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Abstract

We presenta type theory for higher-order modulesthat accounts
for many centralissuesin modulesystemdesign,includingtranslu-
cency, applicativity, generativity, andmodulesas�rst-classvalues.
Our typesystemharmonizesdesignelementsfrom previouswork,
resultingin asimple,economicalaccountof modularprogramming.
Themainunifying principle is thetreatmentof abstractionmecha-
nismsascomputationaleffects.Our languageis the�rst to provide
a completeandpracticalformalizationof all of thesecritical issues
in modulesystemdesign.
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D.3.1 [Programming Languages]: Formal De�nitions andThe-
ory; D.3.3[Programming Languages]: LanguageConstructsand
Features—Abstractdatatypes,Modules; F.3.3[Logicsand Mean-
ingsof Programs]: Studiesof ProgramConstructs—Typestructure
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1 Intr oduction

Thedesignof languagesfor modularprogrammingis surprisingly
delicateand complex. There is a fundamentaltensionbetween
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thedesireto separateprogramcomponentsinto relatively indepen-
dent partsand the needto integratethesepartsto form a coher-
ent whole. To someextent the designof modularitymechanisms
is independentof the underlyinglanguage[17], but to a large ex-
tent the two are inseparable.For example,languageswith poly-
morphism,generics,or type abstractionrequirefar morecomplex
modulemechanismsthanthosewithout them.

Much work hasbeendevoted to the designof modularprogram-
ming languages.Early work on CLU [19] andtheModula family
of languages[34, 2] hasbeenparticularlyin�uential. Much effort
hasgoneinto thedesignof modularprogrammingmechanismsfor
the ML family of languages,notablyStandardML [23] andOb-
jective Caml [27]. Numerousextensionsand variationsof these
designshave beenconsideredin theliterature[21, 18, 28, 31, 5].

Despite(or perhapsbecauseof) thesesubstantialefforts, the �eld
hasremainedsomewhat fragmented,with no clearunifying theory
of modularityhaving yetemerged.Severalcompetingdesignshave
beenproposed,often seeminglyat oddswith oneanother. These
decisionsareasoftenmotivatedby pragmaticconsiderations,such
asengineeringa useful implementation,asby more fundamental
considerations,suchasthesemanticsof typeabstraction.Therela-
tionshipbetweenthesedesigndecisionsis notcompletelyclear, nor
is therea clearaccountof thetrade-offs betweenthem,or whether
they canbecoherentlycombinedinto a singledesign.

The goal of this paperis to provide a simple, uni�ed formalism
for modularprogrammingthatconsolidatesandelucidatesmuchof
thework mentionedabove. Building on a substantialandgrowing
bodyof work on type-theoreticaccountsof languagestructure,we
proposea type theoryfor higher-orderprogrammodulesthat har-
monizesandenrichesthesedesignsandthatwould besuitableasa
foundationfor thenext generationof modularlanguages.

1.1 DesignIssues

Beforedescribingthemaintechnicalfeaturesof our language,it is
usefulto review someof thecentralissuesin thedesignof module
systemsfor ML. Theseissuesextend to any languageof similar
expressive power, thoughsomeof the trade-offs may be different
for differentlanguages.

Controlled Abstraction Modularity is achievedby usingsigna-
tures(interfaces)to mediateaccessbetweenprogramcomponents.
The role of a signatureis to allow the programmerto “hide” type
informationselectively. Themechanismfor controllingtypeprop-
agationis translucency[11, 14], with transparency andopacityas
limiting cases.
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PhaseSeparation ML-lik e modulesystemsenjoy a phasesep-
aration property[12] statingthatevery moduleis separableinto a
staticpart,consistingof typeinformation,andadynamicpart,con-
sistingof executablecode.To obtainfully expressive higher-order
modulesandto supportabstraction,it is essentialto build thisphase
separationprincipleinto thede�nition of typeequivalence.

Generativity MacQueencoined the term generativity for the
creationof “new” types correspondingto run-time instancesof
an abstraction. For example, we may wish to de�ne a functor
SymbolTable that,given someparameters,createsa new symbol
table.It is naturalfor thesymboltablemoduleto exportanabstract
typeof symbolsthataredynamicallycreatedby insertionandused
for subsequentretrieval. To precludeusingthe symbolsfrom one
symbol table to index another, generativity is essential—eachin-
stanceof the hashtablemustyield a “new” symbol type, distinct
from all others,evenwhenappliedtwice to thesameparameters.

SeparateCompilation Onegoalof modulesystemdesignis to
supportseparatecompilation[14]. This is achieved by ensuring
thatall interactionsamongmodulesaremediatedby interfacesthat
captureall of the informationknown to the clientsof separately-
compiledmodules.

Principal Signatures Theprincipal, or mostexpressive, signa-
turefor a modulecapturesall thatis known aboutthatmoduledur-
ing type checking. It may be usedasa proxy for that modulefor
purposesof separatecompilation.Many typecheckingalgorithms,
includingtheonegiven in this paper, computeprincipalsignatures
for modules.

Modules as First-Class Values Modules in ML are “second-
class” in the sensethat they cannotbe computedasthe resultsof
ordinary run-time computation. It can be useful to treat a mod-
ule asa �rst-class valuethatcanbestoredinto a datastructure,or
passedasanordinaryfunctionargumentor result[11, 24].

Hidden Types Introducinga local, or “hidden”, abstracttype
within a scoperequiresthatthetypesof theexternallyvisiblecom-
ponentsavoidmentionof theabstracttype.Thisavoidanceproblem
is oftena stumblingblock for modulesystemdesign,sincein most
expressive languagesthereis no “best” way to avoid a type vari-
able[9, 18].

1.2 A TypeSystemfor Modules

Thetypesystemproposedheretakesinto accountall of thesedesign
issues.It consolidatesandharmonizesdesignelementsthat were
previously seenasdisparateinto a singleframework. For example,
ratherthanregardgenerativity of abstracttypesasanalternative to
non-generative types,we make both mechanismsavailable in the
language.We supportbothgenerative andapplicative functors,ad-
mit translucentsignatures,supportseparatecompilation,and are
ableto accommodatemodulesas�rst-classvalues[24, 29].

Generalityis achieved not by a simple accumulationof features,
but rather by isolating a few key mechanismsthat, when com-
bined,yield a �e xible, expressive, andimplementabletypesystem
for modules.Speci�cally, thefollowing mechanismsarecrucial.

Singletons Propagationof type sharingis handledby singleton
signatures, avariantof Aspinall'sandStoneandHarper'ssingleton
kinds [33, 32, 1]. Singletonsprovide a simple, orthogonaltreat-
mentof sharingthatcapturesthefull equationaltheoryof typesin

ahigher-ordermodulesystemwith subtyping.No previousmodule
systemhasprovided both abstractionand the full equationalthe-
ory supportedby singletons,1 andconsequentlynonehasprovided
optimalpropagationof typeinformation.

Static Module Equivalence The semanticsof singletonsigna-
tures is dependenton a (compile-time)notion of equivalenceof
modules. To ensurethat the phasedistinction is respected,we
de�ne moduleequivalenceto mean“equivalenceof staticcompo-
nents,” ignoringall run-timeaspects.

Subtyping Signaturesubtypingis usedto model “forgetting”
typesharing,anessentialpartof signaturematching.Thecoercive
aspectsof signaturematching(droppingof �elds andspecialization
of polymorphicvalues)areomittedhere,sincethe requiredcoer-
cionsarede�nable in thelanguage.

Purity and Impurity Our typesystemclassi�esmoduleexpres-
sionsinto pure (effect-free)andimpure (effectful)forms.To ensure
properenforcementof abstraction,impuremodulesare incompa-
rable (may not be comparedfor equalitywith any othermodule)
andnon-projectible(maynothavetypecomponentsprojectedfrom
them). It follows that impure modulesarealsonon-substitutable
(maynotbesubstitutedfor a modulevariablein a signature).

Abstraction and Sealing Modulesthataresealedwith a signa-
tureto imposetypeabstraction[11] areregardedasimpure.In other
words,sealingis regardedasapro formacomputationaleffect. This
is consistentwith the informal idea that generativity involves the
generationof new typesat run time. Moreover, this ensuresthat
sealedmodulesareincomparableandnon-projectible,whichis suf-
�cient to ensurethepropersemanticsof typeabstraction.

Totality andPartiality Functorsarel -abstractionsatthelevel of
modules.A functorwhosebodyis pureis saidto betotal; otherwise
it is partial. It followsthattheapplicationof apure,total functorto
a pureargumentis pure,whereastheapplicationof a pure,partial
functorto a pureargumentis impure.Partial functorsarenaturally
generative, meaningthat the abstracttypesin its resultare“new”
for eachinstance;total functorsareapplicative, meaningthatequal
argumentsyield equaltypesin the result. Generative functorsare
obtainedwithout resortto “generative stamps”[23, 21].

Weak and Strong Sealing Since sealing inducesa compu-
tational effect, only partial functors may contain sealedsub-
structures;this signi�cantly weakensthe utility of total functors.
To overcomethis limitation we distinguishtwo forms of effect,
static and dynamic, and two forms of sealing,weak and strong.
Weaksealinginducesa staticeffect, which we think of asoccur-
ring onceduring type checking;strongsealinginducesa dynamic
effect, which we think of asoccurringduringexecution.Dynamic
effectsinducepartiality, staticeffectspreserve totality.

