionthusfar begs thequestion:Is recursionfundamen-
tally atoddswith typegenerativity? In thispaper, wewill arguethat
the answeris no. We proposea novel accountof type abstraction
thatresolvestheproblemsencounteredin theaboverecursivemod-
uleexamplesandprovidesanelegantfoundationfor understanding
how recursioncancoexist peacefullywith generativity.

Thebasicideais to separatetheactof generatinga namefor an
abstracttypefrom theactof de�ning its underlyingrepresentation.
To de�ne severalabstracttypesrecursively, onemay�rst “forward-
declare”themby generatingtheir names,andthende�ne eachone
secretlywithin its own de�ning expression.Intuitively, this can
be viewed as a kind of backpatchingsemanticsfor recursionat
the level of types! The upshotis that thereis a uniquenamefor
eachabstracttype, which is visible to everyone(within a certain
scope),but the identity of eachabstracttype is only known inside
thetermthatde�nes it. This is exactly whatwasdesiredin bothof
therecursive moduleexamplesdiscussedabove.

While our new approachto type generativity is operationally
quitedifferentfrom existing approaches,it is fundamentallycom-
patiblewith thetraditionalinterpretationof ADT' sin termsof exis-
tentialtypes.Thecatchis that,while existentialtypesaretypically
understoodvia thecontinuation-passingChurchencodingin terms
of universals4, weoffer analternative destination-passinginterpre-
tation.Brie�y , insteadof viewing a valueof existentialtype9�: A
assomethingthat createsa new abstracttype every time it is un-
packed,we view it asa function that takesasinput a pre-existing
unde�nedtypename� andde�nes it, returninga valueof typeA
(with � substitutedfor � ). How the function hasde�ned � , how-
ever, we do not know. By leaving thecreationof theabstracttype
name� up to the client of the existential,our approachmakes it
signi�cantly easierto link abstractdatatypestogetherrecursively.

Therestof thepaperis structuredasfollows. In Section2, we
discussthedetailsof ourapproachinformally, andgiveexamplesto
illustratehow it works.In Section3,wede�ne atypesystemfor re-
cursivetypegenerativity asaconservativeextensionof SystemF ! .
In orderto ensurethatabstracttypesdo not getde�ned morethan
once,we treat type de�nitions asa kind of effect andtrack them
in themannerof aneffect system[9, 22]. Theintentionis thatthis
typesystemmayeventuallyserve asthebasisof a recursive mod-
ule language.In Section4, we exploretheexpressive power of our
destination-passinginterpretationof ADT' s. Finally, in Section5,
we discussrelatedwork, andin Section6, we conclude.

2. The High-Level Picture
We will now try to painta high-level pictureof how our approach
to recursive typegenerativity works.Theeasiestwayto understand
is by example,so in Section2.1, we use the recursive module
examplesfrom Section1 asawayof introducingthekey constructs
of our language.In particular, we show how thoseexampleswould
beencodedin our languageandwhy, underthisnew encoding,they
typecheck.Then,in Section2.2, we alsoshow how our approach
makes it possibleto support separate compilation of recursive
abstractdatatypes.Lastly, in Section2.3,we discusssomeof the
subtler issuesthat we encounterin attemptingto prevent “bad”
cyclesin typede�nitions.

3 For moredetails,seethediscussionin Dreyer, CraryandHarper[6].
4 SeeSection2.2for details.

SIGA = �� : T : �� : T : f f: � ! � � � ,... g
SIGB = �� : T : �� : T : f g: � ! � � � ,... g
SIG = �� : T : �� : T : f A:SIGA(� )( � ), B:SIGB(� )( � )g

new � " T ; � " T in

letrec X : SIG(� )( � ) =

f A = (let () = � : = int in
f f = ... g)

: SIGA(� )( � ) defines � ,

B = (let () = � : = bool in
f g = ... g)

: SIGB(� )( � ) defines � g
in ...

Figure3. New Encodingof Examplefrom Figure1

2.1 Reworking the Examples

Figure3 shows our new encodingof the recursive moduleexam-
ple from Figure 1. The �rst thing to notice hereis that we have
dispensedwith modules.SIGA, SIGB andSIGarerepresentedhere
via thewell-known encodingof ML signaturesastypeoperatorsin
SystemF! . The ideais simply to view the typesof a signature's
valuecomponentsasbeingparameterizedover thesignature's ab-
stracttypecomponents.Correspondingly, theML featureof using
where type to addtype de�nitions to signaturesis encodablein
F! by type-level functionapplication.5 (We employ this encoding
heremerelyso that we canstudythe interactionof recursionand
dataabstractionat thefoundationallevel of F ! , with which we as-
sumethe readeris familiar. In the future, we intend to scalethe
ideasof this paperto a moreeasilyprogrammablelanguageof re-
cursive modules.)

Startingon the fourth line, however, we seesomethingthat is
not standard.(The underlinedportionsof the code indicatenew
featuresthatarenot partof F! .) What the“new” declarationdoes
is createtwo new typevariables� and� of kind T , thekind of base
types.Throughoutthisexample,youcanthink of � asstandingfor
A.t , and� asstandingfor B.u, in theoriginalexampleof Figure1.

Whatdoesit meanto “createa new typevariable”?Intuitively,
you canthink of it muchlike creatinga referencecell in memory.
Imaginethat during the executionof the programyou maintaina
type store, mappinglocations(representedby type variables)to
types.Eventually, eachlocationwill get �lled in with a type,but
whena typememorycell is �rst created(by the“new” construct),
its contentsare uninitialized.6 Formally speaking,what the new
declarationdoesis to insert � and� into the type context with a
specialbinding of the form � " T , which indicatesthat they have
notyetbeende�ned.Wereferto suchtypevariablesaswritable.

Next, we make useof a letrec constructto de�ne A andB.
For simplicity, the letrec constructemploys anunrestricted(i.e.,
potentially ill-founded) backpatchingsemanticsfor recursion.7

Speci�cally, we allocatean uninitialized ref cell X in memory,
whosetype is rec (SIG(� )( � )) . In orderto useX within thebody
of the recursive de�nition—i.e., in order to get a value of type
SIG(� )( � ) without the “rec ”—one must �rst dereferencethe

5 SeeJones[10] for moreexamplesof thisencoding.Also, this is essentially
how theDe®nitionof SML interpretssignatures[14].
6 In fact, this is exactly how we aregoing to modelªtypecreationºin the
dynamicsemanticsof our languagein Section3.4.
7 In principle,we believe it shouldbestraightforward to incorporatestatic
detectionof ill-foundedrecursion[4] into thepresentcalculus,but wehave
notyet attemptedit.
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ORDERED= �� : T : f compare:� � � ! order g
HEAP = �� : T : �� : T : f insert: � � � ! � ,... g

HEAPGEN= �� : T : 8� " T : unit
� #

� ! HEAP(� )( � )

MkHeap : 8� #T : ORDERED(� ) ! HEAPGEN(� )

new � " T ; � " T in

letrec X : f Boot:ORDERED(� ), Heap:HEAP(� )( � )g =
let Boot = (let () = � : � (: : : � : : :)

in f compare = ... g) in

let Heap = MkHeap[� ](Boot)[� ]() in
f Boot=Boot, Heap=Heapg

in ...

Figure4. New Encodingof Examplefrom Figure2

memorylocationby writing fetch (X). This fetch operationmust
checkwhetherX's contentshave beeninitialized and,if not, raise
a run-timeerror. Finally, whenthebodyof the letrec is �nished
evaluating,theresultingvalue(of typeSIG(� )( � )) is backpatched
into thelocationX. (Therearegoodreasonsto requirethederefer-
encingof Xto beexplicit, aswe will seein Figure5.)

Now for thede�nition of “module” A: The�rst thingwedohere
is to backpatchthe type name� with the de�nition int . The use
of “ : = ” notationis appropriatebecauseat run time we canthink
of this operationas modifying the contentsof the � location in
the type store.At compile time, it resultsin a changeto the type
context sothatthetypecheckingof theremainderof Ais donewith
the knowledgethat � is equalto int . As a result,the type errors
from Figure1 disappear!

