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Abstract

We presenta type theory for higherorder modulesthat accounts
for mary centralissuesn modulesystendesign,jncludingtranslu-
ceng, applicatvity, generatiity, andmodulesas rst-classvalues.
Our type systemharmonizeglesignelementsrom previous work,
resultingin asimple,economicaaccounpbf modulamprogramming.
Themainunifying principleis the treatmenbf abstractiormecha-
nismsascomputationaéffects. Our languages the rst to provide
acompleteandpracticalformalizationof all of thesecritical issues
in modulesystemdesign.

Categoriesand Subject Descriptors
D.3.1[Programming Language$: Formal De nitions and The-
ory; D.3.3[Programming Language$: LanguageConstructsand

Features-Abstract datatypes ,Modules F.3.3[Logics and Mean-
ingsof Programg: Studiesof PrograntConstructs—Fypestructue
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1 Intr oduction

The designof languaged$or modularprogrammings surprisingly
delicateand complex. Thereis a fundamentaltensionbetween
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thedesireto separat@rogramcomponentsnto relatively indepen-
dent partsand the needto integratethesepartsto form a coher
entwhole. To someextent the designof modularity mechanisms
is independenbf the underlyinglanguagd17], but to a large ex-
tent the two areinseparable.For example,languageswith poly-
morphism,generics or type abstractiorrequirefar more comple
modulemechanismghanthosewithout them.

Much work hasbeendevotedto the designof modularprogram-
ming languages Early work on CLU [19] andthe Modula family
of language$34, 2] hasbeenparticularlyin uential. Much effort
hasgoneinto the designof modularprogrammingmechanismsor
the ML family of languagesnotably StandardML [23] and Ob-
jective Caml [27]. Numerousextensionsand variationsof these
designshave beenconsideredn theliterature[21, 18, 28, 31, 5].

Despite(or perhapshecausef) thesesubstantiakfforts, the eld
hasremainedsomevhatfragmentedwith no clearunifying theory
of modularityhaving yetemepged. Severalcompetingdesignshave
beenproposedpften seeminglyat oddswith one another These
decisionsareasoften motivatedby pragmaticconsiderationssuch
as engineeringa usefulimplementationas by more fundamental
considerationssuchasthe semantic®f type abstractionTherela-
tionshipbetweerthesedesigndecisionss notcompletelyclear nor
is therea clearaccountof the trade-ofs betweerthem,or whether
they canbe coherentlycombinednto a singledesign.

The goal of this paperis to provide a simple, uni ed formalism
for modularprogramminghatconsolidatesindelucidatesnuchof
thework mentionedabove. Building on a substantiabndgrowing
body of work on type-theoreti@ccountof languagestructure we
proposea type theoryfor higherorder programmodulesthat har
monizesandenricheghesedesignsandthatwould be suitableasa
foundationfor the next generatiorof modularlanguages.

1.1 Designissues

Beforedescribingthe maintechnicalfeaturesof ourlanguageit is
usefulto review someof the centralissuedn the designof module
systemsfor ML. Theseissuesextendto ary languageof similar
expressie power, thoughsomeof the trade-ofs may be different
for differentlanguages.

Controlled Abstraction  Modularity is achiezed by usingsigna-

tures(interfaces)to mediateaccesdetweernprogramcomponents.
Therole of a signatureis to allow the programmetto “hide” type

informationselectvely. The mechanisnfor controllingtype prop-

agationis translucency11, 14], with transparenc andopacityas

limiting cases.



PhaseSeparation ML-lik e modulesystemsenjoy a phasesep-
aration property[12] statingthatevery moduleis separablénto a
staticpart, consistingof typeinformation,anda dynamicpart,con-
sistingof executablecode. To obtainfully expressve higherorder
modulesandto supporiabstractionit is essentiato build thisphase
separatiomprincipleinto thede nition of typeequialence.

Generativity = MacQueencoined the term geneativity for the
creationof “new” types correspondingo run-time instancesof

an abstraction. For example, we may wish to de ne a functor
SymbolTable that, given someparametersgreatesa nev symbol
table.It is naturalfor the symboltablemoduleto exportanabstract
type of symbolsthataredynamicallycreatedby insertionandused
for subsequentetrieval. To precludeusingthe symbolsfrom one
symboltableto index another generatiity is essential—eacin-

stanceof the hashtablemustyield a “new” symboltype, distinct
from all others,evenwhenappliedtwice to the sameparameters.

SeparateCompilation  Onegoal of modulesystemdesignis to

supportseparatecompilation[14]. This is achiezed by ensuring
thatall interactionsamongmodulesaremediatedby interfacesthat

captureall of the informationknown to the clients of separately-
compiledmodules.

Principal Signatures The principal, or mostexpressie, sigha-
turefor amodulecapturesall thatis known aboutthatmoduledur
ing type checking. It may be usedasa proxy for that modulefor
purpose®f separateompilation.Many type checkingalgorithms,
includingthe onegivenin this paper computeprincipal signatures
for modules.

Modules as First-Class Values Modulesin ML are “second-
class”in the sensethatthey cannotbe computedasthe resultsof
ordinary run-time computation. It can be usefulto treata mod-
ule asa rst-class valuethatcanbe storedinto a datastructure,or
passedsanordinaryfunctionargumentor result[11, 24].

Hidden Types Introducinga local, or “hidden”, abstracttype
within ascoperequireshatthetypesof the externallyvisible com-
ponentsavoid mentionof theabstractype. Thisavoidanceproblem
is oftena stumblingblock for modulesystemdesign sincein most
expressie languageghereis no “best” way to avoid a type vari-
able[9, 18].

1.2 A Type Systemfor Modules

Thetypesystenproposederetakesinto accoungll of thesedesign
issues. It consolidatesand harmonizegdesignelementghat were
previously seenasdisparaténto a singleframevork. For example,
ratherthanregardgeneratiity of abstractypesasanalternatve to
non-generatie types,we make both mechanismsvailablein the
language We supportboth generatre andapplicatie functors,ad-
mit translucentsignatures supportseparatecompilation,and are
ableto accommodatenodulesas rst-class values[24, 29].

Generalityis achieved not by a simple accumulationof features,
but rather by isolating a few key mechanismshat, when com-
bined,yield a e xible, expressie, andimplementablaype system
for modules.Speci cally, thefollowing mechanismsarecrucial.

Singletons Propagatiorof type sharingis handledby singleton
sighatues avariantof Aspinall'sandStoneandHarpers singleton
kinds[33, 32, 1]. Singletonsprovide a simple, orthogonaltreat-
mentof sharingthat captureghe full equationatheoryof typesin

ahigherordermodulesystemwith subtyping.No previousmodule
systemhasprovided both abstractionandthe full equationalthe-
ory supportedy singletonst andconsequentiyionehasprovided
optimal propagatiorof type information.

Static Module Equivalence The semanticof singletonsigna-
turesis dependenbn a (compile-time)notion of equivalenceof
modules. To ensurethat the phasedistinction is respectedwe
de ne moduleequivalenceto mean“equivalenceof staticcompo-
nents, ignoringall run-timeaspects.

Subtyping  Signaturesubtypingis usedto model “forgetting”
type sharing,an essentiapartof signaturematching.The coercie
aspect®f signaturematching(droppingof elds andspecialization
of polymorphicvalues)are omitted here,sincethe requiredcoer
cionsarede nablein thelanguage.

Purity and Impurity ~ Ourtypesystemclassi esmoduleexpres-
sionsinto pure (effect-free)andimpure (effectful)forms. To ensure
properenforcemenbf abstractionjmpure modulesare incompa-
rable (may not be comparedor equality with ary other module)
andnon-piojectible(maynot have type componentprojectedrom
them). It follows thatimpure modulesare also non-substitutable
(maynotbe substitutedor a modulevariablein a signature).

Abstraction and Sealing Modulesthataresealedwith a signa-
turetoimposetypeabstractiorj11] areregardedasimpure.in other
words,sealingis regardedasa pro formacomputationaéffect. This
is consistentwith the informal ideathat generatiity involvesthe
generationof new typesat run time. Moreover, this ensureghat
sealednodulesareincomparablendnon-projectiblewhichis suf-
cient to ensurethe propersemantic®f type abstraction.

Totality and Partiality =~ Functorsarel -abstractionstthelevel of
modules A functorwhosebodyis pureis saidto betotal; otherwise
it is partial. It followsthattheapplicationof apure,totalfunctorto
a pureargumentis pure,whereaghe applicationof a pure,partial
functorto a pureargumentis impure. Partial functorsarenaturally
geneative, meaningthatthe abstractypesin its resultare “new”

for eachinstancetotal functorsareapplicative meaningthatequal
amgumentsyield equaltypesin the result. Generatie functorsare
obtainedwithout resortto “generatve stamps’]23, 21].