Existential Signatures In a mannersimilar to Shao[31], our
typesystemis carefullycraftedto circumvent theavoidanceprob-
lem, so that every moduleenjoys a principal signature.However,
this requiresimposingrestrictionson theprogrammer. To lift these
restrictions,we proposetheuseof existentialsignaturesto provide
principal signatureswherenonewould otherwiseexist. We show
thattheseexistentialsignaturesaretype-theoreticallyill-behavedin

1Typically theomittedequationsarenotmissedbecauserestric-
tionsto namedform or valuabilitypreventprogrammersfrom writ-
ing codewhosetypeabilitywoulddependon thoseequationsin the
�rst place[4].
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types t ::= Typ M j Ps:s:t j t 1 � t 2
terms e ::= Val M j he1;e2i j piej eM j

�x f (s:s):t :e j let s= M in (e: t )
signatures s ::= 1 j [[T]] j [[t ]] j P tot s:s1:s2 j Ppars:s1:s2 j

Ss:s1:s2 j
�

(M)
modules M ::= s j hi j [t ] j [e: t ] j l s:s:M j M1M2 j

hs= M1;M2i j piM j
let s= M1 in (M2 : s) j
M :> s j M :: s

contexts G ::= � j G;s:s

Figure1. Syntax

general,so, we restrict their useto a well-behaved setting. In the
styleof HarperandStone[13], weproposetheuseof anelaboration
algorithmfrom anexternallanguagethatmay incur theavoidance
problem,into our typesystem,whichdoesnot.

PackagedModules Modulesin oursystemare“second-class”in
thesensethatthelanguageof modulesisseparatefrom thelanguage
of terms. However, following Mitchell et al. [24] andRusso[29],
we provide a way of packaginga moduleasa �rst-class value. In
prior work, suchpackagedmodulesaretypically givenanexisten-
tial type, whoseclosed-scopeeliminationconstructcanmake for
awkward programming.Instead,our accountof type generativity
allows us to employ a morenatural,open-scopeeliminationcon-
struct,wherebyunpackaginga packagedmoduleengendersa dy-
namiceffect.

While thesefeaturescombinenaturallyto form a very generallan-
guagefor modular programming,they would be of little use in
the absenceof a practical implementationstrategy. Someprevi-
ousattemptshave encountereddif�culties with undecidability[11]
or incompletenessof typechecking[27]. In contrast,our formalism
leadsto a practical,implementableprogramminglanguage.

The rest of this paperis structuredas follows: In Section2 we
presentour coretype systemfor higher-ordermodules,including
the intuition behindits designand a brief descriptionof the de-
cidabletypecheckingalgorithm. In Section3 we discussthe pro-
grammingimportanceof having both weak and strong forms of
sealing. In Section4 we explain the avoidanceproblemandhow
it canbecircumventedusinganelaborationalgorithm.In Section5
we presenta very simple,orthogonalextensionof our coresystem
to provide supportfor packagingmodulesas�rst-classvalues.Fi-
nally, in Section6 wecompareoursystemwith relatedwork andin
Section7 we conclude.

2 TechnicalDevelopment

We begin our technicaldevelopmentby presentingthe syntaxof
our languagein Figure 1. Our languageconsistsof four syntac-
tic classes:terms,types,modules,andsignatures(which serve as
the typesof modules). The languagedoesnot explicitly include
higher-ordertype constructorsor kinds (which ordinarily serve as
constructors'types);in our languagethe rolesof constructorsand
kindsaresubsumedbymodulesandsignatures.Contextsbindmod-
ulevariables(s) to signatures.

As usual,we consideralpha-equivalentexpressionsto beidentical.
We write thecapture-avoiding substitutionof M for s in anexpres-
sionE asE[M=s].

Types Therearethreebasictypesin our language.Theproduct
type(t 1 � t 2) is standard.Thefunctiontype,Ps:s:t , is thetypeof
functionsthatacceptamoduleargumentsof signatures andreturn
a valueof type t (possiblycontainings). As usual,if s doesnot
appearfreein t , wewrite Ps:s:t ass ! t . (Thisconventionis used
for thedependentproductsin thesignatureclassaswell.) Finally,
whenM is a modulecontainingexactly onetype (which is to say
that M hasthe signature[[T]]), that type is extractedby Typ M. A
full-featuredlanguagewould supporta variety of additionaltypes
aswell.

Terms The term languagecontainsthenaturalintroductionand
eliminationconstructsfor recursive functionsandproducts.In ad-
dition, whenM is a modulecontainingexactly onevalue(which is
to saythat M hasthe signature[[t ]], for sometype t ), that valueis
extractedby Val M. When f doesnot appearfree in e, we write
�x f (s:s):t :easLs:s:e.

Theconventionalformsof functionsandpolymorphicfunctionare
built from module functions. Ordinary functionsare built using
modulescontaininga singlevalue:

t 1 ! t 2
def= [[t 1]] ! t 2

l x:t :e(x) def= Ls:[[t ]]:e(Val s)
e1e2

def= e1[e2]

andpolymorphicfunctionsarebuilt usingmodulescontainingasin-
gle type:

8a:t (a) def= Ps:[[T]]:t (Typ s)
La :e(a) def= Ls:[[T]]:e(Typ s)
et def= e[t ]

Signatures Therearesevenbasicsignaturesin ourlanguage.The
atomicsignature[[T]] is the typeof anatomicmodulecontaininga
single type, and the atomicsignature[[t ]] is the type of an atomic
modulecontaininga singleterm. Theatomicmodulesarewritten
[t ] and[e: t ], respectively. (Weomit thetypelabel“: t ” from atomic
term moduleswhen it is clear from context.) The trivial atomic
signature1 is thetypeof thetrivial atomicmodulehi.

The functor signaturesP tot s:s1:s2 and Ppars:s1:s2 expressthe
typeof functorsthatacceptanargumentof signatures1 andreturn
a resultof signatures2 (possiblycontainings). Thereasonfor two
different P signaturesis to distinguishbetweentotal and partial
functors,which we discussin detail below. For convenience,we
will take P (without a superscript)to be synonymouswith P tot .
Whens doesnot appearfreein s2, we write Ps:s1:s2 ass1 ! s2.

The structuresignatureSs:s1:s2 is the type of a pair of modules
wheretheleft-handcomponenthassignatures1 andtheright-hand
componenthassignatures2, in whichsrefersto theleft-handcom-
ponent. As usual,when s doesnot appearfree in s2, we write
Ss:s1:s2 ass1 � s2.

Thesingletonsignature
�

(M) is usedto expresstypesharinginfor-
mation. It classi�esmodulesthathave signature[[T]] andarestati-
cally equivalentto M. Two modulesareconsideredstaticallyequiv-
alentif they areequalmodulotermcomponents;thatis, type�elds
mustagreebut term�elds maydiffer. Singletonsatsignaturesother
than[[T]] arenot provided primitively becausethey canbe de�ned
usingthe basicsingleton,asdescribedby StoneandHarper[33].
The de�nition of

�

s (M) (the signaturecontainingonly modules
equalto M at signatures) is givenin Figure5.
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signature SIG =
sig

type s
type t = s * int

structure S : sig
type u
val f : u -> s

end

val g : t -> S.u
end

. . . is compiledas. . .

Ss:[[T]]:
St:

�

([Typ s� int ]):
SS:(Su:[[T]]:Sf :[[Typ u! Typ s]]:1):

Sg:[[Typ t ! Typ(p1S)]]:1

Figure2. ML SignatureExample

Modules Themodulesyntaxcontainsmodulevariables(s), the
atomic modules,and the usualintroductionandelimination con-
structsfor P andSsignatures,exceptthatSmodulesareintroduced
by hs= M1;M2i , in which s standsfor M1 andmayappearfree in
M2. (Whens doesnot appearfree in M2, the “s = ” is omitted.)
No introductionor eliminationconstructsareprovided for single-
tonsignatures.Singletonsareintroducedandeliminatedby rulesin
the staticsemantics;if M is judgedequivalentto M0 in s, thenM
belongsto

�

s (M0), andviceversa.

The remaining module constructsare strong sealing, written
M :> s, andweaksealing,writtenM :: s. Whenamoduleis sealed
eitherstronglyor weakly, theresultis opaque. By opaquewemean
thatnoclientof themodulemaydependonany detailsof theimple-
mentationof M otherthanwhatis exposedby thesignatures. The
distinctionbetweenstrongandweaksealingis discussedin detail
below.

Although higher-order type constructorsdo not appearexplicitly
in our language,they arefaithfully representedin our languageby
unsealedmodulescontainingonly typecomponents.For example,
thekind (T ! T) ! T is representedby thesignature([[T]] ! [[T]]) !
[[T]]; andtheconstructorla :(T ! T):(int � a int ) is represented
by themodulel s:([[T]] ! [[T]]):[int � Typ(s[int ])].

Examplesof how ML-style signaturesandstructuresmay be ex-
pressedin our languageappearin Figures2 and3.