Oncewe have �nished typecheckingA, however, we want to
hide the knowledgethat � is int from the rest of the program.
Weachieve this in thenext line by “sealing” thede�nition of A. Al-
thoughit is abit hardto tell from Figure3, thesealingconstructhas
theform “e : � defines � ”, wherein this case� is SIGA(� )( � ).
Thesealingconstructdoestwo thingssimultaneously:it exportse
at thetype� , andit removesthede�nition of � from thetypecon-
text in which the restof the programis typechecked.8 While the
hiding of � 's de�nition is obviously important,it is critical to un-
derstandthattheascriptionof thetype� is justasimportant.In the
caseof moduleA, it is thetypeascriptionSIGA(� )( � ) thatensures
thatA.f is exportedat thetype� ! � � � andnot,say, at thetype
int ! � � int .

Finally, thereis thede�nition of B, whichworkssimilarly to the
de�nition of A.

Voil �a! To summarize,by distinguishingthepointatwhich� and
� arecreatedfrom the pointsat which they arede�ned, we have
madeit possiblefor all partiesto refer to thesetypesby thesame
names,but alsofor theunderlyingrepresentationof eachtypeto be
speci�edandmadevisibleonly within its own de�ning expression.

Let usmove on to Figure4, which shows our new encodingof
thebootstrappedheapexample.As in thepreviousexample,wede-
�ne two abstracttypeshere,� and� , but now � standsfor Boot.t ,
and� for Heap.heap. ThesignaturesORDEREDandHEAParein pa-
rameterizedform asexpected,with theformerparameterizedover
the type � of itemsbeingcompared,andthe latter parameterized
over boththeitemtype� andtheheaptype� .

The mostunusual(andimportant)part of this encodingis the
type that we requirefor the MkHeapfunctor. Under the standard

8 Notethatsealingis purelyacompile-timenotionÐatrun time,thede®ni-
tion of � is notactuallyremovedfrom thetypestore.

encodingof generative functorsinto F! , we would expectMkHeap
to have thetype

8� : T : ORDERED(� ) ! 9� : T : HEAP(� )( � )

The type shown in Figure4 differs from our expectationsin two
ways.First, while � is universallyquanti�ed, thequanti�cation is
written � #T . The reasonfor this hasto do with avoiding cycles
in transparenttype de�nitions, and we will defer explanationof
it until Section2.3. For the moment,read� #T as synonymous
with � : T . Second,MkHeap's result type,HEAPGEN(� ), is not an
existential,but someweirdkind of universal!

Indeed,HEAPGEN(� ) = 8� " T : unit
� #

� ! HEAP(� )( � ) is a uni-
versaltype,but a very specialone.Speci�cally, a functionof this
type requiresits type argumentto be a type variable that hasnot
yet beende�ned (hence,the notation 8� " T ). Moreover, when
the function is applied, it will not only return a value of type
HEAP(� )( � ), but alsode�ne � in theprocess.We write � # on the
arrow typeto indicatethattheapplicationof thefunctionengenders
theeffect of de�ning � , but how it de�nes� we cannottell.

The reasonfor de�ning HEAPGEN(� ) in this fashionis that it
allows us to comeup with a name(� ) for the Heap.heap type
aheadof time,before theMkHeapfunctoris applied.In this way, it
is possiblefor thede�nition of � (i.e., Boot.t ) to referto � before
� hasactuallybeende�ned.As weexplainedin Section1.2,this is
somethingthat is not possibleundertheordinaryinterpretationof
HEAPGEN(� ) asanexistentialtype.

The only other point of interestin this encodingis that � is
de�ned by a new kind of assignment(: � ). One can think of
this assignmentasanalogouswith datatype de�nitions in SML,
just as : = is analogouswith transparenttype de�nitions (type
synonyms). The de�nition of � in Boot doesnot changethe fact
that � is an abstracttype, but it introducesfold and unfold
coercionsthat allow oneto coercebackandforth between� and
its underlyingde�nition. This form of typede�nition is necessary
in orderto breakup cyclesin thetype-variabledependency graph.
Wediscussthispoint furtherin Section2.3.

2.2 Destination-PassingStyleand SeparateCompilation

Thestrangenew universaltypethatweusedto de�ne HEAPGEN(� )
in the last example can be viewed as a kind of existential type
in sheep's clothing.Under the usualChurchencodingof existen-
tial types in termsof universals,9� : K : � can be understoodas
shorthandfor 8� : T : (8� : K : � ! � ) ! � . This is quitesimilar to

8� " K : unit
� #

� ! � in thesensethata functionof eithertype has
sometypeconstructor� of kind K andsomevalueof type� hidden
insideit, but thefunction's typewon't tell you what � is. Thedif-
ferenceis that the Churchencodingis a function in continuation-
passingstyle (CPS),whereasour new encodingis a function in
destination-passingstyle(DPS)[24]. In Section4.2,we will make
theDPSencodingof existentialsprecise.

So, one may wonder, if our DPS universal type is really an
existential in disguise,why don't we just write, say, 9� " K : A

insteadof 8� " K : unit
� #

� ! � ? Why botherwith the unit ? The
answeris that in somecaseswe want to write a function of type

8� " K : � 1
� #

� ! � 2 where � 2 FV (� 1)—that is, a function that
takesasinput a writabletypename� , togetherwith a valuewhose
typedependson � . In typical programmingthis doesnot comeup
often,but with recursive modulesit arisesnaturally, especiallyin
thecontext of separatecompilation.

Figure5 illustratessucha situation.The goal hereis to allow
the recursive “modules” A and B from Figure 3 to be compiled
separately. We have put the implementationsof A andB insideof
two separate“functors” Separate A andSeparate B, represented
aspolymorphicfunctions.Separate A takes� (i.e., B.u) asits �rst

ICFP'05 4 2005/7/11



Separate A : 8� : T : 8� " T : rec (SIG(� )( � ))
� #

� ! SIGA(� )( � )
= � � : T : � � " T : � X: rec (SIG(� )( � )) : ...

Separate B : 8� : T : 8� " T : rec (SIG(� )( � ))
� #

� ! SIGB(� )( � )
= � � : T : � � " T : � X: rec (SIG(� )( � )) : ...

new � " T ; � " T in
letrec X : SIG(� )( � ) =

f A = Separate A[� ][� ](X), B = Separate B[� ][� ](X)g
in ...

Figure5. SeparateCompilationof AandBfrom Figure3

argument,� (i.e., A.t ) as its secondargument,and the recursive
modulevariableX asits third argument.The type of Separate A
employsaDPSuniversaltypeto bind� becauseSeparate Awants
to take a writable A.t and de�ne it. Note, however, that � is
boundnormallyas� : T . (Separate B of coursedoestheopposite,
becauseit wantsto de�ne � , not � .) The importantpoint hereis
thatthetypeof theargumentXrefersto both� and� andtherefore
cannotbemovedoutsideof theDPSuniversal.9 If all wehadwasa
DPSuniversalof theform 8� " K : unit

� #
� ! � , we would have no

wayof typing Separate A andSeparate B.
If it is so importantto be able to write a function that takesa

valueargumentafter an � " K argument,it is naturalto askwhy
we do not just offer two separatetype constructs,8� " K : � and

� 1
� #

� ! � 2 , of which 8� " K : � 1
� #

� ! � 2 would bethecomposition.
The former constructwould requireits argumentto be a writable
variable,andthelatterwouldbeastandardsortof effectful function
type,in thiscasetheeffect beingthede�nition of someexternally-
boundtypevariable� .

Thereasonwe do not divide up theDPSuniversaltype in this
wayis thatsuchadivisionwouldresultin seriouscomplicationsfor

our type system.The main complicationis that,while � 1
� #

� ! � 2

looks like a standardsort of effect type, the effect in questionis
highly unusual.In particular, if f werea function of that type, it
could only be applied oncebecause,for soundnesspurposes,we
requirethat a type variable� canonly be de�ned once.Another

way of sayingthis is that the type � 1
� #

� ! � 2 only makes sense
while � is writable.

Meta-theoreticallyspeaking,thisbecomesproblematicfrom the
point of view of de�ning typesubstitution.If at somepoint in the
program� getsde�nedas� , and� 'sbindingin thecontext changes
correspondinglyfrom � " T to � : T = � , thenwe shouldbe able
to substitute� for free occurrencesof � . But substituting� for �

in � 1
� #

� ! � 2 doesnotmake sense.In contrast,our typesystemhas
thepropertythatwell-formedtypesstaywell-formed,regardlessof
whethertheir free type variablesgo from beingwritable to being
de�ned.

