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Abstract

Existentialtypesprovide a simple and elegantfoundationfor un-
derstandingeneratre abstractiatatypes,of thekind supportedy
theStandardML modulesystemHowever, in attemptingto extend
ML with supportfor recursve moduleswe have foundthatthetra-
ditional existentialaccouniof type generatiity doesnotwork well
in the presencef mutually recursve modulede nitions. The key
problemis that, in recursve modules,one may wish to de ne an
abstractypein a context wherea namefor thetype alreadyexists,
but the existentialtype mechanisndoesnot allow oneto do so.

We proposea novel accountof recursve type generatiity that
resolesthis problem.Thebasicideais to separat¢heactof gener
atinga namefor anabstractypefrom theactof de ning its under
lying representationTo de ne several abstracttypesrecursvely,
onemay rst “forward-declarethemby generatingtheir names,
andthende ne eachone secretlywithin its own de ning expres-
sion. Intuitively, this canbe viewed asa kind of backpatchingse-
manticsfor recursionat the level of types Caremustbe takento
ensurethat a type nameis not de ned more than once,and that
cyclesdo notariseamong‘transparenttypede nitions.

In contrastto the usual continuation-passingnterpretationof
existentialtypesin termsof universaltypes,our accountof type
generatrity suggests destination-passingnterpretationBrie y,
insteadof viewing a value of existential type as somethingthat
createsanew abstractypeeverytimeit is unpacled, we view it as
afunctionthattakesasinput a pre-&isting unde nedabstractype
andde nesit. By leaving the creationof the abstractype nameup
to the client of the existential,our approachmalesit signi cantly
easierto link abstractlatatypestogethemrecursvely.

Categoriesand SubjectDescriptors D.3.1 [ProgrammingLan-
guaged: Formal De nitions and Theory; D.3.3 [Programming
Languayed: LanguageConstructsand Features—Recursiom\b-
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1. Intr oduction

Recursie modulesareoneof themostfrequentlyrequestedxten-
sionsto the ML languagesAfter all, the ability to have cyclic de-
pendenciebetweerdifferent les is afeaturethatis commonplace
in mainstreamanguagedike C andJava. To the novice program-
mer especially it seemsvery strangethatthe ML modulesystem
shouldprovide suchpowerful mechanismsor dataabstractiorand
codereuseasfunctorsandtranslucensignaturesandyet notallow
mutuallyrecursve functionsanddatatypesto bebrokeninto sepa-
ratemodulesCertainly for simpleexamplesof recursve modules,
it is dif cult to corvincingly aguewhy ML could not be extended
in somead hocway to allow them.However, whenoneconsiders
the semanticof a geneal recursie modulemechanismoneruns
into severalinterestingproblemdor whichthe“right” solutionsare
far from obvious.

One probleminvolves the interactionof recursionand com-
putational effects. The evaluation of an ML module may in-
volve impure computationssuch as I/O or the creation of mu-
table state. Thus, if recursionis introducedat the module level,
it appearmecessaryo adopta bakpathing semanticof recur
sion (in the style of Schemes letrec  construct)in orderto en-
surethat the effects within recursve modulede nitions are only
performedonce. Under such a semanticsa recursve de nition
letrec X = Min is evaluatedby (1) binding Xto anunini-
tializedref cell, (2) evaluatingMto a valueV, and(3) backpatching
the contentf X s cell with V, therebytying therecursve knot. As
amatterof bothmethodologyandef ciency, it is desirableio know
statically that this recursie de nition is well-foundedi.e., thatM
will evaluateto V without requiringthe value of X prematurelyIn
previouswork [4], we studiedthis problemin detailandproposed
atype-base@pproacho guaranteeingvell-foundedrecursion.

In thispaperwe focusonasecondprthogonaproblemwith re-
cursive moduleshatwe andotherresearcherbave struggledwith.
Thisproblemis of particulaimportanceandshouldbeof interesto
agenerahudiencéecausé concerngheinteractionof two funda-
mentalconceptsn programming recursion anddata abstraction,
andit is possibleto understandand explore the problemindepen-
dently of modules.(In fact, thatis preciselywhatwe aregoingto
do laterin the paper) To begin, howvever, we will usesomeinfor-
mal examplesin termsof ML modulesasaway of illustrating the
problem.

1.1 Mutually Recursive Abstract Data Types

Supposeave wantto write two mutually recursve ML modulesA
andB, asshavn in Figure 1. Module A (resp.B) de nesa typet
(resp.u) andafunctionf (resp.g) amongothercomponentslt is
sealedwith a signatureSIGa(X) (resp.SIGg(X)) that hidesthe
de nition of its typecomponent. Notethatthetypeof thefunction

1We male useof parameterizegignatureshereas a matterof syntactic
corveniencealthoughML doesnot currentlysupporthem.
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signature  SIGa(X) = sig
type t
val f :t -> XBu *t
end
signature  SIGg(X) = sig
type u
val g: XAt -> u* XAt
end
signature  SIG(X) = sig
structure A : SIGA(X)
structure B : SIGg(X)
end
structure  rec X :> SIG(X) = struct
structure A :> SIGA(X) = struct
type t = int
fun f (xit) : XBwu *t =
let val (y,z) = X.B.g(x+3) (* Error 1 %)
in (y,zt5) end (* Error 2 %)
end
structure B > SIGg(X) = struct
type u = bool
fun g GX.ALD ou* XAt = L XASC)..
end
end

Figure 1. Mutually Recursve AbstractDataTypes

componentn eachmodulerefersto the abstractype provided by
theothermodule.

The codehereis clearly contrived—e.g., A.t andB.u areim-
plementedsint andbool —butit senesto conciselydemonstrate
thekind of type errorsthatcanarisevery easilydueto theinterac-
tion of recursionandabstractypes.The rst type error comesin
the rst line of thebodyof A.f . Thefunctiontakesasinputavari-
ablex of typet (whichisde nedto beint ), andmakesarecursve
call to thefunctionX.B.g, passingt x+3. Theerrorarisesbecause
the type of X.B.g is X.At -> X.B.u * X.At,andX.At is
not equivalentto int . To seethis, obsere that the variable X is
boundwith the signatureSIG(X), whoseA.t componentis speci-
ed opaquely Thesecondypeerror, appearingn thenext line of
the samefunction,is similar. Thevaluez returnedfrom thecall to
X.B.g hastype X.A.t , but the function attemptsto usez asif it
wereaninteger.

Both of thesetype errorsare of coursesymptomsof the same
problem:Alice, the programmenf moduleA “knows” thatX.A.t
isimplementednternallyasint , becauseheis writing theimple-
mentation!Yet this factis not obserablefrom the signatureof X
The only simpleway that hasbeenproposedo addresshis prob-
lem is to reveal the identity of A.t in the signatureSIGa(X) as
transparentlyequalto int . This is not really a satisactory solu-
tion, though sinceit exposegheidentityof A.t to theimplementor
of moduleB andessentiallysuggestshat we give up on trying to
imposeary dataabstractiorwithin therecursve modulede nition.

A morecomple suggestiorwould be thatwe changethe way
that recursve modulesare typecheckd. Intuitively, whenwe are

2|ncidentally you may wonderhow it canbe legal for the signatureX is
boundwith to referto X This is achieved throughthe useof recursively
dependergignatues whichwereproposedy Crary, HarperandPuri[3] in
theory andimplementedy Russq19] andLeroy [13] in practice.Subject
to certainrestrictions,they are not semanticallyproblematic,but they are
beyondthe scopeof this paper
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signature ORDEREBD sig
type t
val compare: t * t -> order
end
signature HEAP= sig
type item; type heap;
val insert : item * heap -> heap
end
functor MkHeap: (X : ORDERED)
-> HEAPwhere type item = Xt
structure  rec Boot : ORDEREBP struct

datatype t = ...Heap.heap...
fun compare (xy) = ...
end
and Heap: (HEAPwhere type item = Boot.t) = MkHeap(Boot)

Figure 2. BootstrappeddeapExample

typecheckinghe body of moduleA we oughtto know thatX.A.t
isint , butwe oughtnotknow arything aboutX.B.u. Whenweare
typecheckinghebodyof moduleB, we oughtto know thatX.B.u is
bool, but we oughtnotknow anything aboutX.A.t . Additionally,
whentypecheckingB, we oughtto be ableto obsere thata direct
hierarchicalreferenceto A.t is interchangeablevith a recursve
referencdo X.A.t .

In the caseof the modulefrom Figure 1, sucha typechecking
algorithmseemdairly straightforvard, but it becomesnuchmore
complicatedif the recursve modulebody contains,for instance,
nestedusesof opaquesealing.lt is certainly possibleto de ne
an algorithmthat works in the generalcase—theauthors Ph.D.
thesisformalizessuchanalgorithm[5]—butit is nota prettysight.
Furthermorewe would really like to be able to explain what is
goingon usingatypesystemnotjust analgorithm.