Comparability andProjectibility Two closelyrelatedissuesare
crucial to the designof a modulesystemsupportingtype abstrac-
tion:

1. Whencanamodulebecomparedfor equivalencewith another
module?

2. Whencana typecomponentbeprojectedfrom a moduleand
usedasa type?

We say that a module is comparable iff it can be comparedfor
equivalencewith anothermodule,andthata moduleis projectible
if f its typecomponentsmaybeprojectedandusedastypeexpres-
sions. (In the literaturemostpresentationsemphasizeprojectibil-
ity [11, 14,15].)

structure S1 =
struct

type s = bool
type t = bool * int

structure S = struct
type u = string
val f = (fn y:u => true)

end

val g = (fn y:t => "hello world")
end

. . . is compiledas. . .

hs= [bool ];
ht = [bool � int ];

hS= hu = [string ];hf = [l y:Typ u:true ];hiii ;
hg = [l y:Typ t:"hello world" ];hiiiii

Figure3. ML Structur eExample

A simpleanalysisof thepropertiesof comparabilityandprojectibil-
ity suggeststhat they arecloselyrelated.SupposethatM is a pro-
jectiblemodulewith signature[[T]], so thatTyp M is a type. Since
typeequalityis anequivalencerelation,this typemaybecompared
with any other, in particular, Typ M0 for anotherprojectiblemod-
ule M0 of the samesignature.But sinceTyp M andTyp M0 fully
determineM, we are,in effect, comparingM with M0 for equiva-
lence.Thissuggeststhatprojectiblemodulesberegardedascompa-
rablefor typecheckingpurposes.Conversely, if M is acomparable
module,thenby extensionalityM shouldbeequivalentto [Typ M],
which is only sensibleif M is alsoprojectible.

Purity and Impurity Thedesignof our modulesystemrestson
the semanticnotionsof purity andimpurity inducedby computa-
tionaleffects.To motivatethedesign,�rst recallthatin a �rst-class
modulesystemsuchasHarperandLillibridge' s [11] therecanbe
“impure” moduleexpressionsthat yield distinct type components
eachtime they areevaluated. For example,a moduleexpression
M might consultthe stateof the world, yielding a differentmod-
ule for eachoutcomeof the test. The type componentsof sucha
modulearenotstaticallywell-determined,andhenceshouldnotbe
admittedastypeexpressionsat all, muchlesscomparedfor equiv-
alence.On theotherhand,even in sucha generalframework, pure
(effect-free)modulesmay be safely regardedasboth comparable
andprojectible.

In a second-classmodulesystemsuchexamplesare not, in fact,
expressible,but we will nevertheless�nd it usefulto classifymod-
ulesaccordingto their purity.2 This classi�cation is semantic,in
thesenseof beingde�ned by judgmentsof thecalculus,ratherthan
syntactic,in the senseof beingdeterminedsolely by the form of
expression. Sucha semanticapproachis importantfor a correct
accountof typeabstractionin a full-featuredmodulelanguage.

Theaxiomatizationof purity andimpurity in oursystemis basedon
a setof rulesthattakesaccountof thetypesof expressions,aswell
as their syntacticforms. The type systemis conservative in that
it “assumesthe worst” of an impuremoduleexpression,ruling it

2Moreover, in Section5 wewill introducethemeansto re-create
theseexamplesin oursetting,makingessentialuseof thesameclas-
si�cation system.
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incomparableandnon-projectible,evenwhenits typecomponents
arein factstaticallywell-determined.As wewill seeshortly, this is
importantfor enforcingtypeabstraction,aswell asensuringsound-
nessin the presenceof �rst-class modules.In addition,sinceit is
soundto doso,we deemall puremoduleexpressionsto becompa-
rableandprojectible.That is, to beaspermissive aspossiblewith-
out violating soundnessor abstraction,we identify comparability
andprojectibility with purity. Finally, notethata moduleis judged
pure basedon whetherits type componentsare well-determined,
which is independentof whetherany term componentshave com-
putationaleffects.

In theliteraturedifferentaccountsof higher-ordermodulesprovide
differentclassesof puremodules.For example,in HarperandLil-
libridge's �rst-class modulesystem[11], only syntacticvaluesare
consideredpure. In Leroy's second-classmodulecalculi [14, 15],
purity is limited to thesyntacticcategoryof paths.In Harperetal.'s
early “phase-distinction”calculus[12] all modulesaredeemedto
bepure,but nomeansof abstractionis provided.

Abstraction via Sealing The principal meansfor de�ning ab-
stract types is sealing, written M :> s. SealingM with s pre-
ventsany client of M from dependingon theidentitiesof any type
componentsspeci�ed opaquely—withsignature[[T]] rather than

�

[[T]](M)—insides. Fromthepointof view of moduleequivalence,
this meansthat a sealedmoduleshouldbe consideredincompara-
ble. To seethis, supposethat M = ([int ] :> [[T]]) is regardedas
comparable. Presumably, M could not be deemedequivalent to
M0 = ([bool ] :> [[T]]) sincetheir underlyingtype componentsare
different. However, sincemoduleequivalenceis re�exive, if M
is comparable,thenM mustbe deemedequivalent to itself. This
would meanthat the type systemwould distinguishtwo opaque
modulesbasedon their underlyingimplementation,a violation of
typeabstraction.

A signi�cant advantageof our judgmentalapproachto purity is that
it affords a naturalmeansof ensuringthat a sealedmoduleis in-
comparable,namelyto judgeit impure.This amountsto regarding
sealingasa pro formarun-timeeffect,eventhoughnoactualeffect
occursatexecutiontime. Not only doesthis ensurethatabstraction
violationssuchastheonejust illustratedareruledout, but we will
alsoshow in Section3 thatdoingsoallows thetypesystemto track
therun-time“generation”of “new” types.

Applicativeand GenerativeFunctors Functorsin StandardML
aregenerative in the sensethat eachabstracttype in the resultof
the functor is “generatedafresh” for eachinstanceof the functor,
regardlessof whetheror not the argumentsin eachinstanceare
equivalent. Functorsin Objective Caml, however, areapplicative
in thesensethatthey preserve equivalence:if appliedto equivalent
arguments,they yield equivalentresults.In particular, theabstract
typesin theresultof afunctorarethesamefor any two applications
to thesameargument.

Continuingthe analogywith computationaleffects,we will deem
any functorwhosebodyis pureto betotal, otherwisepartial. The
applicationof a pure,total functor to a pureargumentis pure,and
hencecomparable.Total functorsareapplicative in the sensethat
theapplicationof a puretotal functor to two equivalentpuremod-
ulesyields equivalentpuremodules,becausethe applicationsare
pure,andhencecomparable.Partial functors,on the otherhand,
alwaysyield impuremoduleswhenapplied.Thereforethey do not
respectequivalenceof arguments(becausethe results,being im-
pure,arenot even comparable),ensuringthateachinstanceyields
a distinctresult.

Wedistinguishthesignaturesof total (applicative)andpartial(gen-
erative) functors.Total functorshave P signatures,whereaspartial
functorshave Ppar signatures.Thesubtypingrelationis de�ned so
thatevery total functormayberegarded(degenerately)asa partial
functor.

Weakand StrongSealing In oursystemwe identify applicative
functorswith total ones,andgenerative functorswith partialones.
To make this work, however, we mustre�ne the notion of effect.
For if sealingis regardedas inducinga run-timeeffect, then it is
impossibleto employ abstractionwithin the body of a total func-
tor, for to do sorendersthebody impure. (We maysealtheentire
functorwith a total functorsignatureto imposeabstraction,but this
only ensuresthattheexportedtypesof thefunctorareheldabstract
in any clientsof that functor. It doesnot permit a substructurein
thebodyof thefunctorto beheldabstractin boththeclientsof the
functorandin theremainderof thefunctorbody.)

Thesolutionis to distinguishtwo formsof sealing—strong, written
M :> s asbefore,andweak, written M :: s. Both imposeabstrac-
tion in thesenseof limiting typepropagationto what is explicitly
speci�ed in theascribedsignatureby regardingbothformsof seal-
ing as inducing impurity. However, to supporta useful classof
applicative functors,we furtherdistinguishbetweenstaticanddy-
namiceffects.Weaksealinginducesa staticeffect,whereasstrong
sealinginducesdynamiceffect.

Thesigni�canceof thisdistinctionlies in thede�nition of totaland
partial functors. A functor whosebody involvesa dynamiceffect
(i.e., is dynamicallyimpure), is ruledpartial,andhencegenerative.
Thusstrongsealingwithin a functor body inducesgenerativity of
that functor. A functorwhosebodyis eitherpure,or involvesonly
a staticeffect (i.e., is dynamicallypure), is ruled total, andhence
applicative. Thisensuresthatapplicative functorsmayuseabstrac-
tion within their bodieswithout incurringgenerative behavior. The
methodologicalimportanceof this distinctionis discussedin Sec-
tion 3.

A dynamiceffect maybethoughtof asonethatoccursduringexe-
cution,whereasa staticeffect is onethatoccursduringtypecheck-
ing. Dynamiceffectsaresuspendedinsideof a l -abstraction,so
functorabstractionsaredynamicallypure.However, whenapplied,
thedynamiceffectsinsidethe functorarereleased,so that theap-
plication is dynamicallyimpure. On the otherhand,staticeffects
occur during type checking,and henceare not suspendedby l -
abstraction,nor releasedby application.