2.3 Avoiding Cyclesin Transparent Type De�nitions

We have now presentedall thekey constructsin our languageand
shown how they can be usedto supportrecursive de�nitions of
generativeabstractdatatypes.In orderto makethisapproachwork,
therearetwo pointsof complexity thatour typesystemhasto deal
with. One involves making sure that writable type variablesget
de�ned onceand only once.This is a kind of linearity property

9 Also importantto the successof this encodingis the fact thatX mustbe
explicitly dereferenced.Otherwise,thereferencesto Xin thelinking module
would resultin a run-timeerror. SeeDreyer [4] for morediscussionof this
issue.

andit is not fundamentallydif�cult to trackusinga type-and-effect
system,asweexplain in Section3.

The other point concernsour desireto avoid cycles in trans-
parenttype de�nitions. While our languageis designedto permit
recursive de�nitions of abstracttypes,we require that every cy-
cle in the type dependency graphmust go througha “datatype,”
i.e., one that was de�ned by � :� A.10 We make this restriction
becausewe want to keepthe de�nition of type equivalencesim-
ple. If we wereableto de�ne � := � � � and� := � � � , thenwe
would needto supportsomeform of equi-recursivetypes[1, 3]. In
fact,sinceweallow de�nitions of typeconstructorsof higherkind,
we would needto supportequi-recursive typeconstructors, whose
equationaltheoryis not fully understood.

The mechanismwe employ to guaranteethat no transparent
type cycles ariseis slightly involved, but the reasoningbehindit
is straightforwardto understand.Let usstepthroughit. First of all,
if � is de�ned by � :� A, thenclearlynorestrictionsarenecessary.
If, however, � is de�ned transparentlyby � := A, then we must
requireat thevery leastthatA doesnot dependon � . By “depend
on,” we meanthat if all known typesynonymswereexpandedout,
then� would notappearin thefreevariablesof theexpandedA.

Unfortunately, in the presenceof dataabstraction,this restric-
tion aloneis notsuf�cient. Suppose,for instance,thatin ourexam-
plefrom Figure3 thetypevariable� werede�nedby A and� by B
(insteadof by int andbool ). Thede�nition of � andthede�nition
of � eachoccurin contexts wheretheothervariableis considered
abstract.Consequently, therestrictionthatA not dependon � and
B not dependon � would not preventA from dependingon � and
B from dependingon� . How canour typesystemensurethateach
de�nition doesnot contribute to a transparentcycle without peek-
ing at whattheotheroneis (andhenceviolating abstraction)?

A simple,albeitconservative,solutionto this dilemmais to de-
mandthat,if � is de�nedby � := A, thenA maynotdependonany
abstracttypevariablesexceptthosethatareknown to bedatatypes.
We will saythata typeA obeying this restrictionis stable. While
this approachdoesthe trick, it is ratherlimiting. For example,in
ML, it is commonto de�ne a type transparentlyin termsof an
abstracttype importedfrom anothermodule(which may or may
not beknown to bea datatype).Thestability restriction,however,
would prohibit sucha typede�nition insidea recursive module.

Therefore,to make our typesystemlessdraconian,we employ
a modi�ed form of the above conservative solution,in which the
restrictionon transparentde�nitions is relaxed in two ways.First,
in order to permit transparentde�nitions to dependon abstract
typesthat arenot datatypes,we expandthe notion of stability by
allowing typevariablesto beconsideredstableif they areboundin
the context assuch.A stabletype variable,boundas� #K , may
only be instantiatedwith other stabletypes.We also introducea
new form of universaltype,8� #K : � , describingfunctionswhose
typeargumentsmustbestable.

We have alreadyseenan instancewherea stableuniversal is
needed,namelyin the type of the MkHeapfunctor from Figure4.
The reasonfor quantifying the item type � as a stablevariable
is that it enablesthe MkHeapfunctor to de�ne the heaptype �
transparentlyin termsof � (e.g., � := � list ). If � were only
boundas� : T , then� would have to be de�ned asa datatypein
orderto ensurestability. SinceMkHeaprequiresits item argument
to be stable,it is imperative that the actualtype � to which it is
appliedbestable.In thecaseof theBoot module,� is de�ned asa
datatype,soall is well.

The secondway in which we relax the restrictionon transpar-
ent typede�nitions is that,while we requirethemto bestable,we

10We useA andB hereto denotetype constructorsof arbitrarykind, as
opposedto � , which representstypesof kind T .
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TypeVariables �; �
Kinds K ; L ::= T j 1 j K 1 � K 2 j K 1 ! K 2

Constructors A; B ::= � j b j hi j hA 1 ; A2 i j � i A j
�� : K : A j A 1(A 2)

BaseTypes b ::= unit j A 1 � A2 j A1 ! A2 j
rec (A) j 8� : K : A j 8� #K : A j

8� " K : A 1
� #

� ! A2

Eliminations E ::= � j � i E j E(A)
TypeContexts � ::= ; j � ; � : K j � ; � " K j � ; � #K j

� ; � : K = A j � ; � : K � A
TypeEffects ' ::= ; j '; � := A j '; � :� A j '; � #

Figure6. Syntaxof Types

do not needthemto be immediatelystable.For example,saywe
have two writable typevariables� and� . It is clearlyok to de�ne
� := int , followedby � := � , butwhataboutprocessingthede�ni-
tionsin thereverseorder?If � := � comes�rst, then� 'sde�nition
is momentarilyunstable.Ultimately, though,thede�nitions arestill
perfectlyacyclic because� 's de�nition is eventuallystable.More-
over, therearesituationswhereit is usefulto have the�e xibility of
de�ning � and� in eitherorder(in particular, seeSection4.1).

To afford this �e xibility , whentypechecking� := A, we allow
A to dependonsomesetof writablevariablesf � i g notincluding� ,
so long asthe� i areall backpatchedwith stablede�nitions by the
time � is sealed(i.e., by the time e, in “e: � defines � ,” has�n-
ishedevaluating).While this requirementis not strictly necessary,
it allows usto treatall sealedabstracttypesasstable,which in turn
meansthat subsequentcodemay dependon themfreely, without
any restrictions.

3. The TypeSystem
3.1 Type Structur e

Thesyntaxof ourtypestructureis shown in Figure6.Thebasetype
constructorsbincludeall theusualF! basetypes,plusthenew type
constructsintroducedin the examplesof Section2. The language
of higher type constructorsand kinds is standardF ! , extended
with products.Type eliminationsE are usedin the typing rules
for fold 's andunfold 's (seethe discussionof Rules13 and14
in Section3.2).

Type contexts � include bindingsfor ordinary types(� : K ),
writable types (� " K ), stable types (� #K ), transparenttype
synonyms (� : K = A) and datatypes(� : K � A). We treat type
contexts as unorderedsetsand assumeimplicitly that all bound
variablesare distinct. We write writable(�) to denotethe setof
writable typevariablesboundin � . We write �( � ) to denotethe
kind to which � is boundin � . Typecontextsarepermittedto con-
taincyclesaslongasthosecyclesarebrokenby adatatypebinding.
To beprecise:

De�nition 3.1(Acyclic Type Contexts)
We say that a type context � is acyclic if there is an order-
ing of its domain—� 1 ; � � � ; � n —such that, for all i 2 1::n, if
� i : K i = A i 2 � , thenFV (A i ) � f � 1 ; � � � ; � i � 1g. In this case,
we call � 1 ; � � � ; � n anacyclicorderingof � .

De�nition 3.2(Well-Formed Type Contexts)
Wesaythata typecontext � is well-formed,written ` � ok, if:

1. � is acyclic
2. (� : K = A 2 � _ � : K � A 2 �) ) � ` A : K

ValueVariables x; y
Values v ::= x j () j ( v1 ; v2) j �x : A: e j

� � : K : e j � � #K : e j
� � " K : �x : A: e j
fold A j unfold A j fold A (v)

Terms e;f ::= v j � i v j v1(v2) j v[A] j v1 [� ](v2 ) j
rec A (x: e) j fetch (v) j
let � = A in e j let x = e1 in e2 j
new� " K in e: A j
� := A j � :� A j e: A defines �

ValueContexts � ::= ; j � ; x : A

Figure7. Syntaxof Terms

The type well-formednessjudgment(� ` A : K ) referredto
in part 2 of De�nition 3.2 is de�ned in the obvious way (some
representative rules appearin Appendix A). The only thing that
thetypewell-formednessjudgmentneedsto know from � is what
thekindsof its boundvariablesare.It doesnot carewhethertype
variablesarewritableor transparent,or evenwhether� is acyclic.

