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Abstract

In a beautiful result, Raghavendra established optimal Unique Games Conjecture (UGC)-based inapprox-
imability of a large class of constraint satisfaction problems (CSPs). In the class of CSPs he considers, of which
M C is a prominent example, the goal is to find an assignment which maximizes a weighted fraction of
constraints satisfied. He gave a generic semi-definite program (SDP) for this class of problems and showed how
the approximability of each problem is determined by the corresponding SDP (upto an arbitrarily small additive
error) assuming the UGC. He noted that his techniques do no apply to CSPs withstrict constraints (which must
be satisfied) such as V C and G-3-C.

In this paper we address the approximability of these strict-CSPs. In the class of CSPs we consider, one is
given a set of constraints over a set of variables, and a cost function over the assignments, the goal is to find
an assignment to the variables of minimum cost which satisfiesall the constraints. We present a natural linear
program (LP) for a large class of strict-CSPs and give a UGC-based reduction to show how this LP captures their
approximability up-to an arbitrarily small additive error. Some important problems our framework captures are
V C, H V C, k-partite-H V C, I S and other
covering and packing problems overq-ary alphabets, and a scheduling problem. For the covering and packing
problems, we also provide a matching rounding algorithm.

One goal of this paper is to provide a conceptual framework in which one can derive LP-based inapproxima-
bility results. Though, we make no attempt to list all the applications, the ones we do mention should provide
evidence to more applications in the future.

Like Raghavendra’s result in the SDP world, we derive probability distributions from the LP of a finite
instance of the problem whose approximability we are trying to establish and then construct a dictatorship test
based on these probabilities. The reduction and its analysis differs from his as we have to distinguish between
variables and our constraints are strict. The soundness analysis of our reduction relies on the Invariance Principle
of Mossel [Mos08] along-with some gaussian estimates.
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1 Introduction

In this paper we address the approximability of strict-Constraint Satisfaction Problems (CSPs). The kind of prob-
lems we will consider in this class have the following specification: Given a set of variables{x1, . . . , xn} supposed

to take values in the set [q]
def
= {0,1, . . . ,q − 1}, constraints{Ae}e∈E, where eache is an ordered tuple of at-most

k variables and eachAe ⊆ [q] |e|, and a weightwi for each variable, the goal is to find an assignment to eachxi

which satisfiesall the constraints and minimizes
∑n

i=1wi xi . We refer to them as strict-CSPs precisely because all
the constraints must be satisfied. Many important optimization problems are captured by this specification: V

C, H V C, I S, covering and packing problems, G-3-C to name
a few.

Note that strict-CSPs are different from theCSPs considered by Raghavendra [Rag08] where the goal, given a
set of constraints is to find an assignment which maximizes a payoff function associated with whether a constraint is
satisfied or not and, in particular, assignments which satisfy only part of the constraints are feasible, e.g., M

C. Even though optimal inapproximability and approximability for several problems such as M C
which fell in Raghavendra’s framework were known before (see [Rag08]), the main feature of his result was the
use of semi-definite programming (SDP)-integrality gaps to come up with Unique Games Conjecture (UGC)-based
hardness reductions, complementing the result of Khot and Vishnoi [KV05] who show how to useUGC-based
hardness reductions to come up withSDP-integrality gaps. He gave a genericSDP for this class ofCSPs and
showed how the approximability of each problem is determined by the correspondingSDP up-to an arbitrarily
small additive error assuming theUGC. He noted in his paper that his techniques do no apply to strict-CSPs such
as V C and G-3-C.

In this paper we present a framework similar to Raghavendra’s which applies to a large class of strict-CSPs.
In particular, we show that a natural linear program (LP) captures precisely (up-to arbitrarily small additive er-
ror) the approximability of strict-CSPs such as covering-packing problems, which include V C, H-
 V C and I S, as observed by Guruswami and Saket [GS10] - thek-partite-k-uniform-
H V C problem, and the concurrent open shop problem in scheduling [MQS+09], [BK09a].
We show how to convert integrality gap for theLP for these problems to a U G-based hardness of ap-
proximation result in a principled way. Thus, the above results are obtained by invoking known integrality gaps for
the above-mentioned problems. In addition, for covering-packing problems, we give a simple rounding algorithm
which achieves the integrality gap, again up-to an arbitrarily small additive constant. This result is the analogue in
the strict-CSP world of that obtained by Raghavendra and Steurer [RS09b].