Weak and Strong Sealing Since sealinginducesa compu-
tational effect, only partial functors may contain sealed sub-
structures;this signi cantly wealensthe utility of total functors.
To overcomethis limitation we distinguishtwo forms of effect,
static and dynami¢ and two forms of sealing,weak and strong
Weak sealinginducesa static effect, which we think of asoccur
ring onceduring type checking;strongsealinginducesa dynamic
effect, which we think of asoccurringduring execution. Dynamic
effectsinducepartiality, staticeffectspresere totality.

Existential Signatures In a mannersimilar to Shao[31], our
type systemis carefully craftedto circumwentthe avoidanceprob-
lem, so that every moduleenjoys a principal signature.However,
this requiresmposingrestrictionson the programmerTo lift these
restrictionswe proposehe useof existentialsignaturego provide
principal signaturesvherenonewould otherwiseexist. We shav
thatthesesxistentialsignaturesretype-theoreticallyll-behavedin

ypically the omittedequationsrenot missecbecauseestric-
tionsto namedform or valuability preventprogrammergrom writ-
ing codewhosetypeabilitywould dependon thoseequationsn the
rst place[4].
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Figure 1. Syntax

general,so, we restricttheir useto a well-behaed setting. In the
styleof HarperandSton€g[13], we proposeheuseof anelaboration
algorithmfrom an externallanguagethat may incur the avoidance
problem,into our type systemwhich doesnot.

PackagedModules Modulesin oursystemare“second-classin
thesensdhatthelanguagef moduless separatérom thelanguage
of terms. However, following Mitchell et al. [24] andRuss0[29],
we provide a way of packaginga moduleasa rst-classvalue. In
prior work, suchpackagednodulesaretypically given an existen-
tial type, whoseclosed-scope&limination constructcan make for
awkward programming. Instead,our accountof type generatrity
allows usto emplgy a more natural,open-scopelimination con-
struct, wherebyunpackaginga packagednoduleengenders dy-
namiceffect.

While thesefeaturescombinenaturallyto form avery generalan-
guagefor modular programming,they would be of little usein
the absenceof a practicalimplementationstratgly. Someprevi-
ousattemptshave encounteredlif culties with undecidability[11]
orincompletenessf typechecking[27]. In contrastourformalism
leadsto a practical,implementablgrogrammindanguage.

The rest of this paperis structuredas follows: In Section2 we
presentour coretype systemfor higherordermodules,including
the intuition behindits designand a brief descriptionof the de-
cidabletypecheckingalgorithm. In Section3 we discussthe pro-
grammingimportanceof having both weak and strong forms of

sealing. In Section4 we explain the avoidanceproblemand how

it canbecircumwentedusinganelaboratioralgorithm.In Section5

we presenta very simple,orthogonalextensionof our coresystem
to provide supportfor packagingmodulesas rst-class values. Fi-

nally, in Section6 we compareour systemwith relatedwork andin

Section7 we conclude.

2 TechnicalDevelopment

We begin our technicaldevelopmentby presentingthe syntaxof
our languagein Figure 1. Our languageconsistsof four syntac-
tic classesterms,types,modules,andsignaturegwhich sene as
the typesof modules). The languagedoesnot explicitly include
higherordertype constructoror kinds (which ordinarily sene as
constructorstypes);in our languagethe rolesof constructorand
kindsaresubsumedty modulesandsignaturesContextsbindmod-
ule variables(s) to signatures.

As usual,we consideralpha-equialentexpressiongo beidentical.
We write the capture-goiding substitutionof M for sin anexpres-
sionE asE[M=g].

Types Therearethreebasictypesin our language.The product
type(t1 tp)isstandardThefunctiontype,Pss:t, is thetypeof
functionsthataccepta modulearguments of signatures andreturn
avalue of typet (possiblycontainings). As usual,if s doesnot
appeafreeint, wewrite Psis:t ass! t. (Thisconventionis used
for the dependenproductsin the signatureclassaswell.) Finally,
whenM is a modulecontainingexactly onetype (which is to say
thatM hasthe signature[T]), thattypeis extractedby TypM. A
full-featuredlanguagewould supporta variety of additionaltypes
aswell.

Terms Thetermlanguagecontainsthe naturalintroductionand
eliminationconstructgor recursve functionsandproducts.In ad-
dition, whenM is a modulecontainingexactly onevalue (whichis
to saythatM hasthe signature|t], for sometypet), thatvalueis
extractedby ValM. When f doesnot appearfree in e, we write
x f(sss):t:easLss:e.

The conventionalforms of functionsandpolymorphicfunctionare
built from module functions. Ordinary functionsare built using
modulescontaininga singlevalue:

=X
D,

t1! to = [ttt to
Ixt:e(X) £ Ls[tl:e(Vals)
€16 £ eller]

andpolymorphicfunctionsarebuilt usingmodulescontainingasin-
gletype:

=X
iy

8a:it(a) = Ps[T]t(Typs
La:ea) £ Ls[Tle(Typs)
et £ogt]

Signatures Therearesevenbasicsignaturesn ourlanguageThe
atomicsignature[T] is the type of an atomicmodulecontaininga
singletype, andthe atomic signature]t] is the type of an atomic
modulecontaininga singleterm. The atomicmodulesarewritten
[t]and[e:t], respectiely. (Weomitthetypelabel“: t” from atomic
term moduleswhenit is clearfrom contet.) The trivial atomic
signaturel is thetype of thetrivial atomicmodulehi.

The functor signaturesP®!s;s1:s, and PP¥s:;s1:s, expressthe
type of functorsthatacceptanargumentof signatures ;1 andreturn
aresultof signatures , (possiblycontainings). Thereasorfor two
differentP signaturess to distinguishbetweentotal and partial
functors,which we discussin detail belon. For corveniencewe
will take P (without a superscriptto be synorymouswith P!,
Whens doesnot appeaffreein s, wewrite Ps:s1:S, assy!  s».

The structuresignatureSs:s1:s» is the type of a pair of modules
wheretheleft-handcomponenhassignatures ; andtheright-hand
componenhassignatures ,, in which srefersto theleft-handcom-

ponent. As usual, whens doesnot appearfree in s, we write

Ssis1:Spass;  So.

Thesingletonsignature (M) is usedto expresstypesharinginfor-

mation. It classi esmodulesthathave signaturg[T] andare stati-
cally equivalentto M. Two modulesareconsideredtaticallyequiv-

alentif they areequalmodulotermcomponentsthatis, type elds

mustagreebutterm elds maydiffer. Singletonsatsignaturesther
than[T] arenot provided primitively becauseahey canbe de ned

usingthe basicsingleton,asdescribedby Stoneand Harper[33].

The de nition of (M) (the signaturecontainingonly modules
equalto M atsignatures) is givenin Figure5.



signature SIG =
sig
type s
type t = s * int

structure S : sig

type u
val f :u->s
end
val g: t -> Su
end . .
... iscompiledas...
Ss[T]:
St: ([Typs int ]):
SS(Su[T]:Sf:[Typu! Typs]:1):
Sg:[Typt! Typ(p19)]:1

Figure2. ML Signature Example

structure S1 =
struct
type s = bool
type t = bool * int
structure S = struct
type u = string
val f = (fn y:u => true)
end
val g = (fn y:t =>"hello world")
end . .
... iscompiledas...
hs= [bool];
ht = [bool int ];

hS= hu= [string ];hf = [l y: Typ u:true J; hiii ;

Figure3. ML Structur e Example

Modules The modulesyntaxcontainsmodulevariables(s), the
atomic modules,and the usualintroductionand elimination con-
structsfor P andS signaturesexceptthatS modulesareintroduced
by hs= M1;Mai, in which s standsfor M1 andmay appearfreein

M. (Whens doesnot appearfree in My, the “s=" is omitted.)
No introductionor elimination constructsare provided for single-
tonsignaturesSingletonsareintroducedandeliminatedby rulesin

the staticsemanticsijf M is judgedequivalentto M%in s, thenM

belongsto s(M9, andvice versa.

The remaining module constructsare strong sealing, written
M:> s, andweaksealingwrittenM:: s. Whenamoduleis sealed
eitherstronglyor weakly, theresultis opaque By opaguenve mean
thatnoclientof themodulemaydependnary detailsof theimple-
mentationof M otherthanwhatis exposedby thesignatures. The
distinctionbetweenstrongandweak sealingis discussedn detail
below.

Although higherorder type constructorsdo not appearexplicitly
in our languagethey arefaithfully representeth ourlanguageby
unsealednodulescontainingonly type componentsFor example,
thekind (T! T)! T isrepresentetlythesignaturg[T]! [T])!
[T]; andtheconstructoda :(T! T):(int aint ) is represented
by themodulel s:([T]! [T]):[int  Typ(s[int ])].