Typeequivalenceis slightly morecomplicated,dueto thepres-
enceof type synonyms. To accountfor these,we usethe equiva-
lencejudgment(� ` A 1 � A2 : K ) de�ned by Stonein Sec-
tion 9.1of Pierce's ATTAPL book[20].11 Ournew basetypes,like
theDPSuniversaltype,do not at all complicatetypeequivalence,
which Stoneshows is relatively easyto prove decidable(assum-
ing � is well-formed).Note that the type equivalencejudgment
treatsdatatypebindings(� : K � A) nodifferentfrom ordinaryab-
stracttypebindings(� : K ). SeeAppendixA for somerepresenta-
tive equivalencerules.

In orderto de�ne whatit meansto bea stabletypeconstructor,
we�rst de�ne ausefulauxiliarynotion,whichwecall thebasisof a
typeconstructor. Intuitively, thebasisof a typeconstructorA is the
setof unstableabstracttype variableson which A depends.This
is determinedby inductively crawling through the type context.
Stable types are precisely those types whose basesare empty.
Formally:

De�nition 3.3(Basisof a Type Constructor)
Given a type constructorA and an acyclic context � , where
FV (A) � dom(�) , let basis� (A) be de�ned as

S
f basis� (� ) j

� 2 FV (A) g, wherebasis� (� ) is de�ned inductively asfollows:

basis� (� ) def=

8
<

:

; if � : K � A 2 � or � #K 2 �
f � g if � " K 2 � or � : K 2 �
basis� (A) if � : K = A 2 �

Note:assuming� 1 ; � � � ; � n is anacyclic orderingof � , theabove
de�nition is sensiblebecausebasis� (� i ) is de�ned only in terms
of basis� (� j ) for j < i .

De�nition 3.4(StableType Constructor)
WesaythatatypeconstructorA (with kind K in acyclic context � )
is stable, written � ` A # K , if � ` A : K andbasis� (A) = ; .

The �nal andmostinterestingelementof Figure6 is the de�-
nition of typeeffects' . A type effect is an unorderedsetof type
variablede�nitions (backpatchings).Thedomainof ' is thesetof
typevariablesbeingde�nedin ' (eachentryin ' mustde�ne adis-
tinct variable).A typevariable� caneitherbede�nedtransparently

11N.B. Thelanguagewe arereferringto is not theStone-Harpersingleton
kind language[21]; it is just F ! with � -� equivalence,extendedwith
supportfor typede®nitionsin thecontext.
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Well-formed terms: �; � ` e : A with '

Wewrite �; � ` e : A asshorthandfor �; � ` e : A with ; .

x : A 2 �
�; � ` x : A

(1)
�; � ` () : unit

(2)
�; � ` v1 : A1 �; � ` v2 : A2

�; � ` ( v1 ; v2) : A1 � A2
(3)

�; � ` v : A1 � A2 i 2 f 1; 2g
�; � ` � i v : A i

(4)

� ` A : T �; � ; x : A ` e : B
�; � ` �x : A: e : A ! B

(5)
�; � ` v1 : A ! B �; � ` v2 : A

�; � ` v1(v2) : B
(6)

� ; � : K; � ` e : A
�; � ` � � : K : e : 8� : K : A

(7)
�; � ` v : 8� : K : B � ` A : K

�; � ` v[A] : f � 7! AgB
(8)

� ; � #K; � ` e : A
�; � ` � � #K : e : 8� # K : A

(9)
�; � ` v : 8� #K : B � ` A # K

�; � ` v[A] : f � 7! AgB
(10)

� ; � : K ` A : T � ; � " K; � ; x : A ` e : B with � #

�; � ` � � " K : �x : A: e : 8� " K : A
� #

� ! B
(11)

�; � ` v1 : 8� " K : A
� #

� ! B �; � ` v2 : f � 7! � gA � " K 2 �

�; � ` v1 [� ](v2) : f � 7! � gB with � #
(12)

� ` A � Ef � g : T � : K � B 2 �

�; � ` fold A : Ef Bg ! A
(13)

� ` A � Ef � g : T � : K � B 2 �

�; � ` unfold A : A ! Ef Bg
(14)

� ` A : T �; � ; x : rec (A) ` e : A with '

�; � ` rec A (x: e) : A with '
(15)

�; � ` v : rec (A)

�; � ` fetch (v) : A
(16)

� ` A : K � ; � : K = A; � ` e : B with '
�; � ` let � = A in e : f � 7! AgB with f � 7! Ag'

(17)
�; � ` e1 : A1 with ' 1 � @' 1 ; � ; x : A1 ` e2 : A2 with ' 2

�; � ` let x = e1 in e2 : A2 with ' 1 ; ' 2
(18)

� ; � " K; � ` e : A with '; � # � 62FV (A) [ FV (' )

�; � ` (new� " K in e: A) : A with '
(19)

� " K 2 � � ` A : K basis� (A) � writable(�) n f � g

�; � ` � := A : unit with � := A
(20)

� " K 2 � � ` A : K
�; � ` � :� A : unit with � :� A

(21)

� " K 2 � �; � ` e : A with ' � @' ` � # K
�; � ` (e: A defines � ) : A with (' sealing� )

(22)
�; � ` e : B with ' � @' ` A � B : T

�; � ` e : A with '
(23)

Figure8. StaticSemantics

(� := A), by adatatypede�nition (� :� A), or abstractly(� #). The
lastkind of de�nition only arisesastheresultof thesealingopera-
tion (e: A defines � ), asdiscussedin thenext section.

In our type system,it is useful to have a shorthand� @'
for “applying” the type effect ' to � . The applicationresultsin
a type context that re�ects the de�nitions in ' . Assumingthat
dom(' ) � writable(�) , we de�ne � @' asfollows:

� @' def= (� n f � " K j � " K 2 � ^ � 2 dom(' )g)
[f � : K = A j � " K 2 � ^ � := A 2 ' g
[f � : K � A j � " K 2 � ^ � :� A 2 ' g
[f � #K j � " K 2 � ^ � # 2 ' g

Note that variablesthat have been de�ned abstractly(� #) are
classi�ed asstablein the new context. This is soundbecause� #
arisesfrom usesof sealing,andsealedtypesarealwaysstable(see
theendof Section2.3).

De�nition 3.5(Well-Formed Type Effects)
We say that a type effect ' is well-formed in type context � ,
written � ` ' ok, if:

1. dom(' ) � writable(�)

2. ` � @' ok
3. 8� := A 2 ': basis� (A) � writable(�)

The �rst two conditionsare straightforward. The third condition
checksthat for all transparentde�nitions � := A in ' , the right-
handsideA doesnot dependon any variables� boundas � : K .
The reasonfor this is simple: if A dependson an unstable,non-
writable � , thereis nowaythatA caneventuallybecomestablevia
thebackpatchingof � . Thus,sinceA is irrevocablyunstable,there
is no point in allowing thede�nition � := A.

3.2 Term Structur e

The syntaxof our term structureis shown in Figure7. After the
expositionof Section2, the new term constructsin our language
shouldall look familiar. A few minor exceptions:let � = A in e
enableslocal transparenttype de�nitions insideexpressions.One
can think of this as shorthandfor f � 7! Age, that is, e with A
substitutedfor free occurrencesof � . Also, insteadof a letrec ,
we employ a self-containedrec A (x: e) expression.Onecanthink
of thisasshorthandfor letrec x : A = e in x.

For simplicity, we requirethatall sequencingof operationsbe
doneexplicitly with theuseof alet expression(let x = e1 in e2).
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It is straightforward to codeup standardleft-to-right (or right-to-
left) call-by-valuesemanticsfor functionapplication,etc.,usinga
let .

Wesaythatavaluecontext � is well-formedundertypecontext
� , written � ` � ok, if ` � ok and8x : A 2 � : � ` A : T .

Figure8 de�nesthetypingrulesfor terms.Ourtypingjudgment
(�; � ` e : A with ' ) is read:“Under typecontext � andvalue
context � , theterme hastypeA andtypeeffects' .” We leave off
the“with ' ” if ' = ; .

Rules 1 through 8 are completelystandard.Note that func-
tion bodiesare not permittedto have type effects, i.e., to de�ne
externally-boundtype variables.If they were,we would needto

supporteffect types like A 1
� #

� ! A2 , which we arguedin Sec-
tion 2.2 is aproblematicfeature.

Rules9 and10 for stableuniversalsarecompletelyanalogous
to thenormaluniversalrules(7 and8).