1.2 Recursionlnvolving Generative Functor Application

Figure 2 exhibits anothercommonly desiredform of recursve
module, one that is in someways even more problematicthan
the one from Figure 1. In this particularexample,the goal is to
de ne a recursve datatype Boot.t of so-called“bootstrapped
heaps, a datastructureproposedby Okasaki[17]. The important
featureof bootstrappecheaps(for our purposes)s thatthey are
de ned recursvely in termsof heapsof themseles,where“heaps
of themseles” arecreatedcby applyingthe library functor MkHeap
to the Boot module.

Theproblemwith thisde nition, atleastin thecaseof Standard
ML semanticq14], is that functorsin SML behae geneatively,
soeachapplicationof MkHeaproducesa freshabstracheaptype
at run time. The way this is typically modeledin type theoryis
by treatingthe returnsignatureof MkHeamssynorymouswith an
existentialtype. Consequentlywhile Boot.t mustbe de ned be-
fore MkHeap(Boot) can be evaluated,the type Heap.heap will
not even exist until MkHeap(Boot) hasbeenevaluatedand “un-
pacled” It doesnot make sensen the ML type systemto de ne
Boot.t in termsof atype(Heap.heap thatdoesnot exist yet.

The usualsolutionto this problemis to assumehat MkHeaps
notgeneratie, but ratherapplicative[12]. Underapplicative func-
tor semanticsMkHeap(Boot) is guaranteedo producethe same
heap type every time it is evaluated,and thus the de nition of
Boot.t is allowedto referto thetype MkHeap(Boot).heap stati-
cally, withouthaving to evaluateMkHeap(Boot) rst. Thissolution
is certainlysensibleif oneis designinga recursve moduleexten-
sionto O'Caml [11], for O'Caml only supportsapplicative func-
tors. Thereare good reasonshowever, for supportinggeneratie
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functors.Their interpretationin type theoryis simplerthanthat of

applicatie functors,andthey provide strongerabstractiorguaran-
teesthat are desirablein mary cases. It seemsunfortunatethat
MkHeaps requiredto beapplicatve.

1.3 Overview

Our expositionthusfar begs the question:ls recursionfundamen-
tally atoddswith typegeneratiity? In thispaperwewill arguethat
the answeris no. We proposea novel accountof type abstraction
thatresolhestheproblemsencountereth theabove recursive mod-
ule examplesandprovidesanelegantfoundationfor understanding
how recursioncancoexist peacefullywith generatiity.
Thebasicideais to separatéhe actof generatinga namefor an

abstractypefrom theactof de ning its underlyingrepresentation.

To de ne severalabstractypesrecursvely, onemay rst “forward-
declare"themby generatingheirnamesandthende ne eachone
secretlywithin its own de ning expression.Intuitively, this can
be viewed as a kind of backpatchingsemanticsfor recursionat
the level of types The upshotis that thereis a unique namefor
eachabstracttype, which is visible to everyone(within a certain
scope) but the identity of eachabstractypeis only known inside
thetermthatde nesit. Thisis exactly whatwasdesiredn bothof
therecursve moduleexamplesdiscussedbore.

While our new approachto type generatiity is operationally
quite differentfrom existing approachest is fundamentallycom-
patiblewith thetraditionalinterpretatiorof ADT' sin termsof exis-
tentialtypes.The catchis that,while existentialtypesaretypically
understoodria the continuation-passinGhurchencodingin terms
of universalé, we offer analternatie destination-passiniterpre-
tation.Brie y , insteadof viewing a valueof existentialtype9 : A
assomethingthat createsa new abstracttype every time it is un-
pacled, we view it asa function thattakesasinput a pre-&isting
unde nedtypename andde nesit, returninga valueof type A
(with  substitutedor ). How the functionhasde ned , how-
ever, we do not know. By leaving the creationof the abstractype
name up to the client of the existential, our approachmalesit
signi cantly easietrto link abstractatatypestogetherecursvely.

Therestof the paperis structuredasfollows. In Section2, we
discusghedetailsof ourapproachnformally, andgive examplego
illustratehow it works.In Section3, we de ne atypesystenfor re-
cursivetypegeneratiity asaconserative extensionof System, .
In orderto ensurethatabstractypesdo not getde ned morethan
once,we treattype de nitions asa kind of effect andtrack them
in the mannerof aneffect system[9, 22]. Theintentionis thatthis
type systemmay eventuallysene asthe basisof a recursve mod-
ulelanguageln Section4, we explore the expressie power of our
destination-passinmterpretationof ADT's. Finally, in Section5,
we discusgelatedwork, andin Section6, we conclude.

2. TheHigh-Level Picture

We will now try to painta high-level pictureof how our approach
to recursve typegeneratrity works. Theeasiestvayto understand
is by example,so in Section2.1, we use the recursve module
examplesrom Sectionl asaway of introducingthekey constructs
of ourlanguageln particular we shav how thoseexampleswvould
beencodedn ourlanguagendwhy, underthis newv encodingthey
typecheckThen,in Section2.2, we alsoshav how our approach
males it possibleto supportsepaate compilation of recursve
abstracdatatypes.Lastly, in Section2.3, we discusssomeof the
subtlerissuesthat we encounterin attemptingto prevent “bad”
cyclesin typede nitions.

3 For moredetails,seethediscussiorin Dreyer, CraryandHarper[6].
4SeeSection2.2for details.
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SIGp = T T ff | e @
SIGg = T (T:fg: ! e @
SIG = T :T:fASSIGA( )( ), B:SIGg( )( )g
new "T; "T in
letrec X: SI )( ) =
fA=(et () =_:=int in
ff =....¢g
SIGA( )( ) defines
B=(et () = := bool in

fg=..9
SIGg( )( ) defines g

in

Figure 3. New Encodingof Examplefrom Figurel

2.1 Reworking the Examples

Figure 3 shavs our newv encodingof the recursve moduleexam-
ple from Figure 1. The rst thing to notice hereis that we have
dispenseavith modules SIGp, SIGg andSIG arerepresentetiere
via thewell-knowvn encodingof ML signaturesstypeoperatorsn
SystemF, . Theideais simply to view the typesof a signatures
valuecomponent@sbeing parameterizedver the signatures ab-
stracttype componentsCorrespondinglythe ML featureof using
where type to addtype de nitions to signatureds encodablén
F: by type-level functionapplication® (We emplgy this encoding
heremerely so that we canstudythe interactionof recursionand
dataabstractiorat the foundationalevel of F, , with which we as-
sumethe readeris familiar. In the future, we intendto scalethe
ideasof this paperto a moreeasilyprogrammabldéanguageof re-
cursive modules.)

Startingon the fourth line, however, we seesomethingthat is
not standard (The underlinedportionsof the codeindicate nev
featureghatarenot partof F, .) Whatthe“new declarationdoes
is creatawo new typevariables and ofkind T, thekind of base
types.Throughouthis example,you canthink of asstandingfor
A.t,and asstandingor B.u, in theoriginal exampleof Figurel.

Whatdoesit meanto “createa new type variable?Intuitively,
you canthink of it muchlike creatinga referencecell in memory
Imaginethat during the executionof the programyou maintaina
type store, mappinglocations(representedy type variables)to
types.Eventually eachlocationwill get lled in with a type, but
whenatype memorycell is rst createdby the“new construct),
its contentsare uninitialized® Formally speaking,what the new
declarationdoesis to insert and into the type contet with a
specialbinding of theform " T, which indicatesthatthey have
notyetbeende ned. Wereferto suchtypevariablesaswritable.

Next, we make useof aletrec constructto de ne A andB.
For simplicity, theletrec constructemplg/s anunrestrictedi.e.,
potentially ill-founded) backpatchingsemanticsfor recursion’.
Speci cally, we allocate an uninitialized ref cell X in memory
whosetypeis rec (SIG )( )). In orderto useX within the body
of the recursve de nition—i.e., in orderto get a value of type
SIE )( ) without the “rec”—one must rst dereferencethe

5 Seeloneq10] for moreexamplesof thisencodingAlso, thisis essentially
how the De®nition of SML interpretssignature§14].

61n fact, this is exactly how we aregoingto model@typecreationin the
dynamicsemanticof ourlanguagen Section3.4.

7In principle,we believe it shouldbe straightforvard to incorporatestatic
detectionof ill-foundedrecursion4] into the presentalculus but we have
notyetattemptedt.
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ORDERED  :T:fcompare: I orderg
HEAP = :T: :T:finsert L o |
HEAPGEN :T:8 "T:unit ! HEAP )( )
MkHeap : 8 #T:ORDERED! HEAPGEN)
new "T; "T in
letrec X : fBoot:ORDERKD), Heap:HEAP )( )g =
let Boot =(let () = : (i@ )
in fcompare= ... g) in

let Heap = MkHeap ](Boot)[ ]() in
f Boot=Boot, Heap=Heap
in ..