Examplesof howv ML-style signaturesand structuresmay be ex-
pressedn our languageappeaiin Figures2 and3.

Comparability and Projectibility = Two closelyrelatedssuesare
crucialto the designof a modulesystemsupportingtype abstrac-
tion:

1. Whencanamodulebecomparedor equivalencewith another
module?

2. Whencanatype componenbe projectedfrom a moduleand
usedasatype?

We say that a moduleis compaable iff it can be comparedfor
equivalencewith anothemrmodule,andthata moduleis projectible
iff its type componentsnay be projectedandusedastype expres-
sions. (In the literaturemost presentationemphasizerojectibil-
ity [11, 14,15].)

A simpleanalysisf the propertief comparabilityandprojectibil-
ity suggestshatthey arecloselyrelated. SupposéhatM is a pro-
jectible modulewith signature[T], sothat Typ M is atype. Since
typeequalityis anequivalencerelation,this typemaybe compared
with ary other in particular Typ M? for anotherprojectiblemod-
ule M9 of the samesignature. But sinceTyp M and Typ M° fully
determineM, we are,in effect, comparingM with MO for equiva-
lence.Thissuggestshatprojectiblemodulesheregardecascompa-
rablefor type checkingpurposesCorversely if M is acomparable
module,thenby extensionalityM shouldbe equivalentto [Typ M],
whichis only sensiblef M is alsoprojectible.

Purity and Impurity ~ Thedesignof our modulesystemrestson
the semanticnotionsof purity andimpurity inducedby computa-
tional effects. To motivatethedesign, rst recallthatin a rst-class
modulesystemsuchasHarperand Lillibridge's [11] therecanbe
“impure” moduleexpressionghatyield distinct type components
eachtime they are evaluated. For example,a moduleexpression
M might consultthe stateof the world, yielding a differentmod-
ule for eachoutcomeof the test. The type component®f sucha
modulearenot staticallywell-determinedandhenceshouldnotbe
admittedastype expressionst all, muchlesscomparedor equiv-
alence.Ontheotherhand,evenin sucha generafframewvork, pure
(effect-free)modulesmay be safely regardedas both comparable
andprojectible.

In a second-classnodule systemsuchexamplesare not, in fact,
expressibleput we will neverthelessnd it usefulto classifymod-
ulesaccordingto their purity.2 This classi cationis semantic,in
thesenseof beingde ned by judgmentf thecalculusratherthan
syntactic,in the senseof being determinedsolely by the form of
expression. Sucha semanticapproachis importantfor a correct
accountf typeabstractiorin a full-featuredmodulelanguage.

Theaxiomatizatiorof purity andimpurity in our systemis basedn
asetof rulesthattakesaccouniof thetypesof expressionsaswell
astheir syntacticforms. The type systemis conserative in that
it “assumeghe worst” of animpure moduleexpression ruling it

2Moreover, in Sections wewill introducethemeango re-create
theseexamplesn oursettingmakingessentialiseof thesameclas-
si cation system.



incomparableandnon-projectible evenwhenits type components
arein factstaticallywell-determined As we will seeshortly, thisis
importantfor enforcingtypeabstractionaswell asensuringsound-
nessin the presencef rst-class modules.In addition,sinceit is
soundto do so,we deemall puremoduleexpressiongo becompa-
rableandprojectible. Thatis, to beaspermissie aspossiblewith-
out violating soundnes®r abstractionwe identify comparability
andprojectibility with purity. Finally, notethata moduleis judged
pure basedon whetherits type componentsare well-determined,
which is independenbf whetherary term componenthiave com-
putationaleffects.

In theliteraturedifferentaccountf higherordermodulesprovide
differentclasse®f puremodules.For example,in HarperandLil-

libridge's rst-class modulesystem[11], only syntacticvaluesare
considerecpure. In Leroy's second-classmodulecalculi [14, 15],
purity is limited to the syntacticcateyory of paths.In Harperetal.'s
early “phase-distinction’calculus[12] all modulesare deemedo
be pure,but no meansof abstractionis provided.

Abstraction via Sealing The principal meansfor de ning ab-
stracttypesis sealing written M:>s. SealingM with s pre-
ventsary clientof M from dependingon the identitiesof ary type
componentsspeci ed opaquely—withsignature[T] rather than

11(M)—insides. Fromthepointof view of moduleequialence,
this meansthat a sealedmoduleshouldbe consideredncompara-
ble. To seethis, supposethat M = ([int ]:>[T]) is regardedas
comparable. PresumablyM could not be deemedequialent to
MP= ([bool]:>[T]) sincetheir underlyingtype componentsare
different. However, since module equivalenceis re exive, if M
is comparablethenM mustbe deemedequivalentto itself. This
would meanthat the type systemwould distinguishtwo opaque
modulesbasedon their underlyingimplementationa violation of
typeabstraction.

A signi cant advantageof ourjudgmentabpproacho purity is that
it affords a naturalmeansof ensuringthat a sealedmoduleis in-
comparablenamelyto judgeit impure. This amountsgo regarding
sealingasa pro formarun-timeeffect, eventhoughno actualeffect
occursatexecutiontime. Not only doesthis ensurethatabstraction
violationssuchasthe onejustiillustratedareruled out, but we will
alsoshaw in Section3 thatdoingsoallows thetypesystento track
therun-time“generation”of “new” types.

Applicativeand Generative Functors  Functorsn StandardL
aregeneative in the sensethat eachabstracttype in the result of
the functor is “generatedafresh”for eachinstanceof the functor,
regardlessof whetheror not the algumentsin eachinstanceare
equivalent. Functorsin Objective Caml, however, are applicative
in thesensehatthey presere equivalence:if appliedto equivalent
amumentsthey yield equivalentresults.In particular the abstract
typesin theresultof afunctorarethe samefor ary two applications
to the sameargument.

Continuingthe analogywith computationakffects, we will deem
ary functorwhosebodyis pureto betotal, otherwisepartial. The
applicationof a pure,total functorto a pureargumentis pure,and
hencecomparable.Total functorsare applicatve in the sensehat
the applicationof a puretotal functorto two equivalentpuremod-
ulesyields equivalent pure modules,becausehe applicationsare
pure, and hencecomparable.Partial functors,on the other hand,
alwaysyield impuremoduleswhenapplied. Thereforethey do not
respectequialenceof arguments(becausehe results,beingim-
pure,arenot even comparable)ensuringthat eachinstanceyields
adistinctresult.

We distinguishthe signature®f total (applicatve) andpartial (gen-
erative) functors.Total functorshave P signaturesywhereagartial
functorshave PP signaturesThe subtypingrelationis de ned so
thatevery total functormay be regarded(degeneratelypsa partial
functor.

Weak and Strong Sealing In our systemwe identify applicatve
functorswith total ones,andgeneratie functorswith partialones.
To male this work, however, we mustre ne the notion of effect.
For if sealingis regardedasinducinga run-time effect, thenit is
impossibleto emplogy abstractiorwithin the body of a total func-
tor, for to do sorenderghe bodyimpure. (We may sealthe entire
functorwith atotal functorsignatureto imposeabstractionbut this
only ensureghatthe exportedtypesof thefunctorareheldabstract
in ary clientsof thatfunctor. It doesnot permita substructuren
thebody of thefunctorto be heldabstracin boththe clientsof the
functorandin theremaindeiof thefunctorbody)

Thesolutionis to distinguishtwo formsof sealing—strong written
M :> s asbefore,andweak written M :: s. Both imposeabstrac-
tion in the senseof limiting type propagatiorto whatis explicitly
speci edin theascribedsignatureby regardingbothforms of seal-
ing asinducing impurity. However, to supporta useful classof
applicative functors,we further distinguishbetweenstatic and dy-
namiceffects. Weaksealinginducesa staticeffect, whereasstrong
sealinginducesdynamiceffect.

Thesigni canceof this distinctionliesin thede nition of totaland

partial functors. A functor whosebody involvesa dynamiceffect

(i.e., is dynamicallyimpure), is ruled partial,andhencegeneratie.

Thusstrongsealingwithin a functor body inducesgeneratiity of

thatfunctor A functorwhosebodyis eitherpure,or involvesonly

a staticeffect (i.e., is dynamicallypure), is ruled total, andhence
applicative. This ensureghatapplicatve functorsmayuseabstrac-
tion within their bodieswithoutincurring generatie behaior. The

methodologicalmportanceof this distinctionis discussedn Sec-
tion 3.

A dynamiceffect may bethoughtof asonethatoccursduring exe-
cution,whereasa staticeffectis onethatoccursduringtype check-
ing. Dynamiceffects are suspendedhside of a | -abstractionso
functorabstractionsredynamicallypure. However, whenapplied,
the dynamiceffectsinsidethe functor arereleasedso thatthe ap-
plicationis dynamicallyimpure. On the otherhand, static effects
occur during type checking,and henceare not suspendedy | -
abstractionnor releasedy application.