Rules11and12for DPSuniversalsarestraightforwardaswell.
Thebodyof aDPSuniversalis requiredto de�ne its typeargument,
but that is the only type effect it is allowed to have sincethat is
the only effect written on its arrow. What if we want to write a
function that takes multiple writable type argumentsand de�nes
all of them?It turnsout that sucha function is alreadyencodable
within thelanguageby packagingall thewritabletypestogetheras
a singlewritable typeconstructorof productkind. SeeSection4.1
for details.

Rules13 and14 for fold A andunfold A requirethat the type
A thatis beingfoldedinto or outof is sometypepathEf � g rooted
at a datatypevariable� , whoseunderlyingde�nition is B. These
coercionswitnesstheisomorphismbetweenEf � g andEf Bg.12

Rules15 and 16 for rec and fetch are completelystraight-
forward. Notice that the body of a rec may have arbitrary type
effects.Also, the canonicalforms of type rec (A) are variables.
In thedynamicsemantics(Section3.4),we usevariablesto model
backpatchablememorylocations.

Rule 17 processesthe let binding of � = A by adding that
type de�nition to thecontext whentypecheckingthe let body. It
substitutesA for � , however, in theresulttypeandtypeeffect.Note
thatthereis noneedto restrictA to bestablebecause� 'sde�nition
asA is never hidden.

Rule18 for let x = e1 in e2 is slightly interestingin that the
typeeffect ' 1 engenderedby e1 mustbeappliedto thetypecontext
� beforetypecheckinge2 .

Rule 19 for new� " K in e: A, asa matterof simplicity, re-
quirese to de�ne andsealthenew writablevariable� . However,
� may not escapeits scopeby appearingin the free variablesof
the resulttypeA or in any othertypeeffects' thate might have.
Weaskfor newto beannotatedwith its resulttypesothatthetype-
checkingalgorithmdoesnot have to guessone(via normalization)
thatdoesnot referto � .

Rule 20 for transparenttype de�nitions, � := A, implements
whatwe describedat theendof Section2.3.In particular, thethird
premise,basis� (A) � writable(�) n f � g, allows A to dependon
any writabletypevariablesbesides� . Theruledoesnot checkthat
A is immediatelystable.Stability will be checked later on, at the
pointwhen� is sealed(Rule22).

Rule21 for datatypede�nitions simply checksthatthevariable
beingde�ned is in fact writable.Thereis nothingelseinteresting
to checkbecausedatatypede�nitions cannotintroduceany cycles.

Rule22 concernsthesealingconstruct(e: A defines � ). The
�rst premiseensuresthat � is a writable variable (otherwise,e

12For simplicity, we have madefold A andunfold A into new canonical
formsof theordinaryarrow type.In practice,onemaywishto classifythese
valuesusinga separatecoercion type, soasto indicateto thecompilerthat
they behave like theidentity functionat run time [23].

shouldcertainlynot beallowedto de�ne it!). Thesecondpremise
checksthat e hasthe export type A along with someeffects ' .
Thethird premisethenchecksthat,once' hasbeenappliedto the
typecontext � , � is stable.It is now safeto sealthede�nition of
� . To denotethesealingof � 's de�nition in the type effect of the
conclusion,we write “ ' sealing� ,” de�ned asfollows:

De�nition 3.6(Sealinga Type Variable in a Type Effect)
Suppose' is atypeeffectwhosedomainincludesthetypevariable
� . Let ' = ' 1 ; ' 2 , wheredom(' 2) = f � g (so � 62dom(' 1)).
Then,wewill write “ ' sealing� ” asshorthandfor ' 1 ; � #.

Finally, Rule23 allows for typeconversion.Therule is slightly
interestingin that type conversion is donein the context � @'
insteadof � . This is becausethetypeof e describesthevaluethat
e evaluatesto. That valueexists in the “post-' ” world of � @' ,
wheremore type de�nitions may be available, so it is useful to
allow typeconversionto occurthere.

3.3 SomeInter estingPropertiesof the Static Semantics

Herewediscusssomeusefulpropertiesof our typesystem.For any
typejudgmentJ , wewill usethenotation“ � 
 J ” to signify that
` � ok and� ` J . For any term judgmentJ , we will usethe
notation“ �; � 
 J ” to signify that� ` � ok and�; � ` J .

First,wehaveavalidity property, statingthatwell-formedterms
have well-formedtypesandwell-formedtypeeffects.

Proposition3.7(Validity)
If �; � 
 e : A with ' , then� ` A : T and� ` ' ok.

Next, wehave somesubstitutionproperties.Let a typesubstitu-
tion � bea total mappingfrom typevariablesto typeconstructors
that behaves like the identity on all but a �nite set of variables,
calledits domain,writtendom(� ). Let id standfor theidentitysub-
stitution.Wewill write � A (resp.� e, � ' , or � � ) to signify theresult
of performingthesubstitution� on thefreevariablesof A (resp.e,
' , or � ) in the usualcapture-avoiding manner. Note that the free
typevariablesof ' includedom(' ).

We mustactuallyde�ne thenotionof well-formedsubstitution
quitecarefullyin orderto make thetheoremsgo through:

De�nition 3.8(Well-Formed Type Substitutions)
Wesaythatatypesubstitution� maps� to � 0, written� 0 ` � : � ,
if:

1. dom(� ) � dom(�)
2. ` � ok and ` � 0 ok
3. 8� " K 2 � : 9� 0" K 2 � 0: � 0 = � �
4. 8� 1 " K 1 2 � : 8� 2 " K 2 2 � : (� 1 6= � 2) ) (� � 1 6= � � 2)
5. 8� : K = A 2 � :

(� 0 ` � � � � A : K) ^ (basis� 0(� � ) � basis� 0(� A))
6. 8� : K � A 2 � : 9� 0 : K � A 0 2 � 0:

(� 0 = � � ) ^ (� 0 ` A0 � � A : K)
7. 8� #K 2 � : � 0 ` � � # K
8. 8� : K 2 � : � 0 ` � � : K

Conditions1, 2 and8 arecompletelystraightforward.Conditions3
and6 requirethat � mapswritable anddatatypevariablesto type
variablesof thesameclasses.Condition7 guaranteesthat � maps
stable type variablesto stabletypes (not necessarilyvariables).
Condition 4 ensuresthat � doesnot alias two writable variables
thatweredistinct in theoriginal � . This is critical, sincewritable
variablesmayonly bebackpatchedonce.

Condition 5 checksthat � mapstransparenttype variablesto
types that match their de�nitions. The secondconjunct of this

ICFP'05 8 2005/7/11



conditionmayseemredundant,but it is not.For example,suppose
� : T = unit 2 � , � " T 2 � 0, and� (� ) = (�� 0 : T : unit )( � ).
While it is certainly true that � (� ) is equivalent to � (unit ), it is
not thecasethatbasis� 0(� (� )) � basis� 0(� (unit )) because� (� )
refersto � (albeitin auselessway).Thissituationcouldpotentially
be avoided by de�ning basis� (A) in a more sophisticatedway
(e.g., by �rst normalizingA, and thencomputingthe setof type
variablesthatits normalform dependson).

In any case,the reasonwe careaboutthe secondconjunctof
Condition5 is in orderto obtainthefollowing monotonicityprop-
erty, which is useful in proving varioustheorems.It saysessen-
tially that, if a type A only dependson somesetof writablevari-
ables,then the basisof A cannotgrow unexpectedlyto include
other variableswhen the type undergoesa well-formed substitu-
tion. One obvious instancewherethis is important is in proving
substitution(Proposition3.12 below) for the construct“ � := A”
(Rule 20). When we apply a substitution� to this construct,we
wantto make surethat� A doesnot suddenlydependon � � .

If S is a setof typevariables,let � S denotef � � j � 2 Sg.

Proposition3.9(Monotonicity)
If � 0 ` � : � andbasis� (A) � writable(�) ,
thenbasis� 0(� A) � � (basis� (A)) .

Wecannow stateseveraltypesubstitutionproperties:

Proposition3.10(Substitution on Types)
Suppose� 0 ` � : � . Then:

1. If � ` A : K , then� 0 ` � A : K .
2. If � ` A # K , then� 0 ` � A # K .
3. If � ` A 1 � A2 : K , then� 0 ` � A1 � � A2 : K .
4. If � ` � ok, then� 0 ` � � ok.

Proposition3.11(Substitution on Type Effects)
If � 0 ` � : � and� ` ' ok,
then� 0 ` � ' ok and� 0@� ' ` � : � @' .