We do not attempt to list all the corollaries in this paper and, rather, focus on providing a systematic framework
to composeLP integrality gap instances for strict-CSPs with U G instances and to demonstrate how the
rounding algorithm comes out as a natural by-product of the soundness analysis.

Before we describe our results, it would be useful to introduce some notation. We keep the discussion here in
the {0,1} setting for the ease of presentation. They extend to theq-ary world in a straightforward manner and we
present the details in Section7.

1.1 Preliminaries

Strict-CSPs. A problemΠ is said to be ak-strict-CSP if it consists of a set of vertices (variables)V with weights
{wv}v∈V on them, a set of hyper-edges of size at-mostk and for every hyper-edgee ∈ E, a constraintAe ⊆ {0,1}|e|.
We assume that allwv are of same sign and|

∑
v∈V wv| = 1. The objective is to find a{0,1} assignment to the

vertices so as to satisfyall the hyper-edge constraints and minimize the weight of vertices set to 1 (selected). This
requirement, that in a feasible assignment all the constraints be satisfied, is why we refer to theseCSPs as strict. If
each constraintAe is upward-monotone, i.e., given a feasible solution (a subset of vertices), adding more vertices
to the solution keeps it feasible, and eachwv ≥ 0, we refer to the problem ask-strict↑-CSP. If each constraint is
downward-monotone, i.e., given a feasible solution (a subset of vertices), deleting vertices from the solution keeps
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it feasible, and eachwv ≤ 0, we refer to the problem ask-strict↓-CSP. strict↑-CSP is also referred to as a covering
problem whilestrict↓-CSP as a packing problem. Observe that V C is a 2-strict↑-CSP and I
S a 2-strict↓-CSP. Sometimes, we may also be interested in ak-strict-CSP Π where input hyper-graph has some
pre-specified structure, e.g., the hyper-graph couldk-partite andk-uniform.

The LP for a k-strict-CSP problem. One can define the followingLP relaxation for anyk-strict-CSP. This
relaxation is inspired by the Sherali-Adams [SA90] relaxation and plays a crucial role in our results.

lp(I)
def
= minimize

∑
v∈V

wvxv (1)

subject to ∀e=(v1,v2,...,vl )∈E (xv1, xv2, . . . , xvl ) ∈ ConvexHull(Ae) (2)

∀v∈V 0 ≤ xv ≤ 1 (3)

Figure 1:LP for k-strict-CSP

Here, for a hyper-edgee = (v1, . . . , vl), ConvexHull(Ae) denotes the convex hull of all assignmentsσ ∈ {0,1}l

which satisfy the constraintAe. For an instanceI, let lp(I) denote the optimum of theLP of Figure1 for I. Let
val(I, x) denote the value ofLP(I) for a feasiblex to it. Also, letopt(I) denote the value of the optimal integral
solution forI. For the sake of readability, we will assume that all the hyper-edges are exactly of sizek.

Connected LP-solutions. Mossel [Mos08] introduced a notion of connectedness which we recall here. Two
points (x1, . . . , xk), (y1, . . . , yk) ∈ {0,1}k are said to be connected by an edge if they differ in at-most one position.
A subsetS ⊆ {0,1}k is said to be connected if the subgraph induced by the vertices ofS along with the edges is
connected. For an instanceI of a k-strict-CSP, given a solutionx to LP(I), x-is said to be connected if for every
edgee = (v1, . . . , vl), (xv1, . . . , xvl ) can be written as a convex combination of points inAe such that the support of
this convex combination is connected.

1.2 Results

Theorem 1.1 (LP-integrality gap based Inapproximability). LetΠ be a k-strict-CSP for k = O(1), andJ be a
constant-sized instance ofΠ. Let x be a feasible-connected solution forLP(J). Then for everyδ > 0, it is U
G-hard to distinguish between the following instancesI ofΠ

– YES. σ · opt(I) ≤ σ · (val(J , x) + δ)

– NO. σ · opt(I) ≥ σ · (opt(J) − δ).

Here,σ
def
=
∑
v∈V(J) wv which is either+1 or −1.