Formalization  The typing judgmentfor our systemis written
G k M : s, wherek indicatesM's purity. Theclassi erk is dravn
from thefollowing four-pointlattice:

ThepointPindicateghatM is pure(andhencecomparablendpro-

jectible), Dindicatesdynamicpurity, S indicatesstatic purity, and
Windicateswell-formednes®only (no purity information). Hence,
G pM : s is our purity judgment. It will prove to be corvenient
in our typing rulesto exploit the ordering(written v ), meets(u),

andjoins (t ) of this lattice, whereP is taken asthe bottomand W
is taken asthe top. We alsosometimesnd it convenientto use
thenotationP 9s:s s, for afunctorsignaturethatis eithertotal or

partialdependingon whetherd = tot or d= par, respectiely.
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Figure4. Key Typing Rules

Somekey rulesaresummarizedn Figure4. Puremodulesaredy-
namically pure and statically pure, and eachof thoseare at least
well-formed(rule 1). Stronglysealednodulesareneitherstatically
nor dynamicallypure(2); weakly sealednodulesarenot statically
pure, but are dynamically pure if their body is (3). Applicative
functorsmusthave dynamicallypure bodies(5); generatie func-
tors have no restriction(6). Applicative functorsmay be usedas
generatre ones(7). Variablesare pure (4), and lambdasare dy-
namicallypure (5 and6). Theapplicationof anapplicatve functor
is aspureasthefunctoritself (8), but theapplicationof ageneratre
functoris at beststaticallypure(9). Finally, the purity of amodule
is presered by signaturesubsumption(12). The completeset of
typing rulesis givenin AppendixA.

The rulesfor functor application(rules 8 and 9) requirethat the
functoramgumentbe pure. This is becausehe functor agumentis
substitutednto the functor's codomairto producetheresultsigna-
ture, andthe substitutionof impure modulesfor variables(which
are always pure) can turn well-formed signaturesnto ill-formed
ones(for example,[Typ s| becomesll-formed if animpure mod-
ule is substitutedor s). (An alternatve rule proposecby Harper
andLillibridge [11] resohesthis issue,but inducesthe avoidance
problem,aswe discussin Section4.) Therefore,whena functor
is to be appliedto animpureargumentthatagumentmust rst be
boundto avariable,whichis pure. Similarly, projectionof the sec-
ondcomponentf a pair is restrictecto purepairs(rule 11), but no
suchrestrictionneedbe madefor projectionof the rst component
(rule 10), sinceno substitutionis involved.

Static Equivalence In the foregoing discussionwe have fre-
quentlymadereferenceo a notionof moduleequivalence without
specifyingwhatthismeansA key designdecisiorfor amodulecal-
culusis to de ne whentwo comparablenodulesareto be deemed
equialent. Differentmodulesystemsarisefrom differentnotions
of equivalence.

If a pure module has signature[T], it is possibleto extract the
type componentfrom it. Type checkingdependsessentiallyon
the matterof which typesare equal, so we must considerwhen
Typ M is equalto Typ M® Thesimplestanswemvould beto regard
TypM = Typ M2 exactly whenthe modulesM andM%areequal.
But thisis too naive becausave cannotin generaldeterminewhen
two modulesareequal.Supposé : [int ]! s ande €®: int . Then
Fle] = F[€9if andonly if e= €° but thelatterequalityis undecid-
ablein general.

A characteristiéeatureof seconctlassmodulesystemss thatthey

respectthe phasedistinction [12] betweencompile-timeand run-

time computationThis propertyof amodulesystenstateghattype
equivalencemustbe decidablendependentlyf term equivalence.
This shouldbe intuitively plausible,sincea second-classnodule
systemprovidesno meansby which atype componenbf amodule
candependon a term component.(This is not happenstancequt

theresultof carefuldesign.We will seein Section5 thatthematter
is moresubtlethanit appears.)

Basedonthisprinciple,we de ne moduleequivalenceto be“equiv-
alencefor type checkingpurposes”pr staticequivalenceRoughly
speakingfwo modulesaredeemedo be equivalentwheneer they
agreeon their correspondingype components.,

We write our module equivalencejudgmentasG* M = M0: s.
Therulesfor staticequivalenceof atomicmodulesaretheexpected
ones. Atomic type componentanust be equal, but atomic term
componentsieednot be:

G pM:[t] G pMO:t]
G" M= M9 [t]

Gt t°
G [t]=[t9:[T]

Sincethegeneratie productionof new typesin ageneratie functor
is notionallyadynamicoperationgeneratre functorshave nostatic
componentso compare Thus,puregeneratie functorsarealways
staticallyequialent,justasatomictermmodulesare:

G pM:PP¥ss;is, G pMY:PP¥ss;:s,
G" M= MO PP¥gs;:s,

The completesetof equivalencerulesis givenin AppendixA.

As anaside this discussiorof moduleequialencerefutesthe mis-
conceptionthat rst-class modulesare more generalthan second-
classmodules.In fact,the expressienesof rst- andsecond-class
moduless incomparableFirst-classnoduleshave the obvious ad-
vantagethatthey are rst-class. However, sincethe type compo-
nentsof a rst-classmodulecandependn run-timecomputations,
it is impossibleto get by with static moduleequivalenceandone

3The phasedistinction calculusof Harper et al. [12] includes
“non-standard”equality rules for phase-splittingnodulesM into
structure$Mstar, Mayni consistingof astaticcomponeniMstat anda
dynamiccomponenMgy,. OurstaticequivalenceM = M%amounts
to sayingMstat = Mgtat in their system However, we do notidentify
functorswith structuresasthey do.



must use dynamicequivalenceinstead(in other words, one can-
not phase-splimodulesasin Harperet al. [12]). Consequently
rst-class modulescannotpropagateas muchtype informationas
second-clasmodulescan.

Singleton Signatures  Type sharinginformationis expressedn
ourlanguagausingsingletonsignature$33], aderiative of translu-
centsums[11, 14, 18]. (An illustration of the use of singleton
signaturego expresstype sharingappearsn Figure2.) Thetype
systemallows the deductionof equivalencesfrom membershign
singletonsignaturesandvice versa,andalsoallows the forgetting
of singletoninformationusingthe subsignatureelation:

G pM: s(MY G pM%s G M= MOs
G M=M%s G pM: s(MY
G pM:s G M= M0s

G s(M) s G (M) s(Mg

Whens = [T], thesedeductiondollow usingprimitive rulesof the
typesystem(since rj(M) = (M) is primitive). At othersigna-
tures,they follow fromthede nitions givenin Figure5.

Beyond expressingsharing, singletonsare useful for “sel ca-
tion” [11]. Forinstancejf sis a variableboundwith the signature
[T], scanbegiventhefully transparensignature (s). Thisfactis
essentiato the existenceof principal signaturesn our type check-
ing algorithm. Note that sincesingletonsignaturesexpressstatic
equivalenceinformation, the formation of singletonsignatureds
restrictedto puremodules. Thus,only puremodulescanbe sel -
ed (asin HarperandLillibridge [11] andLeroy [14]).

Singletonsignaturesomplicateequivalencechecking sinceequiv-
alencecan dependon contt. For example, | s:[T]:[int ] and
| s:[T]:s areohviously inequivalentat signature[T]! [T]. How-
ever, using subsignaturesthey can also be given the signature

([int J)! [T]andatthatsignaturehey are equivalent,sincethey
returnthe sameresultwhen given the only permissibleargument,
[int ].

As this exampleillustrates,the contet sensitvity of equivalence
providesmoretype equalitiesthanwould hold if equivalencewere
strictly context insensitve, therebyallowing the propagatiorof ad-
ditional type information. For example,if F : ( ([int J)! [T])!
[T], thenthe types Typ(F(l s[T]:[int 1)) and Typ(F(l s[T]:9)
areequal,which could not be the caseundera contet-insensitve
regime.

A subtle technical point arisesin the use of the higherorder
singletonsde ned in Figure 5. SupposeF : [T]! [T]. Then
1 r1(F) = Ps[T]: (Fs), whichintuitively containsthe mod-
ulesequivalentto F: thosethattake membersof F's domainand
returnthesamething thatF does.Formally speakinghowever, the
canonicalmemberof this signatureis not F but its eta-epansion
I s[T]:Fs. In fact,it is notobviousthatF belongsto i r1(F).