Figure4. New Encodingof Examplefrom Figure2

memorylocationby writing fetch (X). Thisfetch operatiormust
checkwhetherX's contentshave beeninitialized and, if not, raise
arun-timeerror Finally, whenthe body of theletrec is nished
evaluating,theresultingvalue (of type SIG( )( )) is backpatched
into the locationX (Therearegoodreasongo requirethe derefef
encingof Xto beexplicit, aswe will seein Figure5.)

Now for thede nition of “module” A The rst thingwedohere
is to backpatchthe type name with the de nition int . The use
of “: =" notationis appropriatebecauset run time we canthink
of this operationas modifying the contentsof the locationin
the type store.At compiletime, it resultsin a changeto the type
contet sothatthetypecheckingf theremaindeiof Ais donewith
the knowledgethat is equalto int . As aresult,the type errors
from Figurel disappear!

Oncewe have nished typecheckingA however, we want to
hide the knowledgethat is int from the restof the program.
We achieve thisin thenext line by “sealing” thede nition of A Al-
thoughit is abit hardto tell from Figure3, thesealingconstruchas
theform“e: defines ", wherein thiscase is SIGA( )( ).
The sealingconstructdoestwo thingssimultaneouslyit exportse
atthetype , andit remoresthede nition of from thetypecon-
text in which the restof the programis typecheckd® While the
hiding of 'sde nition is olbviously important,it is critical to un-
derstandhatthe ascriptionof thetype is justasimportant.in the
caseof moduleA it is thetypeascriptionSIGa( )( ) thatensures
thatA.f is exportedatthetype ! andnot, say atthetype
int ! int .

Finally, thereis thede nition of B, whichworkssimilarly to the
de nition of A

Voila! To summarizeby distinguishinghepointatwhich and

are createdfrom the pointsat which they arede ned, we have
madeit possiblefor all partiesto referto thesetypesby the same
nameshut alsofor theunderlyingrepresentationf eachtypeto be
speci edandmadevisible only within its own de ning expression.

Let us move onto Figure4, which shavs our newv encodingof
thebootstrappetieapexample As in thepreviousexample we de-
ne two abstractypeshere, and ,butnov standgor Boot.t ,
and for Heap.heap Thesignature©ORDERBDJHEARrein pa-
rameterizedorm asexpectedwith the former parameterizedver
thetype of itemsbeingcomparedandthe latter parameterized
overboththeitemtype andtheheaptype .

The mostunusual(andimportant)part of this encodingis the
type that we requirefor the MkHeafunctor Underthe standard

8 Notethatsealingis purelya compile-timenotionPatrun time, the de®ni-
tionof is notactuallyremovedfrom thetypestore.
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encodingof generatie functorsinto F: , we would expectMkHeap
to have thetype

8 :T:ORDERED! 9 :T:HEAP )( )

The type shawvn in Figure 4 differs from our expectationsn two
ways. First, while is universallyquanti ed, the quanti cationis
written #T . Thereasonfor this hasto do with avoiding cycles
in transparentype de nitions, and we will defer explanationof
it until Section2.3. For the moment,read #T assynorymous
with  :T. SecondMkHeals resulttype, HEAPGEN), is not an
existential,but someweird kind of universal!

Indeed HEAPGEN) =8 " T :unit " HEAP )( ) isauni-
versaltype, but a very specialone. Speci cally, a function of this
type requiresits type argumentto be a type variable that hasnot
yet beende ned (hence,the notation8 " T). Moreover, when
the function is applied, it will not only return a value of type
HEAP )( ), butalsode ne intheprocessWewrite # onthe
arrawv typeto indicatethattheapplicationof thefunctionengenders
theeffectof de ning , buthow it de nes we cannottell.

The reasonfor de ning HEAPGEN) in this fashionis that it
allows us to comeup with a name( ) for the Heap.heap type
aheadf time, befoe the MkHeagunctoris applied.In this way it
is possiblefor thede nition of (i.e., Boot.t ) toreferto before

hasactuallybeende ned. As we explainedin Sectionl.2,thisis
somethinghatis not possibleunderthe ordinaryinterpretationof
HEAPGEN) asanexistentialtype.

The only other point of interestin this encodingis that is
de ned by a new kind of assignment: ). One can think of
this assignmenasanalogouswith datatype de nitions in SML,
just as: = is analogouswith transparentype de nitions (type
synoryms). The de nition of in Boot doesnot changethe fact
that is an abstracttype, but it introducesfold and unfold
coercionsthatallow oneto coercebackandforth between and
its underlyingde nition. This form of type de nition is necessary
in orderto breakup cyclesin the type-\ariabledependencgraph.
We discusghis point furtherin Section2.3.

2.2 Destination-PassingStyle and SeparateCompilation

Thestrangenen universaltypethatwe usedto de ne HEAPGEN)
in the last example can be viewed as a kind of existential type
in sheeps clothing. Underthe usualChurchencodingof existen-
tial typesin termsof universals,9 :K: canbe understoocas
shorthandor8 :T:(8 :K: ! )!I .Thisisquitesimilarto

8 "K:unit ! inthesensehata functionof eithertype has
sometypeconstructor of kind K andsomevalueof type hidden
insideit, but thefunction's typewon't tell youwhat is. Thedif-
ferenceis thatthe Churchencodingis a functionin continuation-
passingstyle (CPS),whereasour new encodingis a function in
destination-passingtyle(DPS)[24]. In Section4.2,we will make
the DPSencodingof existentialsprecise.

So, one may wonder if our DPS universaltype is really an
existential in disguise,why don't we just write, say 9 " K:A

insteadof 8 " K:unit " ? Why botherwith the unit ? The
answeris thatin somecaseswe wantto write a function of type

8 "K: 1 r 2 where 2 FV/( 1)—thatis, a function that
takesasinputawritabletypename , togethewith avaluewhose
typedependon . In typical programminghis doesnot comeup
often, but with recursve modulesit arisesnaturally especiallyin
the contet of separateompilation.

Figure5 illustratessucha situation.The goal hereis to allow
the recursve “modules” A and B from Figure 3 to be compiled
separatelyWe have put the implementation®f A and B inside of
two separatéfunctors” Separate p and Separate g, represented
aspolymorphicfunctions.Separate p takes (i.e., B.u) asits rst
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Separatep : 8 :T:8 "T:rec(SIG )( ) ! SIGa( )( )
= (T "T: Xirec(SIG ) )): ...
Separateg : 8 :T:8 "T:rec(SIG )( ) ! SIGg( )( )
= T: "T: Xirec(SIG ) )):...
new "T; "T in
letrec X: SIG )( ) =

- A = Separate o[ ][ 1(X, B = Separateg[ ][ 1(X)g
in ..

Figure5. Separat€ompilationof AandBfrom Figure3

amgument, (i.e.,, A.t) asits secondargument,andthe recursve
modulevariableX asits third agument.The type of Separate 5
emplo/saDPSuniversaltypetobind  becaus&eparate po wants
to take a writable A.t and de ne it. Note, however, that s
boundnormallyas :T.(Separate g of coursedoestheopposite,
becauset wantsto de ne , not .) Theimportantpoint hereis
thatthetypeof theargumentXrefersto both and andtherefore
cannotbemovedoutsideof the DPSuniversal® If all we hadwasa
DPSuniversalof theform8 " K:unit 1" , we would have no
way of typing Separate p andSeparate .

If it is soimportantto be ableto write a function thattakesa
valueargumentafter an " K amgument,it is naturalto askwhy
we do not just offer two separatdype constructs8 " K: and

1 !# 2, of which8 " K: 1 " 2 would be the composition.
The former constructwould requireits argumentto be a writable
variable andthelatterwould beastandardsortof effectful function
type,in this casethe effect beingthede nition of someexternally-
boundtypevariable .

Thereasorwe do not divide up the DPSuniversaltypein this
way s thatsuchadivisionwouldresultin seriouscomplicationgor

our type system.The main complicationis that, while 1 " 2
looks like a standardsort of effect type, the effect in questionis
highly unusual.In particular if f werea function of thattype, it
could only be applied oncebecausefor soundnespurposeswe
requirethat a type variable canonly be de ned once.Another

way of sayingthis is thatthe type 1 !# 2 only makes sense
while iswritable.

Meta-theoreticallgpeakingthis becomeproblematidrom the
point of view of de ning type substitutionIf at somepointin the
program getsde nedas ,and ‘'shindingin thecontext changes
correspondinghfrom " T to :T = ,thenwe shouldbeable
to substitute for free occurrence®f . But substituting for

in 1 " » doesnot make senseln contrastour type systemhas
thepropertythatwell-formedtypesstaywell-formed,regardlesof
whethertheir free type variablesgo from beingwritable to being
de ned.

2.3 Avoiding Cyclesin Transparent Type De nitions

We have now presentedill the key constructsn our languageand
shavn how they canbe usedto supportrecursve de nitions of
generatre abstractiatatypes.In orderto make thisapproactwork,
therearetwo pointsof compleity thatour type systemhasto deal
with. One involves making sure that writable type variablesget
de ned onceand only once. This is a kind of linearity property

9 Also importantto the succes®f this encodingis the factthat X mustbe
explicitly dereferenceddtherwisethereferenceso Xin thelinking module
would resultin arun-timeerror SeeDreyer [4] for morediscussiorof this
issue.
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andit is notfundamentallydif cult to trackusingatype-and-dect
systemaswe explainin Section3.