Formalization The typing judgmentfor our systemis written
G` k M : s, wherek indicatesM's purity. Theclassi�er k is drawn
from thefollowing four-point lattice:

W
= n

D S
n =
P

ThepointPindicatesthatM is pure(andhencecomparableandpro-
jectible), D indicatesdynamicpurity, S indicatesstaticpurity, and
Windicateswell-formednessonly (no purity information). Hence,
G` P M : s is our purity judgment. It will prove to be convenient
in our typing rulesto exploit the ordering(written v ), meets(u),
andjoins (t ) of this lattice,whereP is taken asthe bottomandW
is taken as the top. We alsosometimes�nd it convenientto use
thenotationPds:s1:s2 for a functorsignaturethat is eithertotal or
partialdependingonwhetherd = tot or d = par, respectively.
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G` k M : s k v k0

G` k0 M : s
(1)

G` k M : s
G` W(M :> s) : s

(2)
G` k M : s

G` k t D (M :: s) : s
(3) G` ok

G` P s: G(s)
(4)

G;s:s1 ` k M : s2 k v D

G` k l s:s1:M : P tot s:s1:s2
(5)

G;s:s1 ` k M : s2

G` k u D l s:s1:M : Ppars:s1:s2
(6)

G;s:s1 ` s2 sig

G` P tot s:s1:s2 � Ppars:s1:s2
(7)

G` k M1 : P tot s:s1:s2 G` P M2 : s1

G` k M1M2 : s2[M2=s]
(8)

G` k M1 : Ppars:s1:s2 G` P M2 : s1

G` k t S M1M2 : s2[M2=s]
(9)

G` k M : Ss:s1:s2

G` k p1M : s1
(10)

G` P M : Ss:s1:s2

G` P p2M : s2[p1M=s]
(11)

G` k M : s G` s � s0

G` k M : s0 (12)

Figure4. Key Typing Rules

Somekey rulesaresummarizedin Figure4. Puremodulesaredy-
namically pureandstaticallypure,andeachof thoseareat least
well-formed(rule1). Stronglysealedmodulesareneitherstatically
nor dynamicallypure(2); weaklysealedmodulesarenot statically
pure, but are dynamicallypure if their body is (3). Applicative
functorsmusthave dynamicallypurebodies(5); generative func-
tors have no restriction(6). Applicative functorsmay be usedas
generative ones(7). Variablesarepure (4), and lambdasaredy-
namicallypure(5 and6). Theapplicationof anapplicative functor
is aspureasthefunctoritself (8),but theapplicationof agenerative
functoris at beststaticallypure(9). Finally, thepurity of a module
is preserved by signaturesubsumption(12). The completesetof
typing rulesis givenin AppendixA.

The rules for functor application(rules 8 and 9) requirethat the
functorargumentbepure. This is becausethefunctorargumentis
substitutedinto thefunctor's codomainto producetheresultsigna-
ture, andthe substitutionof impuremodulesfor variables(which
are always pure) can turn well-formed signaturesinto ill-formed
ones(for example,[Typ s] becomesill-formed if an impuremod-
ule is substitutedfor s). (An alternative rule proposedby Harper
andLillibridge [11] resolvesthis issue,but inducesthe avoidance
problem,aswe discussin Section4.) Therefore,whena functor
is to beappliedto animpureargument,thatargumentmust�rst be
boundto a variable,which is pure.Similarly, projectionof thesec-
ondcomponentof a pair is restrictedto purepairs(rule 11),but no
suchrestrictionneedbemadefor projectionof the�rst component
(rule 10),sincenosubstitutionis involved.

Static Equivalence In the foregoing discussionwe have fre-
quentlymadereferenceto a notionof moduleequivalence,without
specifyingwhatthismeans.A key designdecisionfor amodulecal-
culusis to de�ne whentwo comparablemodulesareto bedeemed
equivalent. Differentmodulesystemsarisefrom differentnotions
of equivalence.

If a pure module has signature[[T]], it is possibleto extract the
type componentfrom it. Type checkingdependsessentiallyon
the matterof which typesare equal,so we must considerwhen
Typ M is equalto Typ M0. Thesimplestanswerwouldbeto regard
Typ M = Typ M0 exactly whenthe modulesM andM0 areequal.
But this is too naive becausewe cannotin generaldeterminewhen
two modulesareequal.SupposeF : [[int ]] ! s ande;e0: int . Then
F [e] = F [e0] if andonly if e= e0, but thelatterequalityis undecid-
ablein general.

A characteristicfeatureof secondclassmodulesystemsis thatthey
respectthe phasedistinction [12] betweencompile-timeandrun-
timecomputation.Thispropertyof amodulesystemstatesthattype
equivalencemustbedecidableindependentlyof termequivalence.
This shouldbe intuitively plausible,sincea second-classmodule
systemprovidesnomeansby whicha typecomponentof a module
candependon a term component.(This is not happenstance,but
theresultof carefuldesign.Wewill seein Section5 thatthematter
is moresubtlethanit appears.)

Basedonthisprinciple,wede�ne moduleequivalenceto be“equiv-
alencefor typecheckingpurposes”,or staticequivalence. Roughly
speaking,two modulesaredeemedto beequivalentwhenever they
agreeon their correspondingtypecomponents.3

We write our moduleequivalencejudgmentas G` M �= M0 : s .
Therulesfor staticequivalenceof atomicmodulesaretheexpected
ones. Atomic type componentsmust be equal, but atomic term
componentsneednotbe:

G` t � t 0

G` [t ] �= [t 0] : [[T]]

G` P M : [[t ]] G` P M0: [[t ]]

G` M �= M0: [[t ]]

Sincethegenerativeproductionof new typesin agenerativefunctor
isnotionallyadynamicoperation,generativefunctorshavenostatic
componentsto compare.Thus,puregenerative functorsarealways
staticallyequivalent,just asatomictermmodulesare:

G` P M : Ppars:s1:s2 G` P M0: Ppars:s1:s2

G` M �= M0: Ppars:s1:s2

Thecompletesetof equivalencerulesis givenin AppendixA.

As anaside,this discussionof moduleequivalencerefutesthemis-
conceptionthat �rst-class modulesaremoregeneralthansecond-
classmodules.In fact,theexpressivenessof �rst- andsecond-class
modulesis incomparable.First-classmoduleshave theobviousad-
vantagethat they are �rst-class. However, sincethe type compo-
nentsof a �rst-classmodulecandependonrun-timecomputations,
it is impossibleto get by with staticmoduleequivalenceandone

3The phasedistinctioncalculusof Harper, et al. [12] includes
“non-standard”equality rules for phase-splittingmodulesM into
structureshMstat;Mdyni consistingof astaticcomponentMstat anda
dynamiccomponentMdyn. OurstaticequivalenceM �= M0amounts
to sayingMstat = M0

stat in theirsystem.However, wedonot identify
functorswith structures,asthey do.
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must usedynamicequivalenceinstead(in other words, one can-
not phase-splitmodulesas in Harperet al. [12]). Consequently,
�rst-class modulescannotpropagateasmuchtype informationas
second-classmodulescan.

Singleton Signatures Type sharinginformationis expressedin
ourlanguageusingsingletonsignatures[33], aderivativeof translu-
cent sums[11, 14, 18]. (An illustration of the useof singleton
signaturesto expresstype sharingappearsin Figure2.) The type
systemallows the deductionof equivalencesfrom membershipin
singletonsignatures,andvice versa,andalsoallows the forgetting
of singletoninformationusingthesubsignaturerelation:

G` P M :
�

s (M0) G` P M0: s

G` M �= M0: s
G` M �= M0: s

G` P M :
�

s (M0)

G` P M : s
G`

�

s (M) � s
G` M �= M0: s

G`
�

s (M) �
�

s (M0)

Whens = [[T]], thesedeductionsfollow usingprimitive rulesof the
typesystem(since

�

[[T]](M) =
�

(M) is primitive). At othersigna-
tures,they follow from thede�nitions givenin Figure5.

Beyond expressingsharing, singletonsare useful for “sel��ca-
tion” [11]. For instance,if s is a variableboundwith thesignature
[[T]], scanbegiventhefully transparentsignature

�

(s). This factis
essentialto theexistenceof principalsignaturesin our typecheck-
ing algorithm. Note that sincesingletonsignaturesexpressstatic
equivalenceinformation, the formation of singletonsignaturesis
restrictedto puremodules.Thus,only puremodulescanbe sel�-
�ed (asin HarperandLillibridge [11] andLeroy [14]).

Singletonsignaturescomplicateequivalencechecking,sinceequiv-
alencecan dependon context. For example, l s:[[T]]:[int ] and
l s:[[T]]:s areobviously inequivalentat signature[[T]] ! [[T]]. How-
ever, using subsignatures,they can also be given the signature

�

([int ]) ! [[T]] andat thatsignaturethey areequivalent,sincethey
returnthe sameresultwhengiven the only permissibleargument,
[int ].

As this exampleillustrates,the context sensitivity of equivalence
providesmoretypeequalitiesthanwould hold if equivalencewere
strictly context insensitive, therebyallowing thepropagationof ad-
ditional type information.For example,if F : (

�

([int ]) ! [[T]]) !
[[T]], then the typesTyp(F(l s:[[T]]:[int ])) and Typ(F(l s:[[T]]:s))
areequal,which couldnot be the caseundera context-insensitive
regime.

A subtle technical point arises in the use of the higher-order
singletonsde�ned in Figure 5. SupposeF : [[T]] ! [[T]]. Then

�

[[T]]! [[T]](F) = Ps:[[T]]:
�

(F s), which intuitively containsthemod-
ulesequivalent to F: thosethat take membersof F's domainand
returnthesamething thatF does.Formallyspeaking,however, the
canonicalmemberof this signatureis not F but its eta-expansion
l s:[[T]]:Fs. In fact,it is notobviousthatF belongsto

�

[[T]]! [[T]](F).