To ensurehatF belonggo its singletonsignaturepurtype system
(following Stoneand Harper[33]) includesthe extensionaltyping
rule:

G pM:Pssyisy Gss; pMs:s;
G pM:Pssqisy

Usingthisrule,F belongsto Ps:[T]: (F s) becausd is afunction
and because=s belongsto (Fs). A similar extensionaltyping
rule is provided for products.lt is possiblethatthe needfor these

mM) = (M)
def
M) = [It]
My £
P‘O‘s:sl:sz(M) =4 PtOtSZsli s,(Ms)
Ppa's:sl:sz(M) =4 ppars:sl:SZ
sssps; (M) £ 5, (p1M)
» ss[p:M=g (P2M)
M) £ ()

Figure5. Singletonsat Higher Signatures

rulescouldbeavoidedby makinghigherordersingletongrimitive,
but we have not exploredthe meta-theoretiémplicationsof sucha
change.

Sincea modulewith a (higherorder) singletonsignatureis fully
transparentit is obviously projectibleand comparableandhence
couldbejudgedto bepure,evenif it would otherwisebe classi ed
asimpure. Thisis aninstanceof thegeneraproblemof recognizing
that“benigneffects” neednotdisturbpurity. Sincepurity is ajudg-
mentin our framevork, we couldreadilyincorporatesxtensiongo
capturesuchsituations put we do not pursuethe matterhere.

Type Checking Ourtype systemenjoys a sound,complete,and
effective type checkingalgorithm. Our algorithm comesin three
main parts: rst, analgorithmfor synthesizinghe principal (i.e.,
minimal) signatureof a module; second,an algorithmfor check-
ing subsignatureelationshipsandthird, analgorithmfor deciding
equivalenceof modulesandof types.

Module typecheckinghen proceedsn the usualmanney by syn-

thesizingthe principal signatureof a module and then checking
thatit is a subsignaturef the intendedsignature. The signature
synthesisalgorithmis givenin AppendixB, andits correctnesshe-

oremsarestatedbelon. The mainjudgmentof signaturesynthesis
isG" kM) s, which statesthatM's principal signatureis s and

M's purity is inferredto bek.

Subsignatureheckingis syntax-directecind easyto do, givenan

algorithm for checkingmodule equivalence; module equivalence
arisesvhentwo singletorsignaturesrecomparedor thesubsigna-
turerelation. The equivalencealgorithmis closelybasedon Stone
andHarpers algorithm[33] for type constructoequivalencein the

presencef singletonkinds. Spaceconsiderationprecludefurther

discussiorof thisalgorithmhere.Full detailsof all thesealgorithms
andproofsappeain the companiortechnicalreport[7].

THEOREM 2.1 (SOUNDNESS). IfG* kM) s thenG M :s.

THEOREM 2.2 (COMPLETENESS). If G 'k M : s then G o
M) s%ndG' s® sandkOv k.

Note that sincethe synthesisalgorithmis deterministic,it follows
from Theorem2.2thatprincipal signaturesxist. Finally, sinceour
synthesisalgorithm, for corvenience,is presentedn termsof in-
ferencerules,we requireonemoreresultstatingthatit really is an
algorithm:

THEOREM 2.3 (EFFECTIVENESS). ForanyGandM, it isdecid-
ablewhetherthere exists andk sudhthatG™ ¢ M) s.



signature SYMBQIABLE=
sig
type symbol
val string _to _symbol : string -> symbol
val symbol_to _string : symbol -> string
val eq : symbol * symbol -> bool
end

functor
struct
type symbol = int

SymbolTableFun () :> SYMBQIABLE=

val table
(* allocate
Array.array

string array =
internal  hash table *)
(initial size  NONE)

fun string _to _symbol x =
(* lookup (or insert) x *)

fun symbol_to _string n =

(case Array.sub (table,
SOME => x

| NONE=> raise (Fail

n) of
"bad symbol))

fun eq (n1, n2) = (n1 = n2)
end
structure  SymbolTable = SymbolTableFun ()

Figure 6. Strong SealingExample

signature ORD=

sig
type elem
val compare: elem * elem -> order
end
signature SET= (* persistent sets *)
sig
type elem
type set
val empty : set
val insert elem * set -> set
end
functor SetFun (Elem : ORD)
SETwhere type elem = Elem.elem =
struct

type elem = Elem.elem
type set = elem list
end
structure  IntOrd = struct

type elem = int
val compare = Int.compare

end
structure  IntSetl = SetFun(IntOrd)
structure  IntSet2 = SetFun(IntOrd)

Figure 7. Weak SealingExample

3 Strongand Weak Sealing

Generatiity is essentiafor providing the necessarglegreeof ab-
stractionin thepresencef effects. Whenamodulehasside-efects,
suchastheallocationof storageabstractiornaydemandhattypes
begeneratedh correspondena® storageallocation,in orderto en-
surethatelementof thosetypesrelateto thelocal storeandnotthe
storeof anothelinstance.

Considerfor examplethe symboltableexamplegivenin Figure6.
A symboltablecontainsanabstractype symbol, operationgor in-
tercorvertingsymbolsandstrings,andanequalitytest(presumably
fasterthanthat availablefor strings). The implementatiorcreates
aninternalhashtable and de nes symbolsto be indicesinto that
internaltable.

The intention of this implementationis that the Fail exception
never be raised. However, this dependson the generatiity of
the symbol type. If anotherinstance SymbolTable2, is created,
andthetypesSymbolTable.symbol andSymbolTable2.symbol

are consideredequal, then SymbolTable could be asled to
interpret indices into SymbolTableZs table, thereby causing
failure. Thus, it is essentialthat SymbolTable.symbol and
SymbolTable2.symbol beconsideredinequal.

The symboltable exampledemonstratethe importanceof strong
sealingfor encodinggeneratie abstractypesin statefulmodules.
Generatiity is not necessarhowever, for purely functionalmod-
ules. Leroy [15] givesseveral examplesof suchmodulesas moti-
vation for the adoptionof applicatve functors. For instance,one
maywish to implementpersistensetsusingorderedists. Figure7

exhibits a purely functional SetFun functor, which is parameter
ized over an orderedelementtype, and whoseimplementationof
theabstracket typeis sealedWhenSetFun is instantiatednulti-
pletimes—e.g., in differentclientmodules—withthesameelement
type, it is usefulfor the resultingabstractset typesto be seenas
interchangeable.

In our system, SetFun is made applicative, but still opaque,
by weakly sealingits body Specically, IntSetl.set and
IntSet2.set  arebothequialentto SetFun(IntOrd).set . This
typeis well-formedbecaus&etFun hasanapplicatve functorsig-
nature,and SetFun and IntOrd , being variables,are both pure.
Recallthat a functor containingweak sealingis impure and must
beboundto avariablebeforeit canbeusedapplicatvely.

The astutereademay notice thatweak sealingis not truly neces-
saryin theSetFunexample.In fact,onecanachie/e thesameeffect
asthecodein Figure7 by leaving the body of thefunctorunsealed
and(strongly)sealingthe functoritself with an applicatve functor
signaturebeforebinding it to SetFun. This is the techniqueem-
ployed by Shao[31] for encodingapplicatize functors,ashis sys-
temlacksananalogueof weaksealing.A failing of this approach
is thatit only worksif thefunctorbodyis fully transparent—irthe
absencef weaksealing,ary opaquesubstructuresvould have to
be strongly sealed preventingthe functor from beinggiven an ap-
plicative signature.

Thebestexamplesof the needfor opaquesubstructures applica-
tive functorsare provided by the interpretatiorof ML datatype 's
asabstractypes[13]. In bothStandardML andCaml,datatype 's
areopaquein the sensethat their representatioms recursve sum



types is not exposed, and thus distinct instancesof the same
datatype declarationcreatedistinct types. StandardML and
Caml differ, however, on whetherdatatype 's are genertive In
the presenceof applicative functors(which are absentfrom Stan-
dard ML) there is excellent reasonfor datatype 's not to be
generatre—namelythata generatie interpretationwvould prevent
datatype 's from appearingn the bodiesof applicatve functors.
Thiswould severelydiminishtheutility of applicatve functors,par
ticularly sincein ML recursve typesareprovidedonly throughthe
datatype mechanismFor example ,animplementatiorof SetFun
with splaytrees,using a datatype declarationto de ne the tree
type,would requirethe useof weaksealing.

For thesereasonsstrongsealingis no substitutefor weaksealing.
Neitheris weaksealinga substitutefor strong. As Leroy [15] ob-
sened,in functorfree code,generatiity canbe simulatedoy what
we call weaksealing. (This canbe seenin our framevork by ob-
servingthatdynamicpurity providesno extra privilegesin the ab-
senceof functors.) With functors,however, strongsealingis nec-
essarnyto provide true generatiity. Neverthelessit is worth noting
that strongsealingis de nable in termsof otherconstructdan our
languagewhile weak sealingis not. In particular we cande ne
strongsealing,usinga combinationof weaksealingandgeneratie
functorapplication,asfollows:

M:>s £ (I _:1M): (PP _:1:s)) hi

The existenceof this encodingdoesnot diminish the importance
of strongsealing,which we have madeprimitive in our language
regardless.

