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Dimensionality Reduction and Learning
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1 L, Supervised Methods and Dimensionality Reduction

The theme of these two lectures is that for L, methods we need not work in infinite dimensional spaces. In particu-
lar, we can unadaptively find and work in a low dimensional space and achieve about as good results. These results
question the need for explicitly working in infinite (or high) dimensional spaces for Ls methods. In contrast, for spar-
sity based methods (including L, regularization), such non-adaptive projection methods significantly loose predictive
power.

2 Margin Based Classification

For now, assume we have a distribution over X € X C R?and Y € {1, 1}. Assume that there exists a weight vector
0 such that sign( - X) = Y, with probability one. Hence, the distribution is separable. Furthermore, let us scale the
distribution so that it is separable at margin 1, i.e.:

Y(3-X)>1

What learning algorithm should we use? The The VC dimension of halfspaces is (D), so naively minimizing the 0/1
loss in D dimensions may not be lead to good generalization properties (and it’s not clear how to do this anyways).
Instead, maximizing the margin can be shown to provide good generalization properties — however computationally,
this may be a little cumbersome (even though it is polytime).

Let us say say we have a training set 7' = {(X;, Y;) }i-

Often, what is done, is that the perceptron algorithm is run on the training set. The perceptron algorithm run on
any sequence of points {(X;,Y;)} C T sampled from this distribution makes at most:

M < ||l x|*)8)*

mistakes (regardless of the length of the sequence) where ||X|| = maxxcx || X||. Hence, if we repeatedly cycle
through the dataset, then eventually we will no longer make mistakes.

But what about generalization? Naively using this perceptron predictor does not necessarily lead to good general-
ization behavior since the VC dimension of halfspaces is 2(D) (and no bound is known for this convergent point of
the perceptron).

2.1 Random Projections and Margin Preservation

Now let us project 3 and X by P = + A, where A € R¥*? and each entry in A is sample independently from N (0, 1).
Is separability preserved under our training set?

Lemma 2.1. Assume || X|| < 1. If k = O(||8||?||X||* log %), then with probability greater than 1 — § for all i
1
PpB-PX; > 3

and
1 1
§||X1:||2 < |1PX]1? < 2/1X: %, §||f3||2 <||PBII* < 2|18]



Proof. Choose € = W and apply the inner product preserving lemma, which implies that for any particular X;
and 3, that | P - PX; — 3- X;| > 3, so that:

1
YiPB-PXi —Yif - Xi| < 5

For O(n?) events, we use O(J/n?) so the total error probability is §. The final claim follows from the norm preserving
lemma. O
2.2 Generalization
If we run the perceptron algorithm, on the training set, then the total number of mistakes made is:

M, < O(|IBIPI1x(1*)

Note that this implies that after O(||3||?||X||?) iteration the perceptron will stabilize to a constant solution, which has
ZETO error.

For generalization, we are now working with a space of dimension O(|3? log %).

There are other methods to obtain generalization but the important point here is that under the margin assumption,
we are essentially working in a finite dimensional space (and this subspace can be determine non-adaptively from the
labels {Y; }).

3 Ridge Regression and Dimensionality Reduction

Let us now consider the ‘normal means’ problem, sometimes referred to as the fixed design setting. Here, we have a
set of n points X = {X;} C RY, and let X denote the R"*¢ matrix where the i row of X is X;. We also observe a
output vector Y € R”. We desire to learn E[Y]. In particular, we seek to predict E[Y] as X .

The square loss of an estimator w is:

1 1 &
L(w) = EEY”Y - Xwl|® = o > E(Y; — Xqw)?
i=1

where the expectation is with respect to Y. Let (3 be the optimal predictor:
8 = argmin,, L(w)

The risk of an estimator B is defined as:

N 1 a
R(B) = L(B) ~ L(B) = —IXf - X5
(which is the fixed design risk). Denoting,
1
Yi=-X"X
n

we can write the risk as: R . R .
R(B) = (3= B)"5(8 - B) = I8 - Bl
Another interpretation of the risk is how well we accurately learn the parameters of the model.
Assume that 5(Y) is an estimator constructed with the outcome Y — we drop the explicit Y dependence as this
is clear from context. Let 3 = Ey B be expected weight. We can decompose the expected risk as:

By [R(3)) = ~By | X3~ XBI? + | X7 - X5
=Ey |16 - BI% + 118 - 813



where we have that: )
(average) variance = —Ey || X 3 — X 5||?
n

and B
prediction bias vector = X3 — X3

which shows a certain bias/variance decomposition of the error.

3.1 Risk Bounds for Ridge Regression
The ridge regression estimator using an outcome Y is just:
O = axgmin,, |V Xu|? + A
The estimator is then: /@ 54201 1 XTY) = (S 4 A Z YXT
= -
n
For simplicity, let us rotate X such that:

1
Y= EXTX = diag(A, Az, ... Ag)

(note this rotation does not alter the predictions of rotationally invariant algorithms). With this choice, we have that:

1 n
3.1. — n Zi:l Yi[Xi]j

It is straightforward to see that:

and it follows that:

by just taking expectations.