The other point concernsour desireto avoid cyclesin trans-
parenttype de nitions. While our languages designedo permit
recursve de nitions of abstracttypes, we requirethat every cy-
cle in the type dependengc graph mustgo through a “datatype,
i.e., one that was de ned by A% We male this restriction
becausaeve wantto keepthe de nition of type equivalencesim-
ple.If we wereabletode ne = and = , thenwe
would needto supportsomeform of equi-recussivetypes[1, 3]. In
fact,sincewe allow de nitions of type constructor®f higherkind,
we would needto supportequi-recursie type constructos, whose
equationatheoryis notfully understood.

The mechanismwe emplg to guaranteehat no transparent
type cyclesariseis slightly involved, but the reasoningbehindit
is straightforvardto understandLet us stepthroughit. Firstof all,
if isde nedby A, thenclearlynorestrictionsarenecessary
If, however, is de ned transparenthby := A, thenwe must
requireatthe very leastthat A doesnot dependon . By “depend
on;” we meanthatif all known type synorymswereexpandedbut,
then would notappeain thefreevariablesof the expandedA.

Unfortunately in the presenceof dataabstractionthis restric-
tion aloneis not sufcient. Supposefor instancethatin our exam-
plefrom Figure3 thetypevariable werede nedbyA and byB
(insteadbf by int andbool). Thede nition of andthede nition
of eachoccurin contets wherethe othervariableis considered
abstractConsequentlythe restrictionthat A notdependon and
B notdependon would notpreventA from dependingon and
B from dependingn . How canourtypesystemensurehateach
de nition doesnot contritute to a transparentycle without peek-
ing atwhatthe otheroneis (andhenceviolating abstraction)?

A simple,albeitconserative, solutionto this dilemmais to de-
mandthat,if isde nedby := A,thenA maynotdependnany
abstractypevariablesexceptthosethatareknown to bedatatypes.
We will saythatatype A obeying this restrictionis stable While
this approachdoesthe trick, it is ratherlimiting. For example,in
ML, it is commonto de ne a type transparentlyin termsof an
abstracttype importedfrom anothermodule (which may or may
not be known to be a datatype) The stability restriction,however,
would prohibit suchatype de nition insidearecursve module.

Therefore to malke our type systemlessdraconianwe employ
amodi ed form of the above conserative solution,in which the
restrictionon transparentle nitions is relaxedin two ways.First,
in order to permit transparentde nitions to dependon abstract
typesthat are not datatypeswe expandthe notion of stability by
allowing typevariablesto be consideredtableif they areboundin
the contet assuch.A stabletype variable,boundas #K, may
only be instantiatedwith other stabletypes.We also introducea
new form of universaltype,8 #K: , describingfunctionswhose
typeamgumentanustbestable.

We have alreadyseenan instancewhere a stableuniversalis
needednamelyin the type of the MkHeagunctor from Figure 4.
The reasonfor quantifying the item type  as a stablevariable
is that it enablesthe MkHeapfunctor to de ne the heaptype
transparentlyin termsof (eg., := list ). If wereonly
boundas :T,then wouldhaveto bede ned asa datatypein
orderto ensurestability. SinceMkHeapequiresits item argument
to be stable,it is imperatie that the actualtype to whichiit is
appliedbestable.In thecaseof theBoot module, isde nedasa
datatypesoall is well.

The secondway in which we relaxthe restrictionon transpar
enttypede nitions is that,while we requirethemto be stable we

10we useA andB hereto denotetype constructorf arbitrarykind, as
opposedo , whichrepresentsypesof kind T .
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TypeVariables ;

Kinds K;Lu= T ] 1] K1 sz Ki! Koa

Constructors  A;B:= jbjhijbAq;Azij iAj

ZKZAjAl(Az)

BaseTypes b= unit jA1 A2jA1! Azj
rec(A) j8 :K:Aj8 #K:Aj
8 "K:Ar I' A,

Eliminations E:= | iEjEA)

Type Contexts =) 5 Kj ; "Kj ; #K]j
; K=Aj] ; K A

Type Effects =gy =AY A #

Figure 6. Syntaxof Types

ValueVariables x;y

Values vi= Xj(O j(vi;ve) j x tA:ej
‘K:ej #K:ej
"K:x [A:ej
fold A j unfold A j fold A (V)
Terms e;f m= vj ivjvi(v2)jV[A]jvi] 1(v2) ]
reca(x: e) j fetch (v) j
let =Ain ejlet x=e1in &
new "Kin e:Aj
=Aj A j e: A defines
ValueContets D=5 x:A

Figure7. Syntaxof Terms

do not needthemto be immediatelystable.For example,say we
have two writabletypevariables and . It is clearlyok to de ne

= int ,followedby := ,butwhataboutprocessinghede ni-
tionsin thereverseorder?lf := comesrst, then 'sde nition
is momentarilyunstableUltimately, thoughthede nitions arestill
perfectlyagyclic because 's de nition is eventuallystable.More-
over, therearesituationswhereit is usefulto have the e xibility of
de ning and in eitherorder(in particular seeSection4.1).

To afford this e xibility, whentypechecking := A, we allow

A todependnsomesetof writablevariables ;g notincluding
solong asthe i areall backpatchedvith stablede nitions by the
time issealedi.e, by thetimee, in “e: defines " hasn-
ishedevaluating).While this requirementis not strictly necessaty
it allows usto treatall sealedabstractypesasstable whichin turn
meansthat subsequentode may dependon them freely, without
ary restrictions.

3. The Type System
3.1 Type Structure

Thesyntaxof ourtypestructuras shavn in Figure6. Thebaseype
constructordincludeall theusualF, basetypes plusthenew type
constructsntroducedin the examplesof Section2. The language
of higher type constructorsand kinds is standardF: , extended
with products.Type eliminationsE are usedin the typing rules
for fold 's andunfold 's (seethe discussionof Rules13 and 14
in Section3.2).

Type contexts  include bindingsfor ordinary types( :K),
writable types ( " K), stable types ( #K), transparenttype
synoryms ( :K = A) and datatypes :K A). We treattype
contets as unorderedsetsand assumemplicitly that all bound
variablesare distinct. We write writable() to denotethe setof
writable type variablesboundin . We write () to denotethe
kindtowhich isboundin . Typecontets arepermittedto con-
tain cyclesaslongasthosecyclesarebrokenby a datatypebinding.
To beprecise:

De nition 3.1 (Acyclic Type Contexts)
We say that a type context is acyclic if thereis an order

ing of its domain— 1; ;. n—suchthat, for all i 2 1:n, if
i:Ki= A 2 ,thenFV(Ai) f 1; ; i 10.Inthiscase,
wecall 1; ; n anacyclicorderingof

De nition 3.2 (Well-Formed Type Contexts)

We saythatatypecontt is well-formed,written * ok, if:
1. isagsclic
2. ( :K=A2 K A2) ) T A:K
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The type well-formednesgudgment( ~ A : K) referredto
in part 2 of De nition 3.2 is de ned in the obvious way (some
representaie rules appearin Appendix A). The only thing that
thetypewell-formednesgudgmentneedso know from  is what
the kinds of its boundvariablesare.It doesnot carewhethertype
variablesarewritable or transparentpr evenwhether is agyclic.

Typeequialenceis slightly morecomplicateddueto the pres-
enceof type synoryms. To accountfor thesewe usethe equiva-
lencejudgment( ~ A:x A, : K) de ned by Stonein Sec-
tion 9.1 of Pierces ATTAPL book[20].1* Ournew basetypes like
the DPSuniversaltype,do not at all complicatetype equialence,
which Stoneshaws is relatively easyto prove decidable(assum-
ing is well-formed). Note that the type equivalencejudgment
treatsdatatypebindings( :K A) nodifferentfrom ordinaryab-
stracttype bindings( :K). SeeAppendixA for somerepresenta-
tive equivalencerules.

In orderto de ne whatit meando be a stabletype constructor
we rst de ne ausefulauxiliary notion,whichwe call thebasisof a
typeconstructarintuitively, thebasisof atype constructoA is the
setof unstableabstracttype variableson which A dependsThis
is determinedby inductively crawling throughthe type contet.
Stable types are precisely those types whose basesare empty
Formally:

De nition 3.3 (Basisof a Type Constructor)

Given a type constructorA and an agclic corfext , where

FV (A) dom() , letbasis (A) bedenedas fbasis ( ) j
2 FV(A) g, V\éherebasis () is de nedinductiely asfollows:

< if :K A2 or #K?2
basis () € f g if "K2 or :K2
basis (A) if :K=A2
Note:assuming 1; ; n isanagyclic orderingof ,theabove

de nition is sensiblebecauséasis ( i) is de ned only in terms
of basis ( ;) forj < i.