4 The AvoidanceProblem

The rulesof our type system(particularlyrules 8, 9, and11 from
Figure4) arecarefulto ensurethat substitutednodulesarealways
pure,attheexpenseof requiringthatfunctorandsecond-projection
amumentsarepure. This is necessarpecausehe resultof substi-
tuting an impure moduleinto a well-formed signaturecan be ill-
formed. Thus,to applyafunctorto animpureamgument,onemust
let-bind the algumentandapply the functor to the resulting(pure)
variable.

A similarrestrictionisimposecdby Shag[31], but HarperandLillib-
ridge[11] proposeanalternatve thatsoftengherestriction.Harper
andLillibridge's proposal(expressedn our terms)is to includea
non-dependertyping rule without a purity restriction:

Gk Mp:sq! s2 Gk Mo :sq
Gk MiMs : s>
WhenMjs is pure,this rule carriesthe sameforce asour dependent

rule, by exploiting singletonsignaturesand the contrazarianceof
functorsignatures:

Pssi:so Ps s,(M2):s2
Ps s,(M2):s2[My=g]

= 5 (M2)! sp[Mx=g
When M, is impure, this rule is more expressie thanour typing
rule, becausehe applicationcanstill occur However, to exploit

thisrule,thetypecheclermust nd anon-dependergupersignature
thatis suitablefor applicationto M.

Theavoidanceproblem[9, 18] is thatthereis no “best” way to do
so. For example,considerthe signature:

s=({m1t (9

To obtain a supersignaturef s avoiding the variables, we must
forgetthatthe rst components a constanfunction,andtherefore
we can only say that the secondcomponentis equalto the rst
componensresulton someparticularargument.Thus,for ary type
t, we maypromotes to thesupersignature:

SE[T]! [TD: (FIt]

This givesusanin nite arrayof choices.Any of thesechoicesis
superiorto theobvious([T]! [T]) [T], butnoneof themis com-
parableto ary other sinceF is abstract.Thus,thereis no minimal
supersignaturef s avoiding s. Theabsencef minimal signatures
is aproblem,becausdét meanghatthereis no obviousway to per
form typechecking.

In ourtypesystemwe circumwenttheavoidanceproblemby requir
ing thattheagumentsof functorapplicationandsecond-projection
be pure(therebyeliminatingary needto nd non-dependerguper
signatures)andprovide a let constructsothatsuchoperationsan
still beappliedto impuremodules We have shavn that,asaresult,
ourtypetheorydoesenjoy principalsignatures.

To achieve this, however, ourlet constructmustbe labeledwith its

resultsignaturgnot mentioningthe variablebeingbound),for oth-
erwisethe avoidanceproblemre-arises. This essentiallyrequires
thatevery functorapplicationor projectioninvolving animpurear-

gumentbe labelledwith its resultsignatureaswell, leadingto po-
tentially unacceptablsyntacticoverheadin practice. Fortunately
programscanbe systematicallyewritten to avoid this problem,as
we describenext.

4.1 Elaboration and Existential Signatures

Considerthe unannotatedet expressionlet s= M; in My, where
M1 :s1 andMsy :so(9). If My is pure,thenthelet expressioncan
begiventheminimal signatures »(M;). Otherwisewe areleft with
thevariablesleaving scope but nominimalsupersignaturef s »(s)
not mentionings. However, if we rewrite thelet expressiorasthe
pair bs= My;Moi, thenwe may give it the signatureSs:s1:5,(S)
andno avoidanceproblemarises.Similarly, thefunctorapplication
F(M) with F : Psis;:s, andimpure M : s1 canbe rewritten as
hs= M;F(s)i andgivensignatureSs.s:s».

Following HarperandStone[13], we proposeheuseof anelabora-
tion algorithmto systematizéheserewritings. Thiselaboratotakes

codewrittenin anexternallanguagehatsupportsinannotatetet's,

aswell asimpure functor applicationand second-projectionand

producescode written in our type system. Sincethe elaborator
rewrites modulesin a mannerthatchangegheir signaturesit also

musttake responsibilityfor corvertingthosemodulesbackto their

expectedsignaturevherever required.This meanghattheelabora-
tor musttrackwhich pairsare“real” andwhich have beeninvented
by the elaboratotto circumwentthe avoidanceproblem.

Theelaboratodoessousingthetypes.Whentheelaboratoinvents
apairto circumwenttheavoidanceproblemiit givesits signatureus-
ing anexistential9 ratherthansS. In theinternallanguage9s:s1:s»
meanghe samething asSs:s1:s», but theelaboratottreatsthe two
signatureglifferently: Whenthe elaboratorexpects(say)a functor
andencounteraiSs:s1:S», it generateatypeerror However, when
it encounteran 9s:s1:S», it extractsthes, componenithe elab-
orators invariantsensurethatit alwayscando so), looking for the
expectedfunctor Spaceconsiderationgrecludefurther detailsof
theelaboratioralgorithm,which appeain the companiortechnical
report[7].



In a sensethe elaboratorsolves the avoidanceproblemby intro-
ducing existential signaturego sene in placeof the non-eistent
minimal supersignaturesot mentioninga variable.In light of this,
a naturalquestionis whetherthe needfor an elaboratorcould be
eliminatedby making existential signaturesprimitive to the type
system.

Onenaturalway to govern primitive existentialsis with the intro-
ductionandeliminationrules:

G pM:s; G s syM=s] Gssi s»sig
G s 9ss;iS)
and
Gss; s s G sp;sig G ssig

G  9ssi1isp S

With theserules,the avoidanceproblemcould be solved: Theleast
supersignaturef s,(s) notmentionings:s; wouldbe9s:s1:5,(9).

Unfortunately theserules(particularlythe rst) make type check-
ing undecidableFor example,eachof thequeries

Pss[t] 7 o5 ps s(H:[t9

and

(I ss:[t])z? (Iss:[t9) : 9%s:Ps: ():[T]

holdsif andonly if thereexistspureM : s suchthatthetypest [M=g]
andtYM=s] areequal. Thus,decidingsubsignaturer equialence
queriesin the presencef existentialswould be ashardashigher
orderuni cation, whichis known to beundecidablg10].

4.2 Syntactic Principal Signatures

It hasbeenamguedfor reasongelatedto separateompilationthat
principalsignatureshouldbe expressibldan the syntaxavailableto
the programmer This providesthe strongessupportfor separate
compilation, becausea programmercan breaka programat ary
point andwrite an interfacethat expressesll the informationthe
compilercould have determinedt that point. Suchstrongsupport
doesnotappeato bevital in practice sincesystemsuchasObjec-
tive CamlandStandardviL of New Jersg's higherordermodules
have beenusedsuccessfullffor sometime without principalsigna-
turesatall, but it is nevertheless desirableproperty

Our type system(i.e., the internallanguage)doesprovide syntac-
tic principal signaturessinceprincipal signatureexist, andall the
syntaxis availableto the programmer However, the elaborators
external languagedoesnot provide syntaxfor the existential sig-
naturesthat canappearin elaboratorsignatureswhich shouldbe
thoughtof asthe principal signaturesf externalmodules. Thus,
we cansaythatour basictype systemprovides syntacticprincipal
signaturesbut our externallanguageloesnot.

In anexternallanguagevherethe programmers permittedto write
existentialsignatureselaboratingcodesuchas:

(1 2(9s551:52) 11 )M

requiresthe elaboratorto decidewhetherM canbe coercedo be-
longto 9s:s1:S 7, whichin turn requireshe elaboratoto producea
MO: s; suchthatM : s,[M%s]. Determiningwhetherary suchm?®
exists requiresthe elaboratotto solve an undecidablénigherorder
uni cation problem: if s, = ([t])! ([t‘}% andM = | t:[T]it,
thenM : s5[M%s] if andonly if t[M%s] andtM%s] areequal.

10

Thus, to allow programmesspeci ed existential signaturesn the
greatestpossiblegeneralitywould make elaborationundecidable.
Partial measuresnay be possible put we will notdiscussary here.

5 PackagingModules asFirst-Class Values

It is desirablefor modulesto be usableas rst-classvalues.Thisis
usefulto male it possibleto chooseat run time the mostef cient

implementatiorof a signaturefor a particulardataset(for example,
sparseor denserepresentationsf arrays). However, fully general
rst-classmodulespresendif culties for statictyping [18].

One practicalapproachto modulesas rst-class valueswas sug-
gestecby Mitchell, etal. [24], who proposehatsecond-classod-
ulesautomaticallypewrappedasexistentialpackage§25] to obtain
rst-classvalues.A similar approachto modulesas rst-class val-
uesis describedy Russcandimplementedn Moscav ML [29].