Hence, if it is the case thatx is also an optimal solution toLP(J), then, assuming theUGC, theLP captures the
approximability of the problemΠ. In general, it is not clear whether theLP solution achieving the integrality gap is
connected. Hence, the inapproximability obtained using connected-LP solutions may be weaker than the integrality
gap. Fork-strict↑-CSP andk-strict↓-CSP we can easily convert any optimalLP solution to a connected one with
at-most aδ loss in theLP value, for arbitrarily small constantδ. Hence, we get the following important corollary
which proves that theLP of Figure1 captures precisely the approximability of all covering and packing problems
with k = O(1).
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Corollary 1.2 (Optimal Inapproximability for Covering and Packing Problems). LetΠ be a k-strict↑-CSP or a
k-strict↓-CSP for k = O(1), andJ be a constant-sized instance ofΠ. Then for everyδ > 0, it is UG-hard
to distinguish between the following instancesI ofΠ

– YES. σ · opt(I) ≤ σ · (lp(J) + δ)

– NO. σ · opt(I) ≥ σ · (opt(J) − δ).

Here,σ = 1 for k-strict↑-CSP andσ = −1 for k-strict↓-CSP.

We will, henceforth, keep the discussion just to covering problems. All results can be directly translated in the
packing world and we omit the details.

Rounding for covering-packing problems. For ak-strict↑-CSP Π we give a rounding algorithm calledROUND
(see Figure2) for the LP of Figure1. For an instanceI of Π, a solutionx to LP(I), and a parameterε > 0,
which should be ignored for this discussion, letround(I, x, ε) denote the value of the integral solution thatROUND
produces forI starting from theLP solutionx.We show thatROUND (unconditionally) achieves an approximation
ratio equal to the integrality gap, up to an arbitrarily small additive constant, of theLP relaxation. This can be seen
as an analogue of the result of Raghavendra and Steurer [RS09a] for the class ofCSPs considered by Raghavendra
[Rag08].

Theorem 1.3 (Rounding achieves Integrality Gap).Letγ∗(Π) be the worst-case approximation ratio (integrality

gap) achieved by theLP relaxation for a k-strict↑-CSP Π, i.e., γ∗(Π)
def
= supJ (opt(J)/lp(J)), where the supre-

mum is taken over all instancesJ of Π. Then, for any given instanceI, an optimalLP solution x? and ε > 0,
round(I, x?, ε) ≤ γ∗(Π) · (opt(I) + ε).

For covering and packing problems, we show how to start with an instanceJ of Π and a solutionx to LP(J), ,
and give a U G-based reduction forΠ whose soundness and completeness are roughlyval(J , x) and
round(J , x, ε) respectively. The reduction in this theorem is slightly different from that in the corollary. This
theorem is more useful in the case when it is easier to come up with aLP-rounding gap rather than an integrality
gap.

Corollary 1.4 (LP-rounding gap based Inapproximability). LetΠ be a k-strict↑-CSP for k = O(1), andJ be a
constant-sized instance ofΠ, and x a solution toLP(J), Then for everyδ > 0, it is UG-hard to distinguish
instancesI ofΠ with optimal less thanval(J , x) + 2δ from those with optimal more thanround(J , x, δ) − δ.

1.3 Applications, Comparisons and Discussions

Comparison to previous hardness results onVC andHVC. Thek-H
V C problem is the following: given a hyper-graph with each edge of cardinality at mostk, the goal is to
pick the smallest set of vertices such that every hyper-edge contains at-least one vertex in the picked set. The V

C problem is the 2-H VC problem. VC andk-H VC have
been extensively studied: while there is a simple factork-approximation algorithm for it, on the hardness side, there
is a series of results based on standard complexity assumptions [DS02, Hås97, Tre01, Gol01, Hol02, DGKR03].
They all fall short of coming arbitrarily close to the upper bound ofk. Khot and Regev [KR08] proved that, assum-
ing theUGC, k-H VC cannot be approximated to within a factor better thank−ε for anyk ≥ 2
and any constantε > 0. The 2− ε hardness for V C has been reproved in [AKS09, BK09b, BK09a]. The
analysis of Austrin, Khot and Safra [AKS09] also depends on Mossel’s Invariance Principle and they were moti-
vated by the problem of proving hardness of approximating V C on bounded degree graphs.