De nition 3.4 (Stable Type Constructor)
We saythatatypeconstructo” (with kind K in agyclic context )
isstablewritten ~ A #K,if ° A :K andbasis (A) = ;.

The nal andmostinterestingelementof Figure6 is the de -
nition of type effects' . A type effectis an unorderedsetof type
variablede nitions (backpatchings)The domainof ' is the setof
typevariablesbeingde nedin' (eachentryin' mustde ne adis-
tinctvariable) A typevariable caneitherbede nedtransparently

11N.B. Thelanguagewe arereferringto is not the Stone-Harpesingleton
kind language[21]; it is just Fi with - equivalence,extendedwith
supportfor type de®nitionsin the context.
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Well-formed terms: ; e A with ' ‘
Wewrite ; * e: A asshorthandor ; T e A with ;.
X:A 2 ; TviiAL T vl Az ; TviAr Ay 121129
oA ® T @ T () AL A O A )
AT, x:A' e:B ; Tvi:Al B vl A
% A a- (5) — ; (6)
; X :A:e:A! B ; vi(v2) : B
;K T erA ; “v:8 :K:B TAK
—w == wa — ; (8)
; :K:e:8 :K:A ; v[A] : f 7! AgB
i #K, T erA ; ‘v:8 #K:B TA#K
: . 10
; ) #K:e: 8 #K:A ©) ; T Vv[A]:f 7' AgB (10)
KT AT o "K; x:AT e:B with #
- (12)
: h "K:x :A:e:8 "K:A I'B
© S wvii8 "K:A B ;0 S wif 70 gA "K2 12
; Sovi J(v2) i f 7! gB with #
A Ef g:T K B2 A Ef g:T 'K B2
S (13) - (14)
; fold Ao : EfFBg! A ; unfold o : A! EfBg
TACT ;0 ;x:rec(A) T e: A with' ; T v:irec(A)
S . (15) - (16)
; reca(x:e): A with ' ; fetch (v) : A
TAK . K=A; " e:B with' 17) : e Ap with ' g @' 1; ;x:Al‘ez:Azwith'2(18)
; “let =Aine:f 7'AgB with f 7! Ad ; Tlet x=erin e : Ay with ' 1;' >
;o "K T erAwith, # 62FV(A) [ FV (') (19)
; " (new "Kin e:A) : A with '
"K 2 " A:K basis (A) writable() nf g "K 2 TA:K
; To= Acunit with = A (20) ; T Acunit with A (21)
"K 2 ; e A with' ' #K ; * e: B with ' " A B:T
- : _@ 22) €. 5wl @ 23)
; (e:A defines ) :A with (' sealing ) ; e: A with
Figure 8. StaticSemantics
( := A),byadatatypede nition ( : A), orabstractl( #).The 2.7 @ ok
lastkind of de nition only arisesastheresultof the sealingopera- 3.8 :=A 2" basis (A) writable()

tion (e: A defines ), asdiscussedn thenext section.

In our type system,it is useful to have a shorthand @'
for “applying” the type effect' to . The applicationresultsin
a type contet that re ects the de nitions in ' . Assumingthat

dom(' ) writable() ,wedene @' asfollows:
@ % ( nf "Kj "K2 A 2dom(')g)
[ :K=A] "K2 ~ =A2'g
[ :K Aj "K2 ~ : A2'g

[f #Kj "K2 ~ #2'g

Note that variablesthat have beende ned abstractly( #) are
classi ed asstablein the newv contet. This is soundbecause #
arisesfrom usesof sealing,andsealedypesarealwaysstable(see
theendof Section2.3).

De nition 3.5(Well-Formed Type Effects)
We say that a type effect ' is well-formed in type context

written " ' ok, if:
1. dom(" ) writable()
ICFP'05 7

The rst two conditionsare straightforvard. The third condition
checksthat for all transparentle nitions := A in ', theright-
handside A doesnot dependon ary variables boundas :K.
The reasonfor this is simple:if A dependson an unstable non-
writable , thereis nowaythatA caneventuallybecomestablevia
thebackpatchingf . Thus,sinceA isirrevocablyunstablethere
is nopointin allowing thede nition = A.

3.2 Term Structure

The syntaxof our term structureis shavn in Figure 7. After the
expositionof Section2, the new term constructsin our language
shouldall look familiar. A few minor exceptionslet = Ain e
enabledocal transparentype de nitions inside expressionsOne
can think of this as shorthandfor f 7! Age, thatis, e with A
substitutedfor free occurrence®f . Also, insteadof a letrec
we emplg/ aself-containedec a (x: €) expressionOnecanthink
of thisasshorthandor letrec x:A=e in X.

For simplicity, we requirethatall sequencingf operationse
doneexplicitly with theuseof alet expressior(let x = e;in ).
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It is straightforvard to codeup standardeft-to-right (or right-to-
left) call-by-valuesemanticdor function application,etc.,usinga
let .
We saythatavaluecontext is well-formedundertypecontet
,written  © ok, if * okand8x:A 2 TACT.
Figure8 de nesthetypingrulesfor terms.Ourtypingjudgment
(; * e: A with ' )isread:“"Undertypecontxt andvalue
context , theterme hastypeA andtypeeffects' .” We leave off
the“with ' " if ' = ;.
Rules1 through 8 are completely standard.Note that func-
tion bodiesare not permittedto have type effects, i.e., to de ne
externally-boundtype variables.If they were,we would needto

supporteffect typeslike Az !# A2, which we arguedin Sec-
tion 2.2is aproblematicfeature.

Rules9 and 10 for stableuniversalsare completelyanalogous
to thenormaluniversalrules(7 and8).

Rules11and12for DPSuniversalsarestraightforvardaswell.
Thebodyof aDPSuniversalis requiredto de ne its typeargument,
but thatis the only type effect it is allowed to have sincethatis
the only effect written on its arron. What if we want to write a
function that takes multiple writable type argumentsand de nes
all of them?It turnsout that sucha functionis alreadyencodable
within thelanguageby packagingall thewritabletypestogetheras
asinglewritable type constructoof productkind. SeeSection4.1
for details.

Rules13 and14 for fold o andunfold A requirethatthetype
A thatis beingfoldedinto or out of is sometypepathEf g rooted
at a datatypevariable , whoseunderlyingde nition is B. These
coercionswitnesstheisomorphisrbetweerEf g andEf Bg.*?

Rules15 and 16 for rec andfetch are completelystraight-
forward. Notice that the body of a rec may have arbitrary type
effects. Also, the canonicalforms of type rec (A) are variables.
In the dynamicsemanticgSection3.4), we usevariablesto model
backpatchablenemorylocations.

Rule 17 processeshe let binding of = A by addingthat
type de nition to the context whentypecheckinghelet body It
substituteg\ for , however, in theresulttypeandtypeeffect.Note
thatthereis no needto restrictA to bestablebecause 'sde nition
asA is never hidden.

Rule18for let x = e; in e is slightly interestingin thatthe
typeeffect' ; engenderetly e; mustbeappliedto thetypecontext

beforetypecheckinge;.

Rule19for new " K in e:A, asa matterof simplicity, re-
quirese to de ne andsealthe new writable variable . However,

may not escapédts scopeby appearingn the free variablesof
theresulttype A orin ary othertype effects’ thate might have.
We askfor newto be annotatedvith its resulttype sothatthetype-
checkingalgorithmdoesnot have to guessone(via normalization)
thatdoesnotreferto

Rule 20 for transparentype de nitions, := A, implements
whatwe describedht the endof Section2.3.In particular thethird
premisebasis (A) writable() nf g, allowsA todependn
ary writabletypevariablesbesides . Therule doesnot checkthat
A is immediatelystable.Stability will be checled later on, at the
pointwhen is sealedRule22).

Rule 21 for datatypede nitions simply checksthatthe variable
beingde ned is in factwritable. Thereis nothingelseinteresting
to checkbecauselatatypede nitions cannotintroduceary cycles.

Rule 22 concernghe sealingconstruct(e: A defines ). The
rst premiseensuresthat is a writable variable (otherwise,e

12For simplicity, we have madefold o andunfold 4 into new canonical
formsof theordinaryarrav type.In practice onemaywishto classifythese
valuesusinga separateoerion typg soasto indicateto the compilerthat
they behae like theidentity functionat runtime [23].
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shouldcertainlynot be allowedto de ne it!). The secondpremise
checksthat e hasthe export type A along with someeffects'
Thethird premisethencheckshat,once' hasbeenappliedto the
typecontxt , s stable.lt is now safeto sealthe de nition of
. To denotethe sealingof ‘s de nition in the type effect of the
conclusionwe write “* sealing ,” de ned asfollows:

De nition 3.6 (Sealinga Type Variable in a Type Effect)

Suppose is atypeeffectwhosedomainincludesthetypevariable
.Let' =" q;" 2, wheredom(' 2) = f g(so 62dom(' 1)).