Thisexistential-packagingpproacho modulesas rst-classvalues
is built into our language We write the type of a packagednodule
aslisj andthe packagingconstructas packM asljsj. Elimina-
tion of packagednodules(asfor existentials)is performedusing
a closed-scopenpackingconstruct. Thesemay be de ned asfol-

lows:

fisj £ gais! a)! a
packM asfisj £ La:l fi(s! a)fMm
unpackeasss in (€°:t) £ et(Lss:€)

(Comparethe de nition of fisj with the standardencodingof the
existentialtype9b:t as8a:(8b:t! a)! a.)

The main limitation of existentially-packagedmodulesis the
closed-scopeliminationconstructIt hasbeenobseredrepeatedly
in theliterature[20, 3, 18] thatthis constructis toorestrictve to be
veryuseful.For one,in “unpackeass:s in (€°: t)”, theresulttype
t maynot mentions. As a consequencdunctionsover packaged
modulesnaynotbedependenthatis, theresulttypemaynotmen-
tion the agument. This de ciency is mitigatedin our languageby
the ability to write functionsover unpackagedsecond-classod-
ules,which canbe given the dependentype Ps:s:t(s) insteadof

fsj! t.

Another problem with the closed-scopeelimination constructis
thataterm of packageype cannotbe unpacledinto a stand-alone
second-classodule;it canonly be unpacled insidean enclosing
term. As eachunpackingof a packagednodulecreatesanabstract
typein aseparatscope packagesustbeunpaclkedatavery early
stageto ensurecoherenceamongtheir clients, leadingto “scope
inversions"thatareawkwardto managen practice.

What we desire therefore,is a nev moduleconstructof the form
“unpackeass”, which coercesa rst-class packagee of typefjsj
backinto a second-clasmoduleof signatures. Thefollowing ex-
ampleillustrateshow addingsucha constructarelesshcanleadto
unsoundness:

module F = | s[lsj]:(unpack(Val s) ass)
module X; = F[packM; asljsj]
module X, = F [packM asfisj]

Note thatthe agumentof thefunctor F is anatomictermmodule,
so all amgumentsto F are statically equivalent. If F is given an
applicative signaturethenX; and X, will be deemedequialent,
evenif the original modulesM; andM, arenot! Thus,F mustbe



types t o= jhsj o
terms e = j packM asljsj
modules M ::= j unpackeass
G s1 S G kM:s
G hsaj fszj G packM ashsj : hisj
G e:lsj

G’ sunpackeass : s

Figure 8. PackagedModule Extension

deemedjeneratie, whichin turnrequireghattheunpackconstruct
inducea dynamiceffect.

Packagedmodulesthat admit this improved unpackingconstruct
arenotde nablein our corelanguagebut they constitutea simple,
orthogonalextensionto the type systemthat doesnot complicate
type checking. The syntaxandtyping rulesfor this extensionare
givenin Figure8. Note thatthe closed-scop@npackingconstruct
isde nableas

let s= (unpackeass) in (€°: t)

Intuitively, unpackingis generatre becausehe modulebeingun-

pacled canbe an arbitraryterm, whosetype componentsnay de-
pendon run-time conditions. In the core systemwe presentedn

Section2, the generatiity inducedby strongsealingwasmerelya
pro formaeffect—thelanguagesupportingonly second-classiod-
ules, provided no way for the type componentsf a moduleto be
actually generatedat run time. The type system,however, treats
dynamiceffectsasif they areall truly dynamic,andthusit scales
easilyto handlethe real run-time type generatiorenabledby the
extensionin Figure8.

6 RelatedWork

Harper Mitchell andMoggi [12] pioneeredhetheoryof phasesep-
aration, whichis fundamentato achieving maximaltype propaga-
tionin higherordermodulesystemsTheirnon-standaréquational
rules,which identify higherordermoduleswith primitive “phase-
split” ones,aresimilar in spirit to, thoughdifferentin detail from,
our notion of staticmoduleequivalence.Onemay view their sys-
temasa subsystenof oursin which thereis no sealingmechanism
(andconsequentlall modulesarepure).

MacQueerand Tofte [21] proposeda higherorder moduleexten-
sionto the original De nition of StandardL [22], which wasim-
plementedn the StandardML of New Jersg compiler Their se-
manticsinvolvesatwo-phaseelaboratiorprocessin which higher
orderfunctorsarere-elaborated@t eachapplicationto take adwan-
tageof additionalinformationabouttheir aguments.This adwan-
tageis balancedy thedisadwantageof inhibiting type propagation
in thepresencef separateompilationsincefunctorsthatarecom-
piled separatelfrom their applicationscannotbe re-elaboratedA
morethoroughcomparisoris dif cult becauséacQueerandTofte
emplg/ a stamp-basedemanticswhich is dif cult to transferto a
type-theoretisetting.
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Focusingon controlledabstractionput largely neglecting higher

ordermodules HarperandLillibridge [11] andLeroy [14, 16] in-

troducedhecloselyrelatedconceptof translucensumsandman-
ifest types. Thesemechanismsened asthe basisof the module
systemin the revised De nition of StandardML 1997 [23], and
Harperand Stone[13] have formalizedthe elaborationof Stan-
dardML 1997 programsinto a translucensumscalculus. To deal
with the avoidanceproblem,Harperand Stonerely on elaborator
mechanismsimilarto ours. TheHarperandStonelanguagecanbe

viewed asa subsystenof oursin which all functorsaregeneratre

andonly strongsealingis supported.

Leroy introducedthe notion of an applicativefunctor [15], which

enablesoneto give fully transparensignaturedor mary higher

orderfunctors. Leroy's formalismmay be seenasde ning purity

by asyntacticrestrictionthatfunctorapplicationsappearingn type
pathsmustbein namedorm. Ononehand thisrestrictionprovides
aweakform of structuresharingin the sensahatthe abstractype
F(X).t canonlybetheresultof applyingFto themodulenamedX

Onthe otherhand,the restrictionpreventsthe systemfrom captur

ing thefull equationatheoryof higherorderfunctors,sincenotall

equationanbe expressedn namedform [4]. Together manifest
typesand applicative functorsform the basisof the module sys-
temof Objective Caml[27]. The manifesttypeformalism,like the
translucentsum formalism, doesnot addresghe avoidanceprob-
lem,andconsequentlyt lacksprincipal signatures.

More recently Russo,in his thesis[28], formalizedtwo separate
modulelanguages:one being a closemodel of the SML module
systemtheotherbeingahigherordermodulesystemwith applica-
tive functorsalongthelinesof O'Caml, but abandoninghe named
form restrictionaswe do. Russos two languageganbeviewedas
subsystemsf ours,the rst supportingonly strongsealing thesec-
ond supportingonly weaksealing. We adopthis useof existential
sighaturedo addresghe avoidanceproblem,althoughRussoalso
usedexistentialsto modelgeneratrity, which we do not. Russaos
thesisalsodescribegnextensionto SML for packagingnodulesas
rst-class values. This extensionis very similar to the existential-
packagingapproachdiscussedn the beginning of Section5, and
thereforesuffers from the limitations of the closed-scop@npack-
ing construct.

While Russode ned thesetwo languagesseparately he imple-
mentedthe higherordermodulesystemasan experimentalexten-
sion to the Moscawv ML compiler[26]. Combiningthe two lan-
guageswithout distinguishingbetweenstaticand dynamiceffects
hasan unfortunateconsequence.The Moscaw ML higherorder
modulesystemplacesno restrictionson the body of anapplicatve
functor;in particular onecandefeathegeneratiity of ageneratre
functor by eta-expandingit into anapplicatve one. Exploiting this
uncorersanunsoundnesi thelanguagd6], that,in retrospectis
clearfrom our analysis: one cannotcorvert a partial into a total
functor.

Shad31] hasproposedsingletypesystenfor modulessupporting
bothapplicatve andgeneratie functors.RoughlyspeakingShaos
systemmay beviewed asa subsystenof oursbasedexclusively on
strongsealinganddynamiceffects,but supportingoothP andP P&
sighaturesAs we obseredin Section3, this meanghatthebodies
of applicative functorsmay not containopaquesubstructuregsuch
asdatatype 's). Shaos system like ours,circumwentsthe avoid-
anceproblem(Sectiord) by restrictingfunctorapplicationandpro-
jectionto pureagumentgwhich mustbe pathsin his system)and
by eliminatingimplicit subsumptionwhich amountsto requiring
thatlet expressionde annotatedasin our system.It seemdikely



thatour elaborationtechniquesould aswell be appliedto Shaos
systento lift theserestrictionsbut atthe expenseof syntacticprin-
cipal signatures Shaoalsoobseresthatfully transparenfunctors
may be regardedas applicatve; this is an instanceof the general
problemof recognizingoenigneffects,asdescribedn Section?2.