Proposition3.12(Type Substitution on Terms)
If � 0 ` � : � and�; � 
 e : A with ' ,
then� 0; � � ` � e : � A with � ' .

A similar propertyholdsfor valuesubstitutions,but thede�nition
of a well-formed value substitutionis much more obvious. See
AppendixB for detailsandstatementsof otherusefulproperties.

In proving typesoundness,we have foundthefollowing lemma
to beveryhandy. Wecall it the“useit or loseit” lemmabecauseit
statesthis simplestrengtheningproperty:if a terme is well-typed
in acontext whereatypevariable� is boundaswritable,but e does
not usethefactthat� is writable,thene will alsobewell-typedin
acontext where� is notwritable.Likethevalidity andsubstitution
properties,this lemmais provableby straightforwardinductionon
derivations.

Lemma 3.13(UseIt Or LoseIt)
If � ; � " K; � 
 e : A with ' and� ; � : K ` ' ok,
then� ; � : K; � 
 e : A with ' .

Onecorollary of this lemmasaysthat termsthat have no type
effects(mostnotably, values) remainwell-typedevenif typeeffects
are applied to their context. This fact is important in showing
that themutablevaluestoremaintainedby our dynamicsemantics
remainswell-formedthroughoutexecution.

Corollary 3.14(“Pur e” TermsStay Well-TypedUnder Effects)
If �; � 
 e : A and� ` ' ok, then� @' ; � 
 e : A.

Proof:
Let � 0 = (� n f � " K j � " K 2 � g) [ f � : K j � " K 2 � g. By
Lemma3.13,� 0; � 
 e : A. It is easyto seethat� @' ` id : � 0.
Thus,thedesiredresultfollows by Proposition3.12. �

Anothercorollarysaysthatif wehaveanexpressione referring
to two writabletypevariablesof thesamekind, ande only depends
on oneof thembeingwritable, thenwe canmerge theminto one
writabletypevariable.As statedhere,this is exactlywhatwe need
in orderto prove type preservation in the caseof � -reductionfor
DPS universal types (cf. Rule 11 in Figure 8, and Rule 28 in
Figure9).

Corollary 3.15(Merging TogetherTwo Writable Types)
If � ` � ok and� " K 2 �
and� ; � " K; � ; x : A 
 e : B with � #,
then�; � ; x : f � 7! � gA 
 f � 7! � ge : f � 7! � gB with � #.

Proof: Let � = � 0; � " K .
By Lemma3.13,� 0; � : K ; � " K; � ; x : A 
 e : B with � #. It is
easyto seethat� ` f � 7! � g : � 0; � : K ; � " K . Thus,thedesired
resultfollows by Proposition3.12. �

Finally, althoughwe do not provide a typecheckingalgorithm
here,it is completelystraightforwardto write onethat,givenwell-
formedcontexts � and� anda well-formedterme, synthesizesa
uniquetypeeffect ' for e, aswell asa typeA that is uniqueup to
typeconversionunder� @' .

3.4 Dynamic Semanticsand Type Soundness

We de�ne the dynamic semanticsof our languagein Figure 9
usingan abstractmachinesemantics.A machinestate
 is either
of the form BlackHole or (�; ! ; C; e). The former ariseswhen
an attemptis madeto fetch a recursive locationwhosecontents
have not yet beeninitialized. In thenormalstate,� is thecurrent
type context (i.e., the type store), ! is the currentvalue store,C
is thecurrentcontinuation,ande is theexpressioncurrentlybeing
evaluated.

In the languagede�ned here, the only purposeof the value
storeis to supporta backpatchingsemanticsfor recursion.It could
naturally be extendedto supportother things, such as mutable
references.A valuestore! bindsvariablesto eithervalues(v) or
junk (?). Assumingx 2 dom(! ), we write ! (x) to denotethe
contentsof location x in ! . Mirroring the syntaxof type effect
application,we write ! @x := v to signify the store! 0 with the
propertythatdom(! 0) = dom(! ), ! 0(x) = v, and! 0(y) = ! (y)
for all y 2 dom(! ); y 6= x.

We de�ne well-formednessof valuestoresasfollows:

De�nition 3.16(Run-Time ValueContexts)
Wesaythatavaluecontext � is run-timeif it onlycontainsbindings
of theform x : rec (A) .

De�nition 3.17(Well-Formed ValueStores)
We saythat a valuestore! is well-formedin � andhastype � ,
written � ` ! : � , if:

1. � ` � ok and� is run-time
2. dom(! ) = dom(�)
3. 8x : rec (A) 2 dom(�) :

either! (x) = ? or �; � ` ! (x) : A

ContinuationsC are representedas stacks of continuation
framesF . There are only two continuationframes.The �rst is
let x = � in e, whichwaitsfor x'sbindingto evaluateto avalue
v andthenplugsv in for x in e. Thesecondis rec A (x  � ), which
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MachineStates 
 ::= (�; ! ; C; e) j BlackHole
ValueStores ! ::= ; j ! ; x 7! v j ! ; x 7! ?
Continuations C ::= � j C� F
ContinuationFrames F ::= let x = � in e j rec A (x  � )

Reductions: e ; e0

� i ( v1 ; v2) ; vi
(24)

(�x : A: e)( v) ; f x 7! vge
(25)

(� � : K : e)[A] ; f � 7! Age
(26)

(� � #K : e)[A] ; f � 7! Age
(27)

(� � " K : �x : A: e)[� ](v) ; f � 7! � gf x 7! vge
(28)

unfold A (fold B (v)) ; v
(29)

let � = A in e ; f � 7! Age
(30)

e: A defines � ; e
(31)

Machine statetransitions: 
 ; 
 0

e ; e0

(�; ! ; C; e) ; (�; ! ; C; e0)
(32)

(�; ! ; C; let x = e1 in e2) ; (�; ! ; C� let x = � in e2 ; e1)
(33)

(�; ! ; C� let x = � in e; v) ; (�; ! ; C; f x 7! vge)
(34)

x 62dom(! )

(�; ! ; C; rec A (x: e)) ; (�; ! ; x 7! ?; C� rec A (x  � ); e)
(35)

x 2 dom(! )

(�; ! ; C� rec A (x  � ); v) ; (�; ! @x := v; C; v)
(36)

x 2 dom(! ) ! (x) = v

(�; ! ; C; fetch (x)) ; (�; ! ; C; v)
(37)

x 2 dom(! ) ! (x) = ?

(�; ! ; C; fetch (x)) ; BlackHole
(38)

� 62dom(�)

(�; ! ; C; new� " K in e: A) ; (� ; � " K; ! ; C; e)
(39)

� " K 2 �
(�; ! ; C; � := A) ; (� @� := A; ! ; C; () )

(40)
� " K 2 �

(�; ! ; C; � :� A) ; (� @� :� A; ! ; C; () )
(41)

Well-formed continuations: �; � ` C : A cont

� ` A : T
�; � ` � : A cont

(42)
�; � ` F : A  B with ' � @' ; � ` C : B cont

�; � ` C� F : A cont
(43)

�; � ` C : B cont � ` A � B : T
�; � ` C : A cont

(44)

Well-formed continuation frames: �; � ` F : A  B with '

� ` A : T �; � ; x : A ` e : B with '
�; � ` let x = � in e : A  B with '

(45)
x : rec (A) 2 �

�; � ` rec A (x  � ) : A  A with ;
(46)

Figure9. DynamicSemantics

waits for thebodyof a recursive termto evaluateto a valuev and
thenbackpatchestherecursive memorylocationx with v.

Thetypingjudgmentsfor continuationsandcontinuationframes
are shown in Figure 9. The latter is slightly interestingin that a
framemayhave typeeffects.Onecanreadthe judgment(�; � `
F : A  B with ' ) as: “starting in type context � , the frame
F takes a value of type A and returnsa value of type B while
engenderingtheeffectsin ' .” ContinuationsCmayof coursehave
typeeffectsaswell, but they areirrelevantbecausewenever return
from a continuation.

Thedynamicsemanticsitself is entirelywhatonewould expect
given our discussionfrom Section2. Like sealingin ML, sealing
in our languageis a staticabstractionmechanismwith no run-time
signi�cance.Thenewconstruct,ontheotherhand,hastheeffectof
creatinga new entry in the type storeat run time. Backpatchinga

writable type is modeledby actuallyupdatingits entry in the type
store.In short,thesemanticsis faithful to our intuition.