Sincek-H VC falls in sthe classk-strict↑-CSP, the existence of ak−ε factorLP-integrality
gap for these problems re-establishes these U G-hardness results using Corollary1.2. Note that ourLP
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for thek-H V C problem is equivalent to the standard one in the literature. The advantage of
our approach is that it converts any integrality gap into an inapproximability result. Moreover, since the reduction
inherits the structure of the integrality-gap, our result has been used to derive new optimal inapproximability result
for thek-partite-k-uniform-H V C problem by Guruswami and Saket [GS10] discussed later
in this section.

Interestingly, we can also derive thek−ε hardness result fork-H V C using aLP-rounding
gap and appealing to Corollary1.4. Consider the following instanceI of k-H V C– we are
given a setV of sizek, and there is only one hyper-edge inE, namely, the set of all vertices inV. The weight of
every vertex is1/k. Consider the solutionx which assigns value1/k to all variablesxu. It is easy to check that it is
feasible to ourLP relaxation. The value of the solutionx is 1/k. . Let us now see how the algorithmROUND(I, x, ε),
whereε < 1/k, rounds the solutionx. All entries inxε will still be same. Hence, the rounding algorithm will consider
only two options – either pick all vertices inV, or do not pick any vertex. Since the latter case yields an infeasible
solution, it will output the setV, which has value 1. Corollary1.4now implies that assumingUGC, it is NP-hard
to distinguish between instances ofk-H V C where the optimal value is at-most1/k − 2ε from
those where the optimal value is more than 1− ε. Note that the integrality gap ofLP(I) is 1. Still we are able
to argue hardness ofk-H V C problem starting from such an instance because the algorithm
ROUND performs poorly on this instance. In this sense, the statement of Corollary1.4 is stronger than that of
Corollary1.2.

Inheritance of structure from the starting instance: k-Partite-k-Uniform Hypergraph Vertex Cover. A nice
feature about composing integrality gaps with U G-instances is that some structure of the integrality
gap shows up in the final instance. Guruswami and Saket [GS10] considered the problem ofk-partite-k-uniform-
H V C, where, in addition to the vertices and the hyper-edges, one is also given ak-partition
of the vertex set and each hyper-edge contains exactly one vertex from a partition. As proved by Lovasz [Lov75],
this problem has ak/2-approximation algorithm. Guruswami and Saket [GS10] show that this problem isNP-hard
to approximate to a factor better thank/16− ε for all ε > 0. Moreover, using a slight modification of the main
result from the initial version of this paper (and Corollary1.2 from this version of this paper), they observe how
the k/2 integrality gap of Aharoni, Holzman and Krivelevich [AHK96] implies k/2 − ε U G-hardness
for this problem for anyε > 0 and settles the approximability of this problem. Their result applies for the more
general S-H V C problem and we refer the reader to their paper. The key point is that
this k-partition is preserved by the reduction if one starts from ak-partite integrality gap. This result demonstrates
another interesting feature of our framework.

Application in Scheduling: Concurrent Open Shop. We observe that theLP and the integrality gap of 2− ε
for anyε > 0 given by Mastrolilli, Queyranne, Schulz, Svensson and Uhan [MQS+09] satisfies the requirement of
Theorem1.1and implies a 2− ε U G-hardness for the Concurrent Open Shop Problem. Bansal and Khot
[BK09a] prove the same result via a slightly different route and give a reduction from a special hypergraph vertex
cover as in [MQS+09]. How our Theorem1.1 implies this inapproximability result is presented in Section5.

Comparison to Raghavendra’s result. As noted, we are partially able to address the problems left open by
Raghavendra [Rag08]. While he gives a systematic way to composeSDP-integrality gaps for hisCSPs with
U G to settle their approximability, we do the same for covering and packing problems, except that
we just rely onLP-integrality gaps. As in his paper, the rounding algorithm for covering and packing problems
comes out as a natural but important by-product. Thestrict-ness is critical in our results while, as Theorem1.1
demonstrates, monotonicity does not seem to be. Both his and our result appeals to Mossel’s Invariance Principle
[Mos08] but the analysis differs and we end up needing some additional Gaussian estimates as in Austrin, Khot
and Safra [AKS09]. We give more details of how our reduction differs from his in Section1.4.
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Computing approximation ratios. Similar to Raghavendra’s result, our results do not imply any explicit inap-
proximability ratios. However, like [Rag08], for any constantδ > 0 we can compute the best approximation ratio
to within additiveδ error in constant time for covering and packing problems. The proofs are identical to those in
[Rag08] and we omit the details.