Lemma 3.1. (Risk Bound) If Var(Y;) < 1, we have that:
1 Aj 5 Aj
BRI < - Y G + R A e

This holds with equality if Var(Y;) = 1.

Proof. For the variance term, we have:

Ey||3x — ByllZ = ZAj]EY([BA]j — [B,\];)?
-y WIE[Z(YZ‘ ~ BY])[X; Y- (Yo = BV ])[Xe];]
-y (AAH); > Var(vi) (X2

DYRI e
<y 2 __-Nx;]?
~ < ()\j+)\)2n;[ l



This holds with equality if Var(Y;) = 1. For the bias term,

18y — BlI% = Z)‘j([ﬁ)\]j - [8];)?
= Zﬁf j +

)\
_ ZﬁJQ j + 2

and the result follows from algebraic manipulations. O

— 1)

There following bound characterizes the risk for two natural settings for \.
Corollary 3.2. Assume Var(Y;) <1

e (Finite Dims) For A = (,
Ey [R(8)]

>
IN
S

And if Var(Y;) = 1, then Ey [R(B))] = 2.

o e .
e (Infinite Dims) For A\ = N then.

1 ]2
< IBIVIE lrace _ 181/ 5 22 11Xl < LBl
NG 2./n = 2vn
where the trace norm is the sum of the singular values and ||X|| = max; || X;||%. Furthermore, for all n there

exists a distribution Pr[Y] and an X such that the inf \ Ey [R(By)] is Q*(HBH27 V\%”") (so the above bound is
tight up to log factors).

Ey[R(f

Conceptually, the second bound is ‘dimension free’, i.e. it does not depend explicitly on d, which could be infinite.
And we are effectively doing regression in a large (potentially) infinite dimensional space.

Proof. The A = 0 case follows directly from the previous lemma. Using that (a + b)? > 2ab, we can bound the
variance term for general A as follows:

2 _
Iyt by o
n - Aj+A n ; 205 2nA
Again, using that (a + b)? > 2ab, the bias term is bounded as:

2 Aj 2 Aj _é 2
zjjﬂjm < ijﬁj o = 2l

So we have that:
| 2] trace

By [R(G)] < 15 &

and using the choice of \ completes the proof.

A 2
+ 208l



To see the above bound is tight, consider the following problem. Let X; = \/? and 3; = \/g andletY = X(G+n

logn

where 7 is unit variance. Here, we have that A; = 1 so > Aj < logn and 18]]? < logn, so the upper is = Now

one can write the risk as:

Ay L R =
Ey [R(Bx)] = - ;(ﬁ) + zj: ST (1
L4+
sz: (1+ )2 &
n 7+>\2
2/1 TS e ®)
_ l 9 1 B 1
-GS a ey Ay @
1 1 1
=G TGS T T ©)
(6)
and this is Q(/n), for all \. O

However, now we show that with Ly complexity, we can effectively working in finite dimensions (where the
dimension is chosen as a function of n).

3.2 Random Projections and Maximum Likelihood Estimation
First note that if we project to k = O(~% logn) dimensions then (using P = ﬁA), we have that for all 4
|P3-PX; — (- Xi| < [16]|1Xile

Let us define the loss using only X P as:
1
Lp(w) = ~Ey||Y — XPTw|?
n
Let 5p be the best fit of Y with X P, i.e

Op = argmin,, L p(w)
and let B p be the MLE fit of Y with X P (so A\ = 0). Now by the previous corollary, then:

Ey[Lp(Bp)] — Lp(Bp) = By | XPTBp — XPT8p|*] < =
Also note that:
Lp(Bp) < Lp(Pp)
= —E[|Y - XxPTPj|?

“E[|Y - XBI? + |1 X6 - XPTPS|?
—L(®) + % 5P PXi 3 X0

— 118II*( Z I1X::11%)

=L(B) - l8]* IIEHnrace€



Theorem 3.3. (Risk Bound after Random Projection) Assuming Var(Y;) < 1, and that P is € inner product preserving
for k = O(°%&™), then:

20logn
FIBIIS e = 287 + 1B e

Ey||[XP'3p — XB|> = Ey[Lp(Bp)] — L(B) <

SIS

log

Hence, choosing €2 = O( W) implies that k = O(|| 8|/ || Z||iracen log n) and:

3 log 1| B112 |12l srace
]EYHXPTBP—XﬁH?SO(\/ g II%H I )

Proof. From above we have that:
L(B) = Lp(Bp) = B2l E wacee

so that:
Ey[Lp(Bp)] — L(B) < Ey[Lp(Bp)] — Lr(Bp) + 18121 ucee® = By [|XPT8p — X PT8p1%] + 18]%|Z fwacee®
and we have bounded the risk in the last terms as % O
This matches the risk bound up to log factors. Also, our algorithm is simply an MLE estimate in k = O(||3||\/]|Z||ace™ log 1)
dimensions. Note that the number of dimensions we choose is growing as O(y/n).
References

The discussion on classification used results from Santosh Vempala’s monograph on random projections. The ridge
regression results, to my knowledge, are new.