To ensurethatF belongsto its singletonsignature,our typesystem
(following StoneandHarper[33]) includestheextensionaltyping
rule:

G` P M : Ps:s1:s0
2 G;s:s1 ` P M s: s2

G` P M : Ps:s1:s2

Usingthis rule,F belongsto Ps:[[T]]:
�

(F s) becauseit is a function
and becauseFs belongsto

�

(F s). A similar extensionaltyping
rule is provided for products.It is possiblethat theneedfor these

�

[[T]](M) def=
�

(M)
�

[[t ]](M) def= [[t ]]
�

1(M) def= 1
�

P tot s:s1:s2(M) def= P tot s:s1:
�

s2(Ms)
�

Ppars:s1:s2(M) def= Ppars:s1:s2
�

Ss:s1:s2(M) def=
�

s1(p1M)�
�

s2[p1M=s](p2M)
�

�

(M0) (M) def=
�

(M)

Figure5. Singletonsat Higher Signatures

rulescouldbeavoidedby makinghigher-ordersingletonsprimitive,
but we have not exploredthemeta-theoreticimplicationsof sucha
change.

Sincea modulewith a (higher-order) singletonsignatureis fully
transparent,it is obviously projectibleandcomparable,andhence
couldbejudgedto bepure,evenif it would otherwisebeclassi�ed
asimpure.Thisis aninstanceof thegeneralproblemof recognizing
that“benigneffects”neednotdisturbpurity. Sincepurity is a judg-
mentin our framework, we couldreadilyincorporateextensionsto
capturesuchsituations,but we donotpursuethematterhere.

Type Checking Our typesystemenjoys a sound,complete,and
effective type checkingalgorithm. Our algorithmcomesin three
main parts: �rst, an algorithmfor synthesizingthe principal (i.e.,
minimal) signatureof a module;second,an algorithmfor check-
ing subsignaturerelationships;andthird, analgorithmfor deciding
equivalenceof modulesandof types.

Module typecheckingthenproceedsin the usualmanner, by syn-
thesizingthe principal signatureof a moduleand then checking
that it is a subsignatureof the intendedsignature. The signature
synthesisalgorithmis givenin AppendixB, andits correctnessthe-
oremsarestatedbelow. Themain judgmentof signaturesynthesis
is G` k M ) s, which statesthatM's principalsignatureis s and
M's purity is inferredto bek.

Subsignaturecheckingis syntax-directedandeasyto do, givenan
algorithm for checkingmoduleequivalence;moduleequivalence
ariseswhentwo singletonsignaturesarecomparedfor thesubsigna-
turerelation. Theequivalencealgorithmis closelybasedon Stone
andHarper's algorithm[33] for typeconstructorequivalencein the
presenceof singletonkinds. Spaceconsiderationsprecludefurther
discussionof thisalgorithmhere.Full detailsof all thesealgorithms
andproofsappearin thecompaniontechnicalreport[7].

THEOREM 2.1 (SOUNDNESS). If G` k M ) s thenG` k M : s.

THEOREM 2.2 (COMPLETENESS). If G ` k M : s then G ` k0

M ) s0andG` s0� s andk0v k.

Note that sincethe synthesisalgorithmis deterministic,it follows
from Theorem2.2thatprincipalsignaturesexist. Finally, sinceour
synthesisalgorithm, for convenience,is presentedin termsof in-
ferencerules,we requireonemoreresultstatingthat it really is an
algorithm:

THEOREM 2.3 (EFFECTIVENESS). For anyGandM, it is decid-
ablewhetherthere exist s andk such thatG` k M ) s.
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signature SYMBOLTABLE=
sig

type symbol
val string to symbol : string -> symbol
val symbol to string : symbol -> string
val eq : symbol * symbol -> bool

end

functor SymbolTableFun () :> SYMBOLTABLE=
struct

type symbol = int

val table : string array =
(* allocate internal hash table *)
Array.array ( initial size, NONE)

fun string to symbol x =
(* lookup (or insert) x *) ...

fun symbol to string n =
(case Array.sub (table, n) of

SOMEx => x
| NONE=> raise (Fail "bad symbol"))

fun eq (n1, n2) = (n1 = n2)
end

structure SymbolTable = SymbolTableFun ()

Figure6. StrongSealingExample

3 Strong and WeakSealing

Generativity is essentialfor providing the necessarydegreeof ab-
stractionin thepresenceof effects.Whenamodulehasside-effects,
suchastheallocationof storage,abstractionmaydemandthattypes
begeneratedin correspondenceto storageallocation,in orderto en-
surethatelementsof thosetypesrelateto thelocalstoreandnot the
storeof anotherinstance.

Consider, for example,thesymboltableexamplegivenin Figure6.
A symboltablecontainsanabstracttypesymbol, operationsfor in-
terconvertingsymbolsandstrings,andanequalitytest(presumably
fasterthanthat availablefor strings). The implementationcreates
an internalhashtableandde�nes symbolsto be indicesinto that
internaltable.

The intention of this implementationis that the Fail exception
never be raised. However, this dependson the generativity of
the symbol type. If anotherinstance,SymbolTable2, is created,
andthetypesSymbolTable.symbol andSymbolTable2.symbol
are consideredequal, then SymbolTable could be asked to
interpret indices into SymbolTable2's table, thereby causing
failure. Thus, it is essentialthat SymbolTable.symbol and
SymbolTable2.symbol beconsideredunequal.

The symboltableexampledemonstratesthe importanceof strong
sealingfor encodinggenerative abstracttypesin statefulmodules.
Generativity is not necessary, however, for purely functionalmod-
ules. Leroy [15] givesseveral examplesof suchmodulesasmoti-
vation for the adoptionof applicative functors. For instance,one
maywish to implementpersistentsetsusingorderedlists. Figure7

signature ORD=
sig

type elem
val compare : elem * elem -> order

end
signature SET = (* persistent sets *)

sig
type elem
type set
val empty : set
val insert : elem * set -> set
...

end

functor SetFun (Elem : ORD)
:: SET where type elem = Elem.elem =

struct
type elem = Elem.elem
type set = elem list
...

end

structure IntOrd = struct
type elem = int
val compare = Int.compare

end
structure IntSet1 = SetFun(IntOrd)
structure IntSet2 = SetFun(IntOrd)

Figure7. WeakSealingExample

exhibits a purely functionalSetFun functor, which is parameter-
ized over an orderedelementtype, andwhoseimplementationof
theabstractset typeis sealed.WhenSetFun is instantiatedmulti-
pletimes—e.g., in differentclientmodules—withthesameelement
type, it is usefulfor the resultingabstractset typesto be seenas
interchangeable.

In our system, SetFun is made applicative, but still opaque,
by weakly sealing its body. Speci�cally, IntSet1.set and
IntSet2.set arebothequivalentto SetFun(IntOrd).set . This
typeis well-formedbecauseSetFun hasanapplicative functorsig-
nature,and SetFun and IntOrd , being variables,are both pure.
Recall that a functor containingweaksealingis impureandmust
beboundto avariablebeforeit canbeusedapplicatively.

Theastutereadermay noticethatweaksealingis not truly neces-
saryin theSetFunexample.In fact,onecanachievethesameeffect
asthecodein Figure7 by leaving thebodyof thefunctorunsealed
and(strongly)sealingthefunctor itself with anapplicative functor
signaturebeforebinding it to SetFun. This is the techniqueem-
ployed by Shao[31] for encodingapplicative functors,ashis sys-
temlacksananalogueof weaksealing.A failing of this approach
is that it only worksif thefunctorbodyis fully transparent—inthe
absenceof weaksealing,any opaquesubstructureswould have to
bestronglysealed,preventingthe functor from beinggivenanap-
plicative signature.

Thebestexamplesof theneedfor opaquesubstructuresin applica-
tive functorsareprovidedby theinterpretationof ML datatype 's
asabstracttypes[13]. In bothStandardML andCaml,datatype 's
areopaquein the sensethat their representationasrecursive sum
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types is not exposed, and thus distinct instancesof the same
datatype declarationcreatedistinct types. StandardML and
Caml differ, however, on whetherdatatype 's aregenerative. In
the presenceof applicative functors(which areabsentfrom Stan-
dard ML) there is excellent reasonfor datatype 's not to be
generative—namely, thata generative interpretationwould prevent
datatype 's from appearingin the bodiesof applicative functors.
Thiswouldseverelydiminishtheutility of applicativefunctors,par-
ticularly sincein ML recursive typesareprovidedonly throughthe
datatype mechanism.For example,animplementationof SetFun
with splay trees,usinga datatype declarationto de�ne the tree
type,would requiretheuseof weaksealing.

For thesereasons,strongsealingis no substitutefor weaksealing.
Neitheris weaksealinga substitutefor strong. As Leroy [15] ob-
served,in functor-freecode,generativity canbesimulatedby what
we call weaksealing. (This canbe seenin our framework by ob-
servingthatdynamicpurity providesno extra privilegesin theab-
senceof functors.) With functors,however, strongsealingis nec-
essaryto provide truegenerativity. Nevertheless,it is worth noting
that strongsealingis de�nable in termsof otherconstructsin our
language,while weaksealingis not. In particular, we cande�ne
strongsealing,usinga combinationof weaksealingandgenerative
functorapplication,asfollows:

M :> s def= (( l :1:M) :: (Ppar :1:s)) hi

The existenceof this encodingdoesnot diminish the importance
of strongsealing,which we have madeprimitive in our language
regardless.

4 The AvoidanceProblem

The rulesof our type system(particularlyrules8, 9, and11 from
Figure4) arecarefulto ensurethatsubstitutedmodulesarealways
pure,at theexpenseof requiringthatfunctorandsecond-projection
argumentsarepure. This is necessarybecausetheresultof substi-
tuting an impuremoduleinto a well-formedsignaturecan be ill-
formed.Thus,to applya functorto animpureargument,onemust
let-bind theargumentandapply the functor to theresulting(pure)
variable.