Then,wewill write“' sealing " asshorthandor' 1; #.

Finally, Rule 23 allows for type conversion.Theruleis slightly
interestingin that type corversionis donein the contxt @'
insteadof . Thisis becausehetype of e describeshevaluethat
e evaluatesto. Thatvalueexistsin the “post- " world of @',
where more type de nitions may be available, so it is useful to
allow typecorversionto occurthere.

3.3 Somelnter esting Propertiesof the Static Semantics

Herewe discusssomeusefulpropertiesof ourtypesystem Forary
typejudgment] wewill usethenotation® " to signify that
okand ° J.Forary termjudgmentJ we will usethe
notation“ ; J " to signify that okand ; T J.
First, we have avalidity property statingthatwell- formedterms
have well-formedtypesandwell-formedtype effects.

Proposition 3.7 (Validity)

If ; e: A with ' ;then ~ A:Tand ~ ' ok

Next, we have somesubstitutionpropertiesLet atype substitu-
tion beatotal mappingfrom type variablesto type constructors
that behaes like the identity on all but a nite setof variables,
calledits domain,writtendom( ). Letid standfor theidentity sub-
stitution.Wewill write A (resp. e, ' ,or )tosignifytheresult
of performingthe substitution onthefreevariablesof A (resp.e,
', or ) in the usualcapture-goiding manner Note that the free
typevariablesof ' includedom("' ).

We mustactuallyde ne the notion of well-formedsubstitution
quite carefullyin orderto make thetheoremgo through:

De nition 3.8 (Well-Formed Type Substitutions)

Wesaythatatypesubstitution maps to % written °> : |
if:
1. dom( ) dom()
2 okand® °ok
3.8 "K2 :9 k2 % °=
4.8 1"K1 2 8 2"Ko 2 :(16 2)) ( 16 2)
5.8 :K=A2 :
(° A:K) ~ (basiso( ) basis o A))
6.8 :K A2 :9 %K A2 ©
(%= )~ (2 A A:K
7.8 #K2 O #K
8.8 :K2 : o (K

Conditionsl, 2 and8 arecompletelystraightforvard. Conditions3
and6 requirethat mapswritable and datatypevariablesto type
variablesof the sameclassesCondition7 guaranteethat maps
stabletype variablesto stabletypes (not necessarilyvariables).
Condition 4 ensureghat doesnot aliastwo writable variables
thatweredistinctin theoriginal . Thisis critical, sincewritable
variablesmay only bebackpatchednce.
Condition5 checksthat mapstransparentype variablesto

types that match their de nitions. The secondconjunct of this
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conditionmay seemredundantbut it is not. For example,suppose

T=unit 2 , "T2 %and ()= ( %T:unit)l ).
While it is certainlytruethat ( ) is equivalentto (unit ), it is
notthecasethatbasis o( ( )) basis o( (unit )) because( )
refersto  (albeitin auselessvay). This situationcould potentially
be avoided by de ning basis (A) in a more sophisticatedvay
(e.g., by rst normalizingA, andthen computingthe setof type
variablegthatits normalform depend®n).

In ary case,the reasonwe careaboutthe secondconjunctof
Condition5 is in orderto obtainthe following monotonicityprop-
erty, which is usefulin proving varioustheoremslit saysessen-
tially that,if atype A only dependson somesetof writable vari-
ables,then the basisof A cannotgrow unexpectedlyto include
other variableswhen the type undegoesa well-formed substitu-
tion. One olvious instancewherethis is importantis in proving
substitution(Proposition3.12 belav) for the construct” := A”
(Rule 20). Whenwe apply a substitution to this construct,we
wantto make surethat A doesnotsuddenlydepencon .

If Sisasetof typevariableslet S denotef | 2 Sg.

Proposition 3.9 (Monotonicity)
If ° : andbasis (A) writable() ,
thenbasis o( A) (basis (A)) .

We cannow stateseveraltype substitutionproperties:

Proposition 3.10(Substitution on Types)
Suppose °>  : . Then:

1.1f ~ A:K,then °° A:K.
2.1f ° A#K,then °° A #K.
3.1f A Az:K,then °° A;  Az:K.
4.1f °  okthen ©° ok.
Proposition 3.11(Substitution on Type Effects)
If % : and "' ok
then °° ' okand ‘@' > : @ .
Proposition 3.12(Type Substitution on Terms)
If ° : and; e: A with ',
then % ° e: A with '.

A similar propertyholdsfor value substitutionsput the de nition
of a well-formed value substitutionis much more ohvious. See
AppendixB for detailsandstatementsf otherusefulproperties.

In proving type soundnessye have foundthefollowing lemma
to bevery handy We call it the“useit or loseit” lemmabecausét
statesthis simplestrengtheningroperty:if aterme is well-typed
in acontext whereatypevariable is boundaswritable,bute does
notusethefactthat is writable,thene will alsobewell-typedin
acontet where is notwritable.Like thevalidity andsubstitution
propertiesthis lemmais provableby straightforvardinductionon
derivations.

Lemma 3.13(Uselt Or Loselt)
If ; "K; e: A with ' and ;
then ; :K; e: A with ' .

Kook,

Onecorollary of this lemmasaysthat termsthat have no type
effects(mostnotably value$ remainwell-typedevenif typeeffects
are applied to their contet. This fact is importantin shaving
thatthe mutablevalue storemaintainedby our dynamicsemantics
remainswell-formedthroughoutexecution.

Corollary 3.14(“Pur e” Terms Stay Well-Typed Under Effects)
If ; e:Aand ' okthen @' ; e:A.
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Proof:

Let °=( nf "Kj "K2 gJ[f :Kj "K2 g.By
Lemma3.13, % e:A.ltiseasytoseethat @' ~id: °
Thus,thedesiredresultfollows by Proposition3.12.

Anothercorollarysaysthatif we have anexpressiore referring
to two writabletypevariablesof the samekind, ande only depends
on one of thembeingwritable, thenwe canmeige theminto one
writabletypevariable.As statedhere this is exactly whatwe need
in orderto prove type preseration in the caseof -reductionfor
DPS universal types (cf. Rule 11 in Figure 8, and Rule 28 in
Figure9).

Corollary 3.15(Merging TogetherTwo Writable Types)
If ° okand "K2

and ; "K; ;x:A e:B with #,

then; ;x:f 7! gA f 7! ge:f 7! gB with #
Proof; Let = % "K.

By Lemma3.13, O :K: "K; :x:A e:Bwith #ltis

easytoseethat ~ f 7! g: % :K;
resultfollows by Proposition3.12.

" K. Thus,thedesired

Finally, althoughwe do not provide a typecheckingalgorithm
here,it is completelystraightforvardto write onethat, givenwell-
formedcontxts and andawell-formedterme, synthesizes
uniquetypeeffect' for e, aswell asatypeA thatis uniqueupto
typecorversionunder @' .

3.4 Dynamic Semanticsand Type Soundness

We de ne the dynamic semanticsof our languagein Figure 9
usingan abstractmachinesemanticsA machinestate is either
of the form BlackHoleor (; ! ; C, e). The former ariseswhen
an attemptis madeto fetch arecursve locationwhosecontents
have not yet beeninitialized. In the normalstate, is the current
type contet (i.e., the type stor), ! is the currentvalue store,C
is the currentcontinuationande is the expressioncurrentlybeing
evaluated.

In the languagede ned here, the only purposeof the value
storeis to supporta backpatchingeemanticgor recursionlt could
naturally be extendedto supportother things, such as mutable
referencesA valuestore! bindsvariablesto eithervalues(v) or
junk (?). Assumingx 2 dom(! ), we write ! (x) to denotethe
contentsof locationx in ! . Mirroring the syntaxof type effect
application,we write | @x := v to signify the store! ° with the
propertythatdom(! % = dom(! ),! q(x) = v, and! (y) = ! (y)
forally 2 dom(! );y 6 x.

We de ne well-formednes®f valuestoresasfollows:

De nition 3.16(Run-Time Value Contexts)
Wessaythatavaluecontext is run-timeif it only containsindings
of theformx : rec (A) .

De nition 3.17(Well-Formed Value Stores)

We saythata valuestore! is well-formedin  andhastype |,
written ! @ if:
1. ° okand isrun-time

2. dom(! ) = dom()
3. 8x:rec(A) 2 dom() :

either! (x) = ?or ; TI(X) A

ContinuationsC are representedas stacks of continuation
framesF . Thereare only two continuationframes.The rst is

let x= in e, whichwaitsfor x'sbindingto evaluateto avalue
v andthenplugsv in for x in e. Theseconds rec a (x ), which
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MachineStates :
ValueStores I

(;

I'; C e) j BlackHole
jlix 7wl x7t?