Thatsaid,it is worthnotingthat,while thetypestore� is useful
in de�ning thedynamicsemanticsandproving type soundness,it
doesnothave any realin�uence onrun-timecomputation.In other
words,thedynamicsemanticsof Figure9 never consultsthe type
storein orderto determinetheidentityof a typevariableandmake
a transitionbasedon that information.Consequently, thereis no
needin anactualimplementationto constructandmaintainthetype
store,andtheoperationsfor creationandde�nition of abstracttype
variablesmaybothbecompiledasno-ops.

We cannow de�ne what it meansto bea well-formedmachine
stateand statethe standardpreservation and progresstheorems
leading to type soundness.The interestingpart of the de�nition
is that the expressione currentlybeingevaluatedmay have type
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[[ 8� 1 " K 1 ; � 2 " K 2 : A( � 1)( � 2)
� 1 #; � 2 #
� � � � ! B( � 1)( � 2) ]]

def= 8� " K 1 � K 2 : A( � 1 � )( � 2 � )
� #

� ! B( � 1 � )( � 2 � )

[[ � � 1 " K 1 ; � 2 " K 2 : �x : A( � 1)( � 2): (e : B( � 1)( � 2)) ]]
def= � � " K 1 � K 2 : �x : A( � 1 � )( � 2 � ):

new � 1 " K 1 ; � 2 " K 2 in
(let () = � := h� 1 ; � 2 i in e)
: B( � 1 � )( � 2 � ) defines �

[[ v1 [� 1 ][� 2 ](v2) : B( � 1)( � 2)]]
def= new � " K 1 � K 2 in

(let () = � 1 := � 1 � in
let () = � 2 := � 2 � in

v1 [� ](v2 ))
: B( � 1)( � 2) defines � 1 ; � 2

Figure10. Encodingof Multiple-ArgumentDPSUniversals

effects' , so theseeffectsmustbe incorporatedinto the“starting”
context of thecontinuationC.

De�nition 3.18(Well-Formed Machine States)
We saythata machinestate
 is well-formed,written ` 
 ok, if
either
 = BlackHole, or 
 = (�; ! ; C; e) andthereexist � , A
and' suchthat:

1. � ` ! : �
2. �; � ` e : A with ' and � @' ; � ` C : A cont

Theorem3.19(Preservation)
If ` 
 ok and
 ; 
 0, then ` 
 0 ok.

De�nition 3.20(Terminal States)
A machinestate
 is terminal if it is of the form BlackHole or
(�; ! ; � ; v).

De�nition 3.21(Stuck States)
A machinestate
 is stuck if it is not terminalandthereis no state

 0 suchthat
 ; 
 0.

Theorem3.22(Progress)
If ` 
 ok, then
 is not stuck.

(The progresstheoremdependson a standardcanonicalforms
lemma,which is givenin AppendixB.)

Corollary 3.23(Type Soundness)
If ; ; ; ` e : A, thenthe executionof (; ; ; ; � ; e) never entersa
stuckstate.

4. Encodingsin Destination-PassingStyle
4.1 Multiple-Ar gumentDPSUniversalTypes

It is likely thatin practiceonemaywishto de�ne afunctionof DPS
universaltypethat takesmultiple writable typeargumentsandde-
�nes all of them.However, our languageaspresentedin Section3
appearsto allow DPSuniversalsto take only a singlewritabletype
argument.Figure10 illustratesthat in factmultiple-argumentDPS
universalscanbe encodedin termsof single-argumentones.For
simplicity, we take “multiple-argument”to mean“two-argument,”
but thetechniquecaneasilybegeneralizedto n arguments.

Theideais to encodea functiontakingtwo writabletypeargu-
ments� 1 and� 2 (of kinds K 1 andK 2) asa function taking one

[[ 9� #K : A ]]DPS
def= 8� " K : unit

� #
� ! A

[[ pack [A; v] as 9� #K : B ]]DPS
def= � � " K : � () :

(let () = � := A in v)
: B defines �

[[ let [�; x] = unpack v in (e: A) ]]DPS
def= new � " K in

(let x = v[� ]() in e) : A

Figure11. DPSUniversalEncodingof Existentials

writabletypeargument� (of kind K 1 � K 2). In Figure10,we as-
sumethevalueargumentandresulttypeshavetheform A( � 1)( � 2)
andB( � 1)( � 2), respectively, where� 1 ; � 2 62FV(A) [ FV (B) .

In the introduction form, we divide the single � into two
writable variables� 1 and � 2 by creatingthosevariableswith a
new and then de�ning the original � in termsof them. For the
eliminationform, it is thereverse.We startwith two writablevari-
ables,and in order to apply the DPSuniversalwe must package
themup asone.This is achieved by simply creatinga new � of
the pair kind, andthende�ning the original writable variablesas
projectionsfrom it. For theeliminationform to bewell-typed,it is
importantof coursethat � 1 and� 2 be distinct.Also notethatwe
make useof newandsealingconstructsthatcreate(or seal)multi-
ple variables.Thesearesimply shorthandfor severalnestednew's
or sealings.

In theencodingof boththeintroductionandeliminationforms,
we rely heavily on the ability to de�ne a writable variabletrans-
parentlyin termsof anotherwritablevariable,which is thensubse-
quentlyde�ned in somestableway. Thisprovidesgoodmotivation
for ourpolicy thatde�nitions of writablevariablesneednotbesta-
ble immediately, but only by thetime they aresealed(asdiscussed
at theendof Section2.3).

4.2 Existential Types

In Section2.2,wearguedthatthespecialcaseof theDPSuniversal
in which the value argumenthas unit type can be viewed as
a kind of existential type. We now make that argumentprecise.
Figure11 shows how existential typesandtheir introductionand
elimination forms may be encodedusing that specialcaseof the
DPS universal type. The caveat is that DPS universalsare not
capableof encodingarbitraryexistentials9� : K : A, but only what
wecall stableexistentials, whichwe write 9� #K : A. As thename
suggests,a valueof stableexistentialtypeis a packagewhosetype
componentis stable,andthestandardCPSencodingof existentials
can be trivially modi�ed to de�ne 9� #K : A as shorthandfor
8� : T : (8� #K : A ! � ) ! � .

To packagetype constructorA with valuev, we write a DPS
function that asksfor a writable abstracttype name� , and then
returnsv after de�ning � to be A. The dataabstractiononenor-
mally associateswith existential introductionis achieved hereby
our sealingconstruct.Note that A mustbe stablein orderfor the
encodingof pack to be well-typed,sinceA is usedto de�ne the
writablevariable� .

To unpackanexistentialvaluev, we(theclient)must�rst create
a new writable typename� andthenpassit to v to bede�ned. A
potentialbene�t of theDPSencodingover theCPSencodingis that
it allows thebodye of theunpack to havearbitrarytypeeffects,so
long asthey do not refer to � . In theCPSencodingof unpack, e
mustbe encapsulatedin a function, so it is not allowed to de�ne
any externally-boundvariables.
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The DPS encodingis encouragingbecauseit meansthat our
approachto recursive type generativity is fundamentallycompat-
ible with the traditionalunderstandingof generativity in termsof
existential types.For instance,returningto the bootstrappedheap
examplefrom Figure4, we cannow rewrite thetypeof MkHeapas

8� #T : ORDERED(� ) ! 9� #T : HEAP(� )( � )

This looks just like thestandardF! interpretationof a generative
functor signature,except that we have replacedthe normal type
variablebindingsby stableones.It is not even necessaryfor the
existential in the result type of MkHeapto be encodedin DPS—a
valueof stableexistentialtype(underany encoding)canalwaysbe
coercedto [[ 9� #K : A ]]DPS by �rst unpackingits componentsand
thenrepackingthemusingtheDPSencodingof pack.

5. RelatedWork
As discussedin Section1, therehasbeenmuchwork on extend-
ing ML with recursive modules,but a clear accountof recursive
typegenerativity hasuntil now remainedelusive.Crary, Harperand
Puri [3] have givena foundationaltype-theoreticaccountof recur-
sive modules,but it doesnot considerthe interactionof recursion
with ML'ssealingmechanism(opaquesignatureascription).Russo
hasformalizedand implementedrecursive modulesas an exten-
sion to the Moscow ML compiler [15]. Underhis extension,any
type componentsof a recursive modulethat arereferredto recur-
sively musthavetheirde�nitions madepublicto thewholemodule.
Leroy hasimplementedrecursive modulesin O'Caml [11], but has
not provided any formal accountof its semantics.With noneof
theseapproachesis it possibleto implementthebootstrappedheap
exampleusinga generative MkHeapfunctor.