A similarrestrictionis imposedbyShao[31], but HarperandLillib-
ridge[11] proposeanalternative thatsoftenstherestriction.Harper
andLillibridge' s proposal(expressedin our terms)is to includea
non-dependenttyping rulewithouta purity restriction:

G` k M1 : s1 ! s2 G` k M2 : s1

G` k M1M2 : s2

WhenM2 is pure,this rule carriesthesameforceasour dependent
rule, by exploiting singletonsignaturesand the contravarianceof
functorsignatures:

Ps:s1:s2 � Ps:
�

s1(M2):s2
� Ps:

�

s1(M2):s2[M2=s]
=

�

s1(M2) ! s2[M2=s]

WhenM2 is impure, this rule is moreexpressive thanour typing
rule, becausethe applicationcanstill occur. However, to exploit
thisrule,thetypecheckermust�nd anon-dependentsupersignature
thatis suitablefor applicationto M2.

Theavoidanceproblem[9, 18] is that thereis no “best” way to do
so.For example,considerthesignature:

s = ([[T]] !
�

(s)) �
�

(s)

To obtaina supersignatureof s avoiding the variables, we must
forgetthatthe�rst componentis a constantfunction,andtherefore
we can only say that the secondcomponentis equal to the �rst
component's resultonsomeparticularargument.Thus,for any type
t , we maypromotes to thesupersignature:

SF:([[T]] ! [[T]]):
�

(F[t ])

This givesusan in�nite arrayof choices.Any of thesechoicesis
superiorto theobvious([[T]] ! [[T]]) � [[T]], but noneof themis com-
parableto any other, sinceF is abstract.Thus,thereis no minimal
supersignatureof s avoiding s. Theabsenceof minimal signatures
is a problem,becauseit meansthatthereis no obviousway to per-
form typechecking.

In ourtypesystem,wecircumventtheavoidanceproblemby requir-
ing thattheargumentsof functorapplicationandsecond-projection
bepure(therebyeliminatingany needto �nd non-dependentsuper-
signatures),andprovide a let constructsothatsuchoperationscan
still beappliedto impuremodules.Wehaveshown that,asaresult,
our typetheorydoesenjoy principalsignatures.

To achieve this,however, our let constructmustbelabeledwith its
resultsignature(notmentioningthevariablebeingbound),for oth-
erwisethe avoidanceproblemre-arises.This essentiallyrequires
thatevery functorapplicationor projectioninvolving animpurear-
gumentbe labelledwith its resultsignatureaswell, leadingto po-
tentially unacceptablesyntacticoverheadin practice. Fortunately,
programscanbesystematicallyrewritten to avoid this problem,as
we describenext.

4.1 Elaboration and Existential Signatures

Considerthe unannotatedlet expressionlet s = M1 in M2, where
M1 : s1 andM2 : s2(s). If M1 is pure,thenthe let expressioncan
begiventheminimalsignatures2(M1). Otherwise,weareleft with
thevariablesleaving scope,but nominimalsupersignatureof s2(s)
not mentionings. However, if we rewrite thelet expressionasthe
pair hs = M1;M2i , thenwe may give it the signatureSs:s1:s2(s)
andnoavoidanceproblemarises.Similarly, thefunctorapplication
F(M) with F : Ps:s1:s2 and impure M : s1 can be rewritten as
hs= M;F(s)i andgivensignatureSs:s1:s2.

Following HarperandStone[13], weproposetheuseof anelabora-
tion algorithmto systematizetheserewritings. Thiselaboratortakes
codewrittenin anexternallanguagethatsupportsunannotatedlet's,
aswell as impure functor applicationandsecond-projection,and
producescodewritten in our type system. Since the elaborator
rewritesmodulesin a mannerthatchangestheir signatures,it also
musttake responsibilityfor convertingthosemodulesbackto their
expectedsignaturewherever required.Thismeansthattheelabora-
tor musttrackwhichpairsare“real” andwhichhave beeninvented
by theelaboratorto circumventtheavoidanceproblem.

Theelaboratordoessousingthetypes.Whentheelaboratorinvents
apair to circumventtheavoidanceproblem,it givesits signatureus-
ing anexistential9 ratherthanS. In theinternallanguage,9s:s1:s2
meansthesamething asSs:s1:s2, but theelaboratortreatsthetwo
signaturesdifferently: Whentheelaboratorexpects(say)a functor
andencountersaSs:s1:s2, it generatesatypeerror. However, when
it encountersan 9s:s1:s2, it extractsthe s2 component(the elab-
orator's invariantsensurethat it alwayscando so), looking for the
expectedfunctor. Spaceconsiderationsprecludefurther detailsof
theelaborationalgorithm,whichappearin thecompaniontechnical
report[7].
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In a sense,the elaboratorsolves the avoidanceproblemby intro-
ducingexistentialsignaturesto serve in placeof the non-existent
minimal supersignaturesnotmentioninga variable.In light of this,
a naturalquestionis whetherthe needfor an elaboratorcould be
eliminatedby making existential signaturesprimitive to the type
system.

Onenaturalway to govern primitive existentialsis with the intro-
ductionandeliminationrules:

G` P M : s1 G` s � s2[M=s] G;s:s1 ` s2 sig
G` s � 9s:s1:s2

and
G;s:s1 ` s2 � s G` s1 sig G` s sig

G` 9s:s1:s2 � s

With theserules,theavoidanceproblemcouldbesolved: Theleast
supersignatureof s2(s) notmentionings:s1 wouldbe9s:s1:s2(s).

Unfortunately, theserules(particularlythe �rst) make typecheck-
ing undecidable.For example,eachof thequeries

Ps:s:[[t ]]
?
� 9s0:s :Ps:

�

s (s0):[[t 0]]

and

(l s:s:[t ])
?�= (l s:s:[t 0]) : 9s0:s :Ps:

�

s (s0):[[T]]

holdsif andonly if thereexistspureM : s suchthatthetypest [M=s]
andt 0[M=s] areequal.Thus,decidingsubsignatureor equivalence
queriesin thepresenceof existentialswould be ashardashigher-
orderuni�cation, which is known to beundecidable[10].

4.2 SyntacticPrincipal Signatures

It hasbeenarguedfor reasonsrelatedto separatecompilationthat
principalsignaturesshouldbeexpressiblein thesyntaxavailableto
the programmer. This provides the strongestsupportfor separate
compilation,becausea programmercan breaka programat any
point andwrite an interfacethat expressesall the informationthe
compilercouldhave determinedat thatpoint. Suchstrongsupport
doesnotappearto bevital in practice,sincesystemssuchasObjec-
tive CamlandStandardML of New Jersey's higher-ordermodules
have beenusedsuccessfullyfor sometimewithoutprincipalsigna-
turesat all, but it is neverthelessa desirableproperty.

Our type system(i.e., the internal language)doesprovide syntac-
tic principalsignatures,sinceprincipalsignaturesexist, andall the
syntaxis available to the programmer. However, the elaborator's
external languagedoesnot provide syntaxfor the existentialsig-
naturesthat canappearin elaboratorsignatures,which shouldbe
thoughtof as the principal signaturesof externalmodules. Thus,
we cansaythatour basictypesystemprovidessyntacticprincipal
signatures,but ourexternallanguagedoesnot.

In anexternallanguagewheretheprogrammeris permittedto write
existentialsignatures,elaboratingcodesuchas:

(l s0:(9s:s1:s2) : : :)M

requirestheelaboratorto decidewhetherM canbecoercedto be-
long to 9s:s1:s2, which in turn requirestheelaboratorto producea
M0: s1 suchthatM : s2[M0=s]. Determiningwhetherany suchM0

exists requirestheelaboratorto solve anundecidablehigher-order
uni�cation problem: if s2 =

�

([t ]) !
�

([t 0]) and M = l t:[[T]]:t,
thenM : s2[M0=s] if andonly if t [M0=s] andt 0[M0=s] areequal.

Thus, to allow programmer-speci�ed existential signaturesin the
greatestpossiblegeneralitywould make elaborationundecidable.
Partialmeasuresmaybepossible,but wewill notdiscussany here.

5 PackagingModulesasFirst-ClassValues

It is desirablefor modulesto beusableas�rst-classvalues.This is
usefulto make it possibleto chooseat run time themostef�cient
implementationof asignaturefor aparticulardataset(for example,
sparseor denserepresentationsof arrays).However, fully general
�rst-classmodulespresentdif�culties for statictyping [18].

One practicalapproachto modulesas �rst-class valueswas sug-
gestedby Mitchell, etal. [24], whoproposethatsecond-classmod-
ulesautomaticallybewrappedasexistentialpackages[25] to obtain
�rst-classvalues.A similar approachto modulesas�rst-class val-
uesis describedby Russoandimplementedin Moscow ML [29].

Thisexistential-packagingapproachto modulesas�rst-classvalues
is built into our language.We write thetypeof a packagedmodule
as hjs ji and the packagingconstructas packM ashjs ji . Elimina-
tion of packagedmodules(as for existentials)is performedusing
a closed-scopeunpackingconstruct.Thesemaybede�ned asfol-
lows:

hjs ji def= 8a:(s ! a) ! a
packM ashjs ji def= La :l f :(s ! a): f M
unpackeass:s in (e0: t ) def= et (Ls:s:e0)

(Comparethe de�nition of hjs ji with the standardencodingof the
existentialtype9b:t as8a:(8b: t ! a) ! a.)