On monotonicity in the {0,1}-world. For k-strict↑-CSP (andk-strict↓-CSP) over the alphabet{0,1} one can
reduce any problemΠ to a l-H V C for somel ≤ k in an approximation preserving sense.
However, for problems such ask-partite-k-uniform-H V C and its generalizations considered
by Guruswami and Saket [GS10], the reduction referred to above, does not seem to preserve any structure and
the Khot and Regev [KR08] result seems insufficient to establish inapproximability of this problem. Moreover,
when one goes to theq-ary world forq ≥ 3, this reduction does not make sense and we get a whole bunch of new
problems and our results show that ourLP captures their approximability.

Limitations of our results. Like Raghavendra’s results, our results are close to the optimal implied byUGC up-to
an arbitrarily small but additive constant. Hence, for instance, for the I S problem we do not get results
comparable to previous ones on the approximation ratio. This is because the interesting range for this problem is
when the optimal is in the sub-constant range. Also, we are unable to say anything about the G-3-C
problem.

Future directions. We anticipate that our results will lead to a better understanding on the power of linear pro-
gramming in approximability. In particular, we leave as an open problem of provingLP-based inapproximability
results for hard-orderingCSPs as in Guruswami, Manokaran and Raghavendra [GMR08]. One of the primary
motivations of this work was to constructLP-integrality gaps for the problems considered in this paper as in Khot
and Vishnoi [KV05]. This remains open.

PreviousLP inspired hardness results. There are several problems for which the best known inapproximability
results have been obtained as follows: first construct integrality gap instances for the standardLP relaxations for
these problems and then use these instances as guides for constructing hardness reductions based on standard com-
plexity theoretic assumptions. These reductions yield inapproximability ratios quite close to the actual integrality
gaps. Examples include A k- [CGH+04], G S T [HK03] and A F- 
P M [GK07]. AssumingUGC, our result proves hardness of a large class of problems in a similar
spirit. However, instead of explicitly constructing integrality gap examples for such problems, we give a more
direct and intuitive proof that the integrality gap is close to the actual hardness of such problems. We note that the
only other result forLPs similar in flavor as ours, though unrelated, is that of [MNRS08] for M-W C and
M L problems.

Unique Games Conjecture. We refer the reader to the excellent recent survey by Khot [Kho10] on this conjecture
and its implications.

1.4 Overview of Techniques

In this section we outline the proof of Theorem1.1 and how it implies Corollary1.2. The overview here is quite
close to the complete argument which appears in Section3.

Recall that we need to establish an inapproximability result for ak-strict-CSP Π, for which we start with a
constant-sized instanceJ = (V,E, {Ae}e∈E, {wv}v∈V) of Π itself and a feasible-connected solutionx to LP(J). As is
common in basing most hardness results onUGC, we will first construct, for an integerr ≥ 1, a bigger instance
(dictatorship test gadget)Dr

J ,x of Π and then compose it in a standard way with a U G instance. For this
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discussion, we restrict ourselves to the dictatorship test gadget and the case thatwv ≥ 0 and
∑
v wv = 1. The instance

Dr
J ,x will have the following components:

– Vertex Set. The vertex set ofDr
J ,x is V × {0,1}r , i.e., for every vertexv ∈ V, there is anr-dimensional

hyper-cube.

– Vertex Weights. The weight of a vertex (v, (a1, . . . ,ar )) will be wv times thexv-biased measure of (a1, . . . ,ar ).
xv is theLP value for the vertexv given byx. The p-biased measure of a pointa ∈ {0,1}r is the probability of
gettinga if we pick a random point from{0,1}r where each coordinate is i.i.d. with probability of 1 beingp.

– Edges and Constraints. Recall that for every hyper-edgee = (v1, . . . , vk) in E(J), from the solutionx,
we can read off a probability distributionPe on {0,1}k. Moreover the constraint in theLP requires that
this distribution is supported onAe, and the hypothesis requires that this support is connected. For every
e = (v1, . . . , vk) ∈ E(J) and everya(1), . . . ,a(k) ∈ {0,1}r , there will be an hyper-edge inDr

J ,x between the

vertices ((v1,a(1)), . . . , (vk,a(k))) with the constraintAe.