In reactionto thedif�culties of incorporatingrecursive linking
into the ML modulesystem,othershave investigatedwaysof re-
placingML's notion of modulewith somealternative mechanism
for which recursive linking is the norm andhierarchicallinking a
specialcase.AnconaandZucca's CMS calculus,in particular, has
beenhighly in�uential andled to a considerablebodyof work on
“mixin modules”[2]. However, it basicallyignoresall issuesin-
volving typecomponents(andhence,dataabstraction)in modules.

More recently, Dugganhasdevelopeda languageof “recursive
DLLs” [7]. His calculusis not intendedas the basisof a source-
level language,but ratherasan“interconnection”languagefor dy-
namiclinking andloadingof sharedlibraries.Basedonhisinformal
discussion,Dugganappearsto addresssomeof theproblemsof re-
cursive ADT' s in a mannersimilar to the typecheckingalgorithm
we suggestedin Section1.1. It is dif�cult, though,to determine
preciselyhow his approachrelatesto oursbecausehe is working
in a relatively low-level setting.In addition,Duggansimpli�es the
problemto someextentby notsupportingfull ML-style transparent
type de�nitions, but only a limited form of sharingconstraintthat
is restrictedto atomictypes.

Interestingly, the work that seemsmostclosely relatedto our
approachcomesfrom theSchemecommunity. Flatt andFelleisen
developeda recursive-module-like constructcalled“units” for use
in MzScheme[16]. While MzSchemeis dynamically-typed,their
paperformalizesanextensionof unitsto thestatically-typedsetting
aswell [8]. A unit hassomesetof importsandexports,whichmay
includeabstracttypes.Two unitsmaybe“compounded”into one,
with eachunit's exportsbeingusedto satisfytheother's imports.

While ourapproachdiffersfrom unitsin many details,thereare
considerablesimilaritiesin termsof expressivepower. For instance,

onecan think of the DPSuniversaltype 8� " K : A
� #

� ! B as the
type of a unit with a value import of type A, a value export of
type B, anda typeexport � . (We model type importsseparately,
via standarduniversalquanti�cation.)Theavoidanceof transparent

typecycles,whichwehandleby distinguishingbetweenstableand
unstableformsof universalquanti�cation, is dealtwith in theunit
languageby meansof unit “signatures,” which explicitly specify
whichexport typesof a unit dependon which import types.

Ultimately, themaindistinctionbetweenourapproachandunits
is that,while units do many thingsat once,we have tried instead
to isolateorthogonalconcernsasmuchaspossible.As aresult,our
languageconstructsaremorelightweight,andoursemanticsis eas-
ier to follow. In contrast,the unit typing rulesarelarge andcom-
plex. Given that units wereintendedasa realistic,programmable
languageconstruct,thiscomplexity is understandable,but thereare
someother problemswith units as well. In particular, they lack
supportfor ML-style type sharing,and their emphasison “exter-
nal linking” forcesoneto programin arecursiveanalogueof “fully
functorized”style.Nonetheless,we hopethatour presentaccount
of recursive type generativity will help draw attentionto someof
theinterestingandnovel featuresof unitsthattheexistingwork on
recursive ML-style moduleshasheretoforeignored.

Finally, unrelatedto recursive modules,Rossberg [18] gives
an accountof type generativity that, like ours, provides a new
constructfor creatingfreshabstracttypesat run time. Rossberg's
focus,however, is not on recursionbut on the interactionof data
abstractionandrun-time type analysis.Thus,his systemrequires
oneto de�ne anabstracttypeat thesamepointwhereit is created.

6. Conclusion
In previouswork with Karl CraryandBob Harper[6], we gave an
interpretationof ML-style modularity in which type generativity
was treatedasa computationaleffect. We view the presentwork
asacontinuationandre�nementof thatinterpretation.Speci�cally,
while we still modelthede�nition of new abstracttypesasa kind
of effect,weallow abstracttypesto becreatedandusedbefore they
arede�ned, thusmakingit possibleto link suchtypesrecursively.

Onecomplaintthatcanbe leveledagainstour approachis that
the interpretationof type-level recursionin termsof backpatching
is highly operationalandmaymake it dif�cult to reasonaboutab-
stractionguarantees.Admittedly, while it is possibleto stateaweak
syntacticabstractionproperty—e.g., that if a programcontainsa
subterme in which a writableabstracttype is de�ned andsealed,
thene maybereplacedby anothersubterme0 thatde�nes theab-
stracttype in a differentway—it is not clearwhat a strongerab-
stractiontheoremwould look like.This remainsanimportantcon-
siderationfor futurework.

Another interestingquestionis whetherthe full power of our
languageis useful,or only a fragmentof it is really neededfor
practicalpurposes.For example,our type systemallows the pro-
grammerto de�ne typesat run time basedon informationthat is
only dynamicallyavailable.If oneis only interestedin supporting
“second-class”recursive modules,thenthe languagewe have pre-
sentedhereis morepowerful thannecessary. In thatcase,it is worth
consideringwhetherthereis a weaker subsetof the languagethat
suf�ces andis easierto implementin practice.

Thisquestionis of coursetiedin with themoregeneralproblem
of scalingtheideasof this paperto thelevel of amodulelanguage.
The path from this paperto a full-blown modulesystemis not
immediate,primarily becausetheapproachto dataabstractionwe
havetakenhereis at leastsuper�cially quitedifferentfrom theway
that type systemsfor moduleshave traditionallybeenformalized.
Thatsaid,we believe it shouldnotbefundamentallydif�cult.
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A. RepresentativeRulesfor Kinding and
Equivalenceof TypeConstructors

The de�nition of well-formednessandequivalencefor type con-
structorsin our languageis entirelystraightforward.Herewe give
somerepresentative rules.

Well-formed type constructors: � ` A : K

�( � ) = K
� ` � : K

� ; � : K ` A 1 : T � ; � : K ` A 2 : T

� ` 8� " K : A 1
� #

� ! A2 : T

Type constructor equivalence:� ` A 1 � A2 : K

� : K = A 2 �
� ` � � A : K

� ; � : K ` A 1 � B1 : T � ; � : K ` A 2 � B2 : T

� ` 8� " K : A 1
� #

� ! A2 � 8� " K : B1
� #

� ! B2 : T

� ; � : K ` A 1 � B1 : K 0 � ` A2 � B2 : K

� ` (�� : K : A 1)(A 2) � f � 7! B2gB1 : K 0

� ; � : K ` A( � ) � B( � ) : K 0 � 62FV (A) [ FV (B)

� ` A � B : K ! K 0

B. Additional Meta-Theoretic Properties
PropositionB.1 (Propertiesof Type Effect Application)
Suppose� ` ' ok. Then:

1. � ` A : K if andonly if � @' ` A : K .
2. If � ` A 1 � A2 : K , then� @' ` A 1 � A2 : K .
3. If basis� (A) � basis� (B) ,

thenbasis� @ ' (A) � basis� @ ' (B) .
4. If � @' ` ' 0 ok,

then� ` '; ' 0 ok and� @('; ' 0) = (� @' ) @' 0.

De�nition B.2 (Well-Formed ValueSubstitutions)
Wesaythata valuesubstitution
 maps� to � 0 under� ,
written �; � 0 ` 
 : � , if:

1. dom(
 ) � dom(�)
2. � ` � ok and� ` � 0 ok
3. 8x : A 2 � : �; � 0 ` 
 x : A

PropositionB.3 (Value Substitution on Terms)
If �; � 0 ` 
 : � and�; � ` e : A with ' ,
then�; � 0 ` 
 e : A with ' .

Lemma B.4 (CanonicalForms)
Suppose�; � 
 v : A and� is run-time.Then:

1. If A = unit , thenv is of theform () .
2. If A = A 1 � A2 , thenv is of theform ( v1 ; v2) .
3. If A = A 1 ! A2 ,

thenv is of theform �x : B: e or fold B or unfold B .
4. If A = 8� : K : A, thenv is of theform � � : K : e.
5. If A = 8� #K : A, thenv is of theform � � #K : e.

6. If A = 8� " K : A 1
� #

� ! A2 ,
thenv is of theform � � " K : �x : B: e.

7. If A = rec (A 0), thenv is of theform x.
8. If A = Ef � g, where� : K � B 2 � ,

thenv is of theform fold A 0(v0).
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