The main limitation of existentially-packagedmodules is the
closed-scopeeliminationconstruct.It hasbeenobservedrepeatedly
in theliterature[20, 3, 18] thatthisconstructis too restrictive to be
veryuseful.For one,in “unpackeass:s in (e0: t )”, theresulttype
t maynot mentions. As a consequence,functionsover packaged
modulesmaynotbedependent;thatis, theresulttypemaynotmen-
tion theargument.This de�ciency is mitigatedin our languageby
the ability to write functionsover unpackaged,second-classmod-
ules,which canbe given the dependenttype Ps:s:t (s) insteadof
hjs ji ! t .

Another problem with the closed-scopeelimination constructis
thata termof packagetypecannotbeunpacked into a stand-alone
second-classmodule;it canonly beunpacked insidean enclosing
term. As eachunpackingof a packagedmodulecreatesanabstract
typein aseparatescope,packagesmustbeunpackedataveryearly
stageto ensurecoherenceamongtheir clients, leadingto “scope
inversions”thatareawkwardto managein practice.

What we desire,therefore,is a new moduleconstructof the form
“unpackeass”, which coercesa �rst-classpackagee of typehjs ji
backinto a second-classmoduleof signatures. Thefollowing ex-
ampleillustrateshow addingsuchaconstructcarelesslycanleadto
unsoundness:

module F = l s:[[hjs ji ]]:(unpack(Val s) ass)
moduleX1 = F [packM1 ashjs ji ]
moduleX2 = F [packM2 ashjs ji ]

Notethattheargumentof thefunctorF is anatomictermmodule,
so all argumentsto F are statically equivalent. If F is given an
applicative signature,then X1 and X2 will be deemedequivalent,
even if theoriginal modulesM1 andM2 arenot! Thus,F mustbe
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types t ::= � � � j hjs ji
terms e ::= � � � j packM ashjs ji
modules M ::= � � � j unpackeass

G` s1 � s2

G` hjs1ji � hjs2ji
G` k M : s

G` packM ashjs ji : hjs ji

G` e: hjs ji

G` S unpackeass : s

Figure8. PackagedModule Extension

deemedgenerative,whichin turnrequiresthattheunpackconstruct
inducea dynamiceffect.

Packagedmodulesthat admit this improved unpackingconstruct
arenotde�nablein ourcorelanguage,but they constitutea simple,
orthogonalextensionto the type systemthat doesnot complicate
type checking. The syntaxandtyping rulesfor this extensionare
given in Figure8. Note that theclosed-scopeunpackingconstruct
is de�nableas

let s= (unpackeass) in (e0: t )

Intuitively, unpackingis generative becausethe modulebeingun-
packed canbeanarbitraryterm,whosetypecomponentsmay de-
pendon run-timeconditions. In the coresystemwe presentedin
Section2, thegenerativity inducedby strongsealingwasmerelya
pro formaeffect—thelanguage,supportingonly second-classmod-
ules,provided no way for the type componentsof a moduleto be
actually generatedat run time. The type system,however, treats
dynamiceffectsasif they areall truly dynamic,andthusit scales
easily to handlethe real run-time type generationenabledby the
extensionin Figure8.

6 RelatedWork

Harper, Mitchell andMoggi [12] pioneeredthetheoryof phasesep-
aration, which is fundamentalto achieving maximaltypepropaga-
tion in higher-ordermodulesystems.Theirnon-standardequational
rules,which identify higher-ordermoduleswith primitive “phase-
split” ones,aresimilar in spirit to, thoughdifferentin detail from,
our notion of staticmoduleequivalence.Onemay view their sys-
temasa subsystemof oursin which thereis nosealingmechanism
(andconsequentlyall modulesarepure).

MacQueenandTofte [21] proposeda higher-ordermoduleexten-
sionto theoriginal De�nition of StandardML [22], whichwasim-
plementedin the StandardML of New Jersey compiler. Their se-
manticsinvolvesa two-phaseelaborationprocess,in whichhigher-
orderfunctorsarere-elaboratedat eachapplicationto take advan-
tageof additionalinformationabouttheir arguments.This advan-
tageis balancedby thedisadvantageof inhibiting typepropagation
in thepresenceof separatecompilationsincefunctorsthatarecom-
piled separatelyfrom their applicationscannotbere-elaborated.A
morethoroughcomparisonisdif�cult becauseMacQueenandTofte
employ a stamp-basedsemantics,which is dif�cult to transferto a
type-theoreticsetting.

Focusingon controlledabstraction,but largely neglectinghigher-
ordermodules,HarperandLillibridge [11] andLeroy [14, 16] in-
troducedthecloselyrelatedconceptsof translucentsumsandman-
ifest types. Thesemechanismsserved as the basisof the module
systemin the revised De�nition of StandardML 1997 [23], and
Harper and Stone[13] have formalized the elaborationof Stan-
dardML 1997programsinto a translucentsumscalculus.To deal
with the avoidanceproblem,HarperandStonerely on elaborator
mechanismssimilar to ours.TheHarperandStonelanguagecanbe
viewedasa subsystemof oursin which all functorsaregenerative
andonly strongsealingis supported.

Leroy introducedthe notion of an applicativefunctor [15], which
enablesone to give fully transparentsignaturesfor many higher-
orderfunctors. Leroy's formalismmay be seenasde�ning purity
by asyntacticrestrictionthatfunctorapplicationsappearingin type
pathsmustbein namedform. Ononehand,thisrestrictionprovides
a weakform of structuresharingin thesensethat theabstracttype
F(X).t canonly betheresultof applyingFto themodulenamedX.
On theotherhand,therestrictionpreventsthesystemfrom captur-
ing thefull equationaltheoryof higher-orderfunctors,sincenotall
equationscanbeexpressedin namedform [4]. Together, manifest
typesand applicative functorsform the basisof the modulesys-
temof Objective Caml[27]. Themanifesttypeformalism,like the
translucentsumformalism,doesnot addressthe avoidanceprob-
lem,andconsequentlyit lacksprincipalsignatures.

More recently, Russo,in his thesis[28], formalizedtwo separate
modulelanguages:onebeinga closemodel of the SML module
system,theotherbeingahigher-ordermodulesystemwith applica-
tive functorsalongthelinesof O'Caml, but abandoningthenamed
form restrictionaswe do. Russo's two languagescanbeviewedas
subsystemsof ours,the�rst supportingonly strongsealing,thesec-
ondsupportingonly weaksealing.We adopthis useof existential
signaturesto addressthe avoidanceproblem,althoughRussoalso
usedexistentialsto modelgenerativity, which we do not. Russo's
thesisalsodescribesanextensionto SML for packagingmodulesas
�rst-class values.This extensionis very similar to theexistential-
packagingapproachdiscussedin the beginning of Section5, and
thereforesuffers from the limitations of the closed-scopeunpack-
ing construct.

While Russode�ned thesetwo languagesseparately, he imple-
mentedthehigher-ordermodulesystemasanexperimentalexten-
sion to the Moscow ML compiler [26]. Combiningthe two lan-
guageswithout distinguishingbetweenstaticanddynamiceffects
hasan unfortunateconsequence.The Moscow ML higher-order
modulesystemplacesno restrictionson thebodyof anapplicative
functor;in particular, onecandefeatthegenerativity of agenerative
functorby eta-expandingit into anapplicative one.Exploiting this
uncoversanunsoundnessin thelanguage[6], that, in retrospect,is
clear from our analysis: onecannotconvert a partial into a total
functor.

Shao[31] hasproposedasingletypesystemfor modulessupporting
bothapplicativeandgenerative functors.Roughlyspeaking,Shao's
systemmaybeviewedasasubsystemof oursbasedexclusively on
strongsealinganddynamiceffects,but supportingbothP andPpar

signatures.As weobservedin Section3, thismeansthatthebodies
of applicative functorsmaynot containopaquesubstructures(such
asdatatype 's). Shao's system,like ours,circumventsthe avoid-
anceproblem(Section4) by restrictingfunctorapplicationandpro-
jectionto purearguments(which mustbepathsin his system),and
by eliminating implicit subsumption,which amountsto requiring
that let expressionsbeannotated,asin our system.It seemslikely
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thatour elaborationtechniquescouldaswell be appliedto Shao's
systemto lift theserestrictions,but at theexpenseof syntacticprin-
cipal signatures.Shaoalsoobservesthat fully transparentfunctors
may be regardedasapplicative; this is an instanceof the general
problemof recognizingbenigneffects,asdescribedin Section2.

7 Conclusion

Type systemsfor �rst-order modulesystemsare reasonablywell
understood.In contrast,previous work on type-theoretic,higher-
ordermoduleshasleft that�eld in a fragmentedstate,with various
competingdesignsandno clearstatementof thetrade-offs (if any)
betweenthosedesigns.This stateof the �eld hasmadeit dif�cult
to chooseonedesignover another, andhasleft the erroneousim-
pressionof trade-offs that do not actuallyexist. For example,no
previous designsupportsboth (sound)generative and applicative
functorswith opaquesubcomponents.

Our languageseeksto unify the�eld by providing a practicaltype
systemfor higher-ordermodulesthat simultaneouslysupportsthe
key functionalityof precedingmodulesystems.In theprocesswe
dispelsomemisconceptions,suchasa trade-off betweenfully ex-
pressive generative and applicative functors, therebyeliminating
somedilemmasfacinglanguagedesigners.

Nevertheless,there are several important issuesin modularpro-
grammingthat go beyond the scopeof our type theory. Chief
amongtheseare:

� Structure Sharing. Theoriginal versionof StandardML [22]
includeda notionof moduleequivalencethatwassensitive to
thedynamic,aswell asstatic,partsof themodule.Although
sucha notionwould violatethephasedistinction,it might be
possibleto formulatea variationof our systemthat takesac-
countof dynamicequivalencein someconservative fashion.
It is possibleto simulatestructuresharingby having theelab-
oratoraddan abstracttype to eachstructureto serve as the
“compile-timename”of that structure.However, this would
bemerelyanelaborationconvention,not anintrinsic account
of structuresharingwithin typetheory.