7 Conclusion

Type systemsfor rst-order module systemsare reasonablywell
understood.In contrast,previous work on type-theoretichigher
ordermoduleshasleft that eld in afragmentedstate with various
competingdesignsandno clearstatemenbf the trade-ofs (if ary)
betweernthosedesigns.This stateof the eld hasmadeit dif cult

to chooseone designover another and hasleft the erroneousm-
pressionof trade-ofs thatdo not actually exist. For example,no
previous designsupportsboth (sound)generatre and applicatve
functorswith opaquesubcomponents.

Our languageseekso unify the eld by providing a practicaltype
systemfor higherordermodulesthat simultaneouslysupportsthe
key functionality of precedingmodulesystems.In the processve
dispelsomemisconceptionssuchasa trade-of betweerfully ex-
pressve generatre and applicatve functors, therebyeliminating
somedilemmasfacinglanguagedesigners.

Neverthelessthere are several importantissuesin modular pro-
grammingthat go beyond the scopeof our type theory Chief
amongtheseare:

Structue Sharing The original versionof StandardML [22]

includeda notion of moduleequivalencethatwassensitve to

thedynamic,aswell asstatic,partsof the module. Although

sucha notionwould violate the phasedistinction, it mightbe
possibleto formulatea variationof our systemthattakesac-
countof dynamicequialencein someconserative fashion.
It is possibleto simulatestructuresharingby having the elab-
oratoradd an abstracttype to eachstructureto sene asthe

“compile-time name” of that structure. However, this would

be merelyan elaborationcorvention,not anintrinsic account
of structuresharingwithin typetheory

Recusive Modules. An important direction for future re-
searchis to integraterecursve modules[8, 5, 30] into the
presentframenork. The chief dif culty is to achieve prac-
tical type checkingin the presencef generalrecursvely de-
pendensignaturesor to isolatea practicalsub-languagéhat
avoidstheseproblems.
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Noteson Appendices

AppendixA givesthe type systemfor our modulecalculus. Ap-

pendix B gives the moduletypecheckingand principal signature
synthesigudgementghatform the coreof our typecheckinglgo-
rithm. We omit the judgmentsfor term typecheckingdG™ e( t)

anduniquetype synthesi{G"™ e) t) for spacereasonsthey are
fully detailedin thecompaniortechnicalreport[7].
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A Type System

| Well-formed contexts: G* 0k|

G' s sig s62om(G
Gss ok

* ok

| Well-formed types: G™ t type|

G pM:[T]
G" Typ M type
G t%ype G t%ype
G t9 t%%ype

Gss 't type
G" Pss:t type

G’ s sig
G’ fsj type

Type equivalence:G" t1 t2|

G’ [ta] = [t2] : [T] G’
Gty

s1 Sz Gssp tp to

G Pssiit; Pssoito

to
~ 40 t0 @ 400 100
G 19 ty G tP 9

~ 40 00 0 00
G t9 t% t9 t9

G’ S1
G’ fis1j

S2

s 2j

| Well-formedterms: G™ e:t

G kM :[t]
G valM:t

G e:t® G t9 t
G e:t

G kM:s Gss et G ttype
G lets= Min (e:t):t
G f[Pss:it];ss " e:t
G x f(ss)it:e:Pss:t
G :t° G 000
G hePeP?:t0 00

Well-formed signatures: G~ s sig

G kM:s
G" packM asljsj : ljsj
G e:Psst G pM:s
G" eM:t[M=g
G e:t0 t00 G e:t0 00
G pre:t° G pee:t®

G t type
G’ [t] sig

G ok
G’ [T]sig

G ok
G 1sig

G pM:[T]
G' (M) sig

Gss? s%sig
G PY9s5%5%sig

Gss? s%sig
G Sss%s%sig

Signature equivalence:G* s1 s

G t;
G’ [ti]

G" ok
G [T]

t2
[t2]

0 40 .50~ 500 00
si s, Gssj s’ s3

~ S550:500 Ggg0.g00
G’ Sssjisi® Sssjs;

G" ok
G1 1

G" Mp= My 1 [T]
G (M) (M)

[T]
g0 g0 Ggg0 g00 00 N
G s; s; Gss; s’ s; G

* pdgg0:g00 pdgg0-500
G PYsyis]’ PSssjisy

Signature subtyping: G™ s3 sz|

G" ok G" ok Gty t2
G111 G [T] I[T] G [ta] [t2]
G pM:[T] G My= M :[T]

G (M) I[T] G (M) (M2)

“ g0 g0 Ggs0 g0 00 g0 500 . .
G s; sj Gss; s7’ s3° Gssy sisig (di;dp) 6 (par;tot)
~ pligg0:500 pd2gg0-500
G’ P%ssiisy® P%ss3s)
0 .50~ g00 00 5 gg0° 500
s; Gssi si° sy;° Gss; sjsig

~ S550:500 Sgg0-g00
G’ Sssjisi® Sssjisy

g0
G si




Well-formed modules:G ¢ M : s |

G ok G’ ok G’ t type G e:t G ttype
G ps:(s) G phi:l G p[t]:[T]

Gss?  M:s% kv D
G ple:t]:[t]

G klss®M: PssCs9

Gss?  M:s% Gss0 s%sig

G kF:Pss%% G pM:sO G F:PP¥gs0s00 G M :s0
G kupl s5%M ; pPrgg0g00 G k FM:s%v=g] Gkt sFM :s%fM=g]
G kM%s% GssO M5 G M:Sssts G pM:Sssts G pM:[T]
G hs= MEMO : Ss:58500 G kpiM:sO G pp2M :s%piM=g] G pM: (M)
G kM:s G kM:s Gss? pMs:s® G pM:Psslr G ppiM:s® G ppoM:s®
G ktp(M: s):s G w(M:>s):s G pM:Pss®s% G pM:s0 s
G kM0:s® GssO  M%s G s sig G e:lsj G wM:s? G s® s KOv k
G klets= M%in (M%s):s G sunpackeass : s G «M:s
Module equivalence:G™ M1 = M :s
G pM:s G Mz=M;:s G M;=Mz:s G My=Ms:s Gty t» G pM:[T]
G M=M:s G  M1=M3:s G M1=Ms:s G [ti]=[t2]:[T] G [TypM]= M:[T]
G pM;:1 G pMy:1l G pM1:[t] G pMz:[t] G pMy: PP¥gs0s00 G oM, PPA 550500
G Mi=M;z:1 G M1= Mz:[t] G M= My :PPgstg
G sy s§ Gss) Mi=Mp:s® G F=FR:Pss®% G My= My:s®
G 1ss%M; = I ss9:M;p: Psis?:s00

G’ FiM; = BM; : s%M;=g]
G M= M?2:s® GssO MY MPLs® Gt M; = M, Sss®s®
G ts= MEMP = hs= M MIP : SsisCs 00 G' piMy = piMy:sO
G pMy:Psslr,

G My= My :Sss?s®
G p2My = paM2 : s%fp1 M1 =]
G piM1= piM2:s® G ppMy = poM, 150
G Myi=My:s0 s

Gss? Mis= Mys:s® G pM;:Pss%rg

G® Mi= My:Pss®s®
G pM2%s? Gss9 pMP0s

G’ s sig G pM1: (M)
G lets= M%n (M9 s) = MOV : s

G Mi=M;y:s? G s°
G Mi=Mz:s

S
G M1=Mz: (Myp)

B TypecheckingAlgorithm

| Module typechecking:G kM ( s |

G M) s G s°

s
G kM( s
| Principal signature synthesis:G* « M) s |
G ok G ok G’ t type G e( t Gss? kM) s kv D
Gps) qgg9(9 G phi) 1 G'elt]) (t) Gele:t]) [t]

G klss®™M) Pss®s®
Gss?® M) s% sv k

G kF) Pss%% G pM( s® G (F) PP¥ssts® G oM ( s©
G kupl ss®M) PPags0g00 G FM) s%M=g G ktsFM) s%v=g|
G pM% sO Gss? pMP s G oMO) SO GssO MO SO0 KOt k0% P
G phs= M2M®) sO sOPml]
G kM) Ssss%

G’ ot ohs= MCMO?) Sss%s00
G pM) s0 s G kM( s G kM( s

G ppoM) s G ktpM: s) s G wM>s) s
G pMO) sO GssOpMYY s G s sig
G plets= M%in (M% s))

G e( fsi

G kpitM) s° G’ sunpackeass) s
G M%) s Gss® M s G ssig k% k%% P

s(lets= M%in (M9 s)) G’ ot oolet s= M%in (M s)) s
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