We will also associate aweightwith this edge which is
∏r

i=1 Pe(a
(1)
i , . . . ,a

(k)
i ).We will not keep any hyper-

edges with 0 weight. These weights will be useful for the analysis and are irrelevant to the actual instance
since every constraint has to be satisfied.

This completes the description of the dictatorship test gadget. Note that the main difference from what is con-
structed by Raghavendra is that we have a different hyper-cube for eachv ∈ V(J) whereas he has just one hyper-
cube. The reason for this is that in our case vertices inV(J) could have different values in the givenLP solution
x. Also, he derives hisPe from theSDP solution while we from theLP solution. Now we state the two class of
assignments which we want to understand for this instanceDr

J ,x.

– Dictator Assignments. There are specialdictator assignments{Λi}
r
i=1 to vertices ofDr

J ,x which satisfy all
its constraints and has costval(J , x). Namely

Λi(v, (a1, . . . ,ar )) = ai .

– Feasibility. It is easy check thatΛi satisfies all the constraints as for the hyper-edge ((v1,a(1)), . . . , (vk,a(k)))
the assignment obtained fromΛi is (a(1)

i , . . . ,a
(k)
i ) which is in the support ofPe (as we threw away

hyper-edges with zero weight) which is contained inAe and, hence, satisfies this hyper-edge.

– Cost. The cost of this assignment is precisely
∑
v∈V(J) wvxv = val(J , x). This is because thexv-biased

measure of the set selected byΛi in the hyper-cube ofv is exactlyxv.

– Pseudo-random Assignments.We argue that every assignment to vertices ofDr
J ,x which is far from a

dictator (which we refer to aspseudo-random) and satisfies all the constraints has cost at-leastopt(J) up-to
a small additive error. We do this by decoding an assignmentλ toJ given a pseudo-random assignmentΛ
to the gadget. An assignment to the dictatorship test gadget is simply a functionΛ : V × {0,1}r → {0,1}.

– Decoding assignment toJ . Let δ be the additional cost we can incur. For everyv ∈ V, define

Sv
def
= {b ∈ {0,1}| Ea[Λ(v,a) = b] ≥ δ} (the expectation is over pickinga ∈ {0,1}r from thexv biased

measure). Setλ(v) to be the element inSv with minimum cost. (0 has less cost than 1.)

– Relating cost ofλ to Λ. By definition ofSv, for everyv ∈ V, at most aδ mass of the corresponding
hyper-cube was assigned a value not inSv. Sinceλ(v) is the minimum cost element fromSv, we pay at
most aδwv additional cost inλ for the vertexv. Thus,

opt(J) ≤ val(J , λ) ≤ val(Dr
J ,x,Λ) + δ

∑
v

wv ≤ val(Dr
J ,x,Λ) + δ.
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– Feasibility of λ. We will prove that ifJ has at least one feasible assignment, thenλ is a feasible
assignment. For every constraint hyper-edgee = (v1, v2, . . . , vk) ∈ E in J , we will in fact show that
Sv1 × Sv2 × · · · × Svk ⊆ Ae. This is where we appeal to Mossel’s Invariance Principle which in turn
requires thatx was a feasible-connected solution toLP(J). This last part is also where we differ from
Raghavendra [Rag08]. We crucially rely on the fact that the assignment satisfies all the constraints. Fix
an assignment (s1, . . . , sk) ∈ Sv1 ×Sv2 × · · · ×Svk. If Λ is sufficiently pseudo-random, we can bound the
probability that we sample (a(1), . . . ,a(k)) such that the eventΛ(vi ,a(i)) = si for everyi; can be bounded
up-to anε error for arbitrarilyε > 0 in terms of the equivalent probability in the gaussian world. Now,
note that for as ∈ Sv, Pa[Λ(v,a) = s] ≥ δ. Again, sincePe is connected, the equivalent probability in
the gaussian world can be lower bounded by a positive function ofδ, k and the minimum probability
of any atom inPe, α. Denote this quantity byΓ(k, δ, α). Thus, choosingε smaller than the estimate
implies that there is a constraint ((v1,a(1)), . . . , (vk,a(k))) such thatΛ(vi ,a(i)) = si . Since every constraint
was satisfied byΛ, (s1, . . . sk) ∈ Ae.