Continuations C: jC F
ContinuationFrames F = let x= in ejreca(x )
Reductions: e; €°]
25
i(viiv2) 5 v (24) (x :Aze)(v); fx7! vge( )
26 27
( :K:e)JA]; f 7! Age (26) ( #K:e)A]; f T7!'Age @7)
28 29
( "Kix:A:e)[ l(v); f 7' ofx7!vge (28) unfold A (fold g(v)) ; Vv (29)
30
let =Aine; f 7!Age (30) e:A defines ; e (31)
Machine statetransitions: ; °|
e; €
! 32
G '5Ce; G !;C;eo)( )
33 34
(; ';Clet x=e1ine); (; !';C let x= ineg;el)( ) (; ';C let x= inevVv),; (; !;C;fx?!vge)( )
x 62dom(! ) x 2 dom(!)
(35) (36)
(; ';GCreca(xxe); (; !';x71?2,C reca(x ); € (; !';C reca(x pv); (! @x:=v; CVv)
2d ! ! = 2d ! ! =?
X om(!) '(xX)=v (37) X om(!) ! (x) (38)
(; !';Gfetch (x)); (; !':Cv) (; !, G fetch (x)); BlackHole
62dom()
P ~ (39)
(; ';CGnew "Kin e:A); ( K;!;C e
"K 2 "K 2
40 41
G G =A; ( @:=A;!;C;())( ) G ".c A, (@ A;!;C;())( )
‘Well-formed continuations: ; T CIA cont‘
AT : TFA B with ' @' ; °~ C:B cont : * C:B cont A BT
; © A cont (42) ; " C F:A cont (43) ; " C:A cont (44)
‘Well-formed continuation frames: ; "F:A B with' ‘
AT ;0 ;x:AT e:B with' x:rec(A) 2
46
; “let x= ine:A B with' (45) ; " reca (X ):A A with ; (46)

Figure9. DynamicSemantics

waits for the body of a recursve termto evaluateto a valuev and
thenbackpatchetherecursve memorylocationx with v.

Thetypingjudgmentdor continuationg&ndcontinuatiorframes
are shavn in Figure 9. The latter is slightly interestingin thata
framemay have type effects.Onecanreadthe judgment( ; :
F:A B with ') as:“startingin type context , the frame
F takesa value of type A andreturnsa value of type B while
engenderinghe effectsin ' " ContinuationsC may of coursehave
typeeffectsaswell, but they areirrelevantbecauseve neverreturn
from a continuation.

Thedynamicsemanticstself is entirelywhatonewould expect
given our discussiorfrom Section2. Like sealingin ML, sealing
in ourlanguages a staticabstractiormechanisnwith no run-time
signi cance.Thenewconstructontheotherhand hastheeffect of
creatinga new entryin thetype storeat run time. Backpatchinga

ICFP'05 10

writable type is modeledby actuallyupdatingits entryin the type
store.In short,the semanticss faithful to ourintuition.

Thatsaid,it is worth notingthat,while thetypestore is useful
in de ning the dynamicsemanticsand proving type soundnessit
doesnot have ary realin uence onrun-timecomputationin other
words,the dynamicsemanticof Figure9 never consultsthe type
storein orderto determingheidentity of atypevariableandmale
a transitionbasedon that information. Consequentlythereis no
needn anactualimplementatiorio construcandmaintainthetype
store,andthe operationgor creationandde nition of abstractype
variablesmay bothbe compiledasno-ops.

We cannow de ne whatit meango be awell-formedmachine
state and statethe standardpreseration and progresstheorems
leadingto type soundnessThe interestingpart of the de nition
is that the expressione currently being evaluatedmay have type
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1

#; #
[8 1"Ki 2"K2A( 1)( 2)  © B( 1)( 2)]

Y8 Ky KaA( 1) 2) "B(1)(2)
[ 1"Ki 2"Kaix DAC 1)( 2):(e:B( 1)( 2)1
o "Ki1 Kz X ZA( 1 )( 2 )Z
new 1"Ki; 2"Ksz in
(let () = :=hg; 2iin e

:B( 1 )( 2 ) defines
[vil 20 2](v2) @ B( 1)( 2)]

' new "K; Ksin
(let ) = 1:= 1 in
let () = 2= 2 in

vi[ 1(v2))

: B( 1)( 2) defines 1;
Figure 10. Encodingof Multiple-ArgumentDPSUniversals

effects' , sotheseeffectsmustbe incorporatednto the “starting”
contet of the continuationC.

De nition 3.18(Well-Formed Machine States)

We saythata machinestate is well-formed,written ° ok, if
either = BlackHole or = (; !; C e) andthereexist , A
and' suchthat:

1. 1

2. ; “e:Awith' and @' ; ° C:A cont

Theorem 3.19(Presewation)
If >~ okand ; ©°then> ok

De nition 3.20(Terminal States)
A machinestate is terminalif it is of the form BlackHole or

GU;osv).

De nition 3.21(Stuck States)
A machinestate is stud if it is notterminalandthereis no state
Osuchthat ; ©

Theorem 3.22(Progress)
If ° ok, then isnotstuck.

(The progresstheoremdependson a standardcanonicalforms
lemma,whichis givenin AppendixB.)

Corollary 3.23(Type Soundness)
If 55, ° e: A, thentheexecutionof (;; ;; ; €) never entersa
stuckstate.

4. Encodingsin Destination-PassingStyle
4.1 Multiple-Ar gumentDPSUniversal Types

It islikely thatin practiceonemaywishto de ne afunctionof DPS
universaltype thattakesmultiple writable type agumentsandde-
nes all of them.However, our languageaspresentedn Section3
appeargo allow DPSuniversalsto take only a singlewritabletype
amgumentFigurel0illustratesthatin factmultiple-agumentDPS
universalscanbe encodedn termsof single-agumentones.For
simplicity, we take “multiple-argument”to mean“two-aigument,
but thetechniquecaneasilybegeneralizedo n aguments.
Theideais to encodea functiontaking two writable type argu-
ments ; and » (of kindsK; andK3) asa function taking one
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|[9 #K:A]IDPS
“ g "kounit 1A
[pack[A;v]as9 #K:B]Joprs

E "K: ()
(let () =

. B defines

= A in v)

[let [; x]= unpackvin (e:A) Jops
€ new "K in
(let x=v[]) in e:A

Figure 11. DPSUniversalEncodingof Existentials

writabletypeargument (of kind K;  K3). In Figure10, we as-
sumethevalueargumentandresulttypeshavetheform A( 1)( 2)
andB( 1)( 2),respectiely, where 1; > 62FV(A) [ FV(B).

In the introduction form, we divide the single into two
writable variables 1 and , by creatingthosevariableswith a
new and then de ning the original in termsof them. For the
eliminationform, it is the reverse We startwith two writable vari-
ables,andin orderto apply the DPS universalwe must package
themup asone.This is achieved by simply creatinga nev  of
the pair kind, andthende ning the original writable variablesas
projectionsfrom it. For the eliminationform to bewell-typed.,it is
importantof coursethat ; and  bedistinct. Also notethatwe
male useof newandsealingconstructghatcreate(or seal)multi-
ple variables.Theseare simply shorthandor several nestednews
or sealings.

In theencodingof boththeintroductionandeliminationforms,
we rely heavily on the ability to de ne a writable variabletrans-
parentlyin termsof anothemritablevariable whichis thensubse-
quentlyde ned in somestableway. This providesgoodmotivation
for our policy thatde nitions of writablevariablesneednotbe sta-
bleimmediately but only by thetime they aresealedasdiscussed
attheendof Section2.3).

4.2 Existential Types

In Section2.2,we amguedthatthe specialcaseof the DPSuniversal
in which the value agumenthas unit type can be viewed as
a kind of existential type. We non make that agumentprecise.
Figure 11 shavs how existentialtypesandtheir introductionand
elimination forms may be encodedusing that specialcaseof the
DPS universal type. The caveat is that DPS universalsare not
capableof encodingarbitraryexistentials9 :K:A, but only what
we call stableexistentials whichwe write 9 #K:A. Asthename
suggestsa valueof stableexistentialtypeis a packagevhosetype
components stable andthe standardCPSencodingof existentials
can be trivially modi ed to dene 9 #K:A as shorthandfor
8 :T:(8 #K:A! )!

To packagetype constructorA with valuev, we write a DPS
function that asksfor a writable abstracttype name , andthen
returnsv afterde ning to be A. The dataabstractionone nor-
mally associatesvith existentialintroductionis achieved hereby
our sealingconstruct.Note that A mustbe stablein orderfor the
encodingof pack to be well-typed,sinceA is usedto de ne the
writablevariable .