� Recursive Modules. An important direction for future re-
searchis to integrate recursive modules[8, 5, 30] into the
presentframework. The chief dif�culty is to achieve prac-
tical typecheckingin thepresenceof generalrecursively de-
pendentsignatures,or to isolatea practicalsub-languagethat
avoidstheseproblems.
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Noteson Appendices

AppendixA gives the type systemfor our modulecalculus. Ap-
pendix B gives the moduletypecheckingand principal signature
synthesisjudgementsthat form thecoreof our typecheckingalgo-
rithm. We omit the judgmentsfor term typechecking(G` e ( t )
anduniquetype synthesis(G` e ) t ) for spacereasons;they are
fully detailedin thecompaniontechnicalreport[7].

A TypeSystem

Well-formed contexts:G` ok

� ` ok

G` s sig s62dom(G)

G;s:s ` ok

Well-formed types: G` t type

G` P M : [[T]]

G` Typ M type

G;s:s ` t type

G` Ps:s:t type

G` t 0 type G` t 00type

G` t 0� t 00type

G` s sig

G` hjs ji type

Type equivalence:G` t 1 � t 2

G` [t 1] �= [t 2] : [[T]]

G` t 1 � t 2

G` s1 � s2 G;s:s1 ` t 1 � t 2

G` Ps:s1:t 1 � Ps:s2:t 2

G` t 0
1 � t 0

2 G` t 00
1 � t 00

2

G` t 0
1 � t 00

1 � t 0
2 � t 00

2

G` s1 � s2

G` hjs1ji � hjs2ji

Well-formed terms: G` e : t

G` e : t 0 G` t 0 � t
G` e: t

G` k M : [[t ]]

G` Val M : t

G` k M : s G;s:s ` e: t G` t type

G` let s= M in (e: t ) : t

G` k M : s

G` pack M ashjs ji : hjs ji

G; f :[Ps:s:t ];s:s ` e : t

G` �x f (s:s):t :e : Ps:s:t

G` e : Ps:s:t G` P M : s

G` eM : t [M=s]

G` e0: t 0 G` e00: t 00

G` he0;e00i : t 0� t 00
G` e: t 0� t 00

G` p1e: t 0
G` e: t 0� t 00

G` p2e: t 00

Well-formed signatures: G` s sig

G` ok
G` 1 sig

G` ok
G` [[T]] sig

G` t type

G` [[t ]] sig

G` P M : [[T]]

G`
�

(M) sig

G;s:s0` s00sig

G` Pds:s0:s00sig

G;s:s0` s00sig

G` Ss:s0:s00sig

Signature equivalence:G` s1 � s2

G` ok
G` 1 � 1

G` ok
G` [[T]] � [[T]]

G` t 1 � t 2

G` [[t 1]] � [[t 2]]

G` M1 �= M2 : [[T]]

G`
�

(M1) �
�

(M2)

G` s0
2 � s0

1 G;s:s0
2 ` s00

1 � s00
2

G` Pds:s0
1:s00

1 � Pds:s0
2:s00

2

G` s0
1 � s0

2 G;s:s0
1 ` s00

1 � s00
2

G` Ss:s0
1:s00

1 � Ss:s0
2:s00

2

Signature subtyping: G` s1 � s2

G` ok
G` 1 � 1

G` ok
G` [[T]] � [[T]]

G` t 1 � t 2

G` [[t 1]] � [[t 2]]

G` P M : [[T]]

G`
�

(M) � [[T]]

G` M1 �= M2 : [[T]]

G`
�

(M1) �
�

(M2)

G` s0
2 � s0

1 G;s:s0
2 ` s00

1 � s00
2 G;s:s0

1 ` s00
1 sig (d1;d2) 6= (par; tot )

G` Pd1s:s0
1:s00

1 � Pd2s:s0
2:s00

2

G` s0
1 � s0

2 G;s:s0
1 ` s00

1 � s00
2 G;s:s0

2 ` s00
2 sig

G` Ss:s0
1:s00

1 � Ss:s0
2:s00

2
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Well-formed modules: G` k M : s

G` ok
G` P s: G(s)

G` ok
G` P hi : 1

G` t type

G` P [t ] : [[T]]

G` e : t G` t type

G` P [e : t ] : [[t ]]

G;s:s0` k M : s00 k v D

G` k l s:s0:M : Ps:s0:s00

G;s:s0` k M : s00 G;s:s0` s00sig

G` k u D l s:s0:M : Ppars:s0:s00

G` k F : Ps:s0:s00 G` P M : s0

G` k FM : s00[M=s]

G` k F : Ppars:s0:s00 G` P M : s0

G` k t S FM : s00[M=s]

G` k M0: s0 G;s:s0` k M00: s00

G` k hs= M0;M00i : Ss:s0:s00

G` k M : Ss:s0:s00

G` k p1M : s0

G` P M : Ss:s0:s00

G` P p2M : s00[p1M=s]

G` P M : [[T]]

G` P M :
�

(M)

G` k M : s

G` k t D (M :: s) : s

G` k M : s

G` W(M :> s) : s

G;s:s0` P Ms: s00 G` P M : Ps:s0:r

G` P M : Ps:s0:s00

G` P p1M : s0 G` P p2M : s00

G` P M : s0� s00

G` k M0: s0 G;s:s0` k M00: s G` s sig

G` k let s= M0 in (M00: s) : s

G` e: hjs ji

G` S unpack eass : s

G` k0 M : s0 G` s0 � s k0v k

G` k M : s

Module equivalence:G` M1 �= M2 : s

G` P M : s
G` M �= M : s

G` M2 �= M1 : s
G` M1 �= M2 : s

G` M1 �= M2 : s G` M2 �= M3 : s
G` M1 �= M3 : s

G` t 1 � t 2

G` [t 1] �= [t 2] : [[T]]

G` P M : [[T]]

G` [Typ M] �= M : [[T]]

G` P M1 : 1 G` P M2 : 1
G` M1 �= M2 : 1

G` P M1 : [[t ]] G` P M2 : [[t ]]

G` M1 �= M2 : [[t ]]

G` P M1 : Ppars:s0:s00 G` P M2 : Ppars:s0:s00

G` M1 �= M2 : Ppars:s0:s00

G` s0
1 � s0

2 G;s:s0
1 ` M1 �= M2 : s00

G` l s:s0
1:M1 �= l s:s0

2:M2 : Ps:s0
1:s00

G` F1 �= F2 : Ps:s0:s00 G` M1 �= M2 : s0

G` F1M1 �= F2M2 : s00[M1=s]

G` M0
1

�= M0
2 : s0 G;s:s0` M00

1
�= M00

2 : s00

G` hs= M0
1;M00

1 i �= hs= M0
2;M00

2 i : Ss:s0:s00

G` M1 �= M2 : Ss:s0:s00

G` p1M1 �= p1M2 : s0

G` M1 �= M2 : Ss:s0:s00

G` p2M1 �= p2M2 : s00[p1M1=s]

G;s:s0` M1s �= M2s : s00 G` P M1 : Ps:s0:r 1 G` P M2 : Ps:s0:r 2

G` M1 �= M2 : Ps:s0:s00

G` p1M1 �= p1M2 : s0 G` p2M1 �= p2M2 : s00

G` M1 �= M2 : s0� s00

G` P M0: s0 G;s:s0` P M00: s G` s sig

G` let s= M0 in (M00: s) �= M00[M0=s] : s

G` P M1 :
�

(M2)

G` M1 �= M2 :
�

(M2)
G` M1 �= M2 : s0 G` s0 � s

G` M1 �= M2 : s

B TypecheckingAlgorithm

Module typechecking:G` k M ( s

G` k M ) s0 G` s0 � s
G` k M ( s

Principal signature synthesis:G` k M ) s

G` ok
G` P s)

�

G(s) (s)
G` ok

G` P hi ) 1

G` t type

G` P [t ] )
�

([t ])
G` e( t

G` P [e : t ] ) [[t ]]

G;s:s0` k M ) s00 k v D

G` k l s:s0:M ) Ps:s0:s00

G;s:s0` k M ) s00 Sv k

G` k u D l s:s0:M ) Ppars:s0:s00

G` k F ) Ps:s0:s00 G` P M ( s0

G` k FM ) s00[M=s]

G` k F ) Ppars:s0:s00 G` P M ( s0

G` k t S FM ) s00[M=s]

G` P M0) s0 G;s:s0` P M00) s00

G` P hs= M0;M00i ) s0� s00[M0=s]

G` k0 M0) s0 G;s:s0` k00M00) s00 k0t k006= P

G` k0t k00hs= M0;M00i ) Ss:s0:s00

G` k M ) Ss:s0:s00

G` k p1M ) s0

G` P M ) s0� s00

G` P p2M ) s00
G` k M ( s

G` k t D M :: s ) s
G` k M ( s

G` WM :> s ) s

G` e( hjs ji

G` S unpack eass ) s

G` P M0) s0 G;s:s0` P M00( s G` s sig

G` P let s= M0 in (M00: s) )
�

s (let s= M0 in (M00: s))

G` k0 M0) s0 G;s:s0` k00M00( s G` s sig k0t k006= P

G` k0t k00let s= M0 in (M00: s) ) s
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