Hence, informally we have the following

1. The cost of any dictator assignment is at-mostval(J , x) ≤ lp(J).

2. The cost of any pseudo-random assignment is at-leastopt(J) − δ for any small enough constantδ.

In Section6 we show how to compose the dictatorship test gadget with U G-instances in a standard way
to prove Theorem1.1. Before that, we can quickly deduce Corollary1.2.

Deducing Corollary 1.2from Theorem 1.1. LetΠ be ak-strict↑-CSP,J be an instance ofΠ andx any feasible
solution toLP(J). Let δ > 0 be the parameter in Corollary1.2. Considery = (1− δ) · x+ δ · (1, . . . ,1). For a hyper-
edgee = (v1, . . . , vk) ∈ E(J), let Pe be any probability distribution on{0,1} such thatEσ←Pe[σ] = (xv1, . . . , xvk).
Let Qe be the probability distribution on{0,1}k obtained fromPe in the following way:

– Pickσ from Pe.

– For eachvi , if σvi = 0, let σ̃vi = 1 with probabilityδ andσ̃vi = 0 with probability 1− δ, else ifσvi = 1, let
σ̃vi = 1 with probability 1.

It follows thatEσ̃←Qe[σ̃vi ] = (1− δ) · xvi + δ. Moreover, the support ofQe can be easily seen to upward closure of
the support ofPe and, hence, connected. Hence,y = (1− δ) · x+ δ is a feasible and connected solution forLP(J).
val(J , y) = (1 − δ) · val(J , x) + δ ≤ val(J , x) + δ as

∑
v∈V(J) wv = 1. If x is an optimal solution toLP(J), then

val(J , x) = lp(J).

1.5 Rest of the paper.

In Section2 we present the algorithmROUND and prove Theorem1.3and Corollary1.4. This part should be easy
to read. In Section3 we give a formal proof of the properties of the dictatorship test gadget described in Section
1.4. In Section6 we give the details of composing our dictatorship test gadget with U G. In Section7
we give the relevant statements and details of our results in theq-ary world. In Section5 we show how our result
applies to the Concurrent Open Shop Problem.

2 The Rounding Algorithm, its Optimality and LP-Rounding Gap based Inap-
proximability

In this section we describe our rounding algorithmROUND and prove that it achieves the integrality gap uncon-
ditionally for covering and packing problems. We prove Theorem1.3 and Corollary1.4. We keep the discussion
here to covering problems. Completely analogous results hold for packing problems.
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The algorithm. Let I be an instance of ak-strict↑-CSP Π. The algorithm will use a parameterε. We assume
without loss of generality that1/ε is an integer. We first define a way of perturbing a solutionx to LP(I) (Figure 1)
such that the number of distinct values the variables ofx take is at-most1/ε + 1.

Definition 2.1. Given anx such that 0≤ xu ≤ 1 for all u ∈ V, and a parameterε > 0, definexε as follows – for each

u ∈ V, let ku be the integer satisfyingkuε < xu ≤ (ku + 1)ε, thenxεu
def
= (ku + 1)ε (if xu = 0, we definexεu to be 0 as

well).

In other words,xε is obtained fromx by rounding up each coordinate to the nearest integral multiple ofε (note that
this value will not exceed 1 because1/ε is an integer). First we observe the following simple fact.

Fact 2.2. Let x be a feasible solution toLP(I). Then

1. xε is feasible forLP(I).

2. val(I, xε) ≤ val(I, x) + ε.

Proof. We first prove the first statement. It is enough to prove this forx′ wherex′ differs fromx on only one
coordinateu. Fix an edgee = (u1, . . . ,uk) and without loss of generality assume thatu = u1. Let λσ for σ ∈ Ae

be the coefficients in the convex combination of vectors inAe which yield (xu1, . . . , xuk). Let A′e be the set ofσ for
whichσ1 = 0. For eachσ ∈ A′e, definem(σ) as vector which is same asσ except thatσ′1 = 1. Clearly,m(σ) ∈ Ae as
well. Now consider the vector

∑
σ<A′e λσσ +