To unpackanexistentialvaluev, we (theclient) must rst create
anew writabletypename andthenpassit to v to bede ned. A
potentialbene t of theDPSencodingoverthe CPSencodings that
it allowsthebodye of theunpack to have arbitrarytypeeffects,so
long asthey do notreferto . In the CPSencodingof unpack, e
mustbe encapsulate¢h a function, soit is not allowed to de ne
ary externally-boundvariables.
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The DPS encodingis encouragingoecausdt meansthat our
approachto recursve type generatiity is fundamentallycompat-
ible with the traditionalunderstandingf generattity in termsof
existentialtypes.For instancereturningto the bootstrappedheap
examplefrom Figure4, we cannow rewrite thetype of MkHeams

8 #T:ORDERED! 9 #T:HEAP )( )

This looksjust like the standardF, interpretationof a generatre
functor signature except that we have replacedthe normal type
variable bindingsby stableones.lIt is not even necessaryor the
existentialin the resulttype of MkHeapo be encodedn DPS—a
valueof stableexistentialtype (underary encoding)canalwaysbe
coercedo[9 #K:AJops by rst unpackingts componentand
thenrepackinghemusingthe DPSencodingof pack.

5. RelatedWork

As discussedn Sectionl, therehasbeenmuchwork on extend-
ing ML with recursve modules,but a clear accountof recursve
typegeneratiity hasuntil now remainecelusive. Crary, Harperand
Puri [3] have givenafoundationaltype-theoreti@accountof recur
sive modules,but it doesnot considerthe interactionof recursion
with ML's sealingmechanisnfopaquesignatureascription) Russo
hasformalizedand implementedrecursie modulesas an exten-
sionto the Moscaw ML compiler[15]. Under his extension,ary
type component®f a recursie modulethat arereferredto recur
sively musthave theirde nitions madepublicto thewholemodule.
Leroy hasimplementedecursve modulesin O'Caml [11], but has
not provided ary formal accountof its semanticsWith none of
theseapproachess it possibleto implementthe bootstrappetheap
exampleusinga generatre MkHeagunctor

In reactionto the dif culties of incorporatingrecursve linking
into the ML modulesystem othershave investigatedvays of re-
placing ML's notion of modulewith somealternatve mechanism
for which recursve linking is the norm andhierarchicallinking a
specialcase AnconaandZuccas CMS calculus,in particular has
beenhighly in uential andled to a considerabldnody of work on
“mixin modules”[2]. However, it basicallyignoresall issuesin-
volving typecomponentgandhence dataabstraction)n modules.

More recently Dugganhasdevelopeda languageof “recursive
DLLs" [7]. His calculusis not intendedasthe basisof a source-
level languagebut ratherasan “interconnection”languageor dy-
namiclinking andloadingof sharedibraries.Basedonhisinformal
discussionPugganappearso addressomeof the problemsof re-
cursive ADT's in a mannersimilar to the typecheckingalgorithm
we suggestedn Sectionl.1. It is dif cult, though,to determine
preciselyhow his approachrelatesto oursbecauséhe is working
in arelatively low-level setting.In addition,Duggansimpli es the
problemto someextentby notsupportingull ML-style transparent
type de nitions, but only a limited form of sharingconstrainthat
is restrictecto atomictypes.

Interestingly the work that seemsmost closely relatedto our
approachcomesfrom the Schemecommunity Flatt and Felleisen
developeda recursve-module-lile constructcalled“units” for use
in MzSchemg16]. While MzSchemds dynamically-typedtheir
paperformalizesanextensionof unitsto thestatically-typedsetting
aswell [8]. A unithassomesetof importsandexports,which may
includeabstractypes.Two units may be “compounded’into one,
with eachunit's exportsbeingusedto satisfythe othersimports.

While ourapproachdiffersfrom unitsin mary detailsthereare
considerablaimilaritiesin termsof expressie power. For instance,

one canthink of the DPSuniversaltype8 " K:A " B asthe
type of a unit with a value import of type A, a value export of
type B, anda typeexport . (We modeltype imports separately
via standarduniversalquanti cation.) Theavoidanceof transparent
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typecycles,whichwe handleby distinguishingbetweerstableand
unstableforms of universalquanti cation, is dealtwith in the unit
languageby meansof unit “signatures, which explicitly specify
which exporttypesof a unit depencon whichimporttypes.

Ultimately, themaindistinctionbetweerourapproactandunits
is that, while units do mary thingsat once,we have tried instead
to isolateorthogonakoncernasmuchaspossible As aresult,our
languageonstructaremorelightweight,andour semanticss eas-
ier to follow. In contrastthe unit typing rulesarelarge and com-
plex. Given that units were intendedas a realistic, programmable
languageonstructthis compleity is understandabldut thereare
someother problemswith units aswell. In particular they lack
supportfor ML-style type sharing,andtheir emphasison “exter
nallinking” forcesoneto programin arecursve analogueof “fully
functorized”style. Nonethelesswe hopethat our presentaccount
of recursve type generatiity will help drav attentionto someof
theinterestingandnovel featuresof unitsthatthe existing work on
recursve ML-style moduleshasheretoforegnored.

Finally, unrelatedto recursve modules,Rossbey [18] gives
an accountof type generatity that, like ours, provides a new
constructfor creatingfreshabstracttypesat run time. Rossbegy's
focus, however, is not on recursionbut on the interactionof data
abstractionand run-time type analysis.Thus, his systemrequires
oneto de ne anabstractype atthe samepointwhereit is created.

6. Conclusion

In previous work with Karl CraryandBob Harper[6], we gave an
interpretationof ML-style modularity in which type generatiity
was treatedas a computationakffect. We view the presentwork
asacontinuatiorandre nementof thatinterpretationSpeci cally,
while we still modelthe de nition of new abstractypesasakind
of effect, we allow abstractypesto becreatecandusedbefore they
arede ned, thusmakingit possibleto link suchtypesrecursvely.

Onecomplaintthat canbe leveled againstour approachis that
the interpretationof type-level recursionin termsof backpatching
is highly operationaindmay male it dif cult to reasoraboutab-
stractionguaranteeAdmittedly, while it is possibleto stateaweak
syntacticabstractionproperty—e.g., that if a programcontainsa
subterme in which a writable abstractype is de ned andsealed,
thene may be replacecby anothersubterme® thatde nesthe ab-
stracttype in a differentway—it is not clearwhat a strongerab-
stractiontheoremwould look like. This remainsanimportantcon-
siderationfor futurework.

Another interestingquestionis whetherthe full power of our
languageis useful, or only a fragmentof it is really neededfor
practicalpurposesFor example,our type systemallows the pro-
grammerto de ne typesat run time basedon informationthatis
only dynamicallyavailable.If oneis only interestedn supporting
“second-classtecursive modulesthenthelanguageve have pre-
sentechereis morepowerful thannecessaryn thatcaseijt is worth
consideringwhetherthereis a wealer subsetf the languagehat
sufces andis easierto implementin practice.

This questioris of coursetiedin with themoregeneraproblem
of scalingtheideasof this paperto thelevel of amodulelanguage.
The path from this paperto a full-blown module systemis not
immediate primarily becausehe approacho dataabstractionve
havetakenhereis atleastsuper cially quitedifferentfrom theway
thattype systemsfor moduleshave traditionally beenformalized.
Thatsaid,we believe it shouldnotbefundamentallydif cult.
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A. Representative Rulesfor Kinding and
Equivalenceof Type Constructors

The de nition of well-formednessand equivalencefor type con-
structorsin our languages entirely straightforvard. Herewe give
somerepresentate rules.

‘WeII-formedtypeconstructors: : A:K‘
( )=K ; KT AT ;o KT AT
K Y8 "KiAL AT
‘Typeconstructorequivalence: TA Az:K‘
K=A2
X A:K
7 KT A1 Bi:T ;7 KT Az Bo:T
"8 "K:A; A, 8 "K:By I"By:T
; KT A Bi:K® U A; Bz:K
(0 :K:A)A2) f 7!BagB;:K°

;D KT A( ) B():K°

A B:K!

62FV (A) [ FV (B)
KO

B. Additional Meta-Theoretic Properties
Proposition B.1 (Propertiesof Type Effect Application)

Suppose ' ok. Then:
1. © A:Kifandonlyif @ °~ A:K.
2.f T A; Az:K,then @ ~ A1 A:K.
3. If basis (A) basis (B),
thenbasis @' (A) basis g (B).
4.1F @ %ok
then * 5 '%okand @(;'9=( @)@ °

De nition B.2 (Well-Formed Value Substitutions)
We saythatavaluesubstitution maps to °under

written ;% ¢ if:

1. dom( ) dom()

2. okand 0 ok

3.8x:A2 :: 9 x:A
Proposition B.3 (Value Substitution on Terms)
If ; : and ; T e A with ',
then; % e:A with'.

Lemma B.4 (Canonical Forms)
Suppose; v:A and isrun-time.Then:

1. If A = unit , thenv is of theform () .

2. 1f A= A1 Ay, thenvisoftheform (vi;v2).
3. IfA=A! Ay,

thenv is of theform x :B:eorfold g orunfold g.
4. If A= 8 :K:A,thenv isof theform K:e
5. If A =8 #K:A,thenv isof theform #K:e.
6.1FA=8 "K:A; " A,

thenv is of theform " K: x :B:e.
7. If A = rec (A9, thenv is of theform x.
8. If A= Ef g, where :K B2 ,

thenv is of theformfold Ao(v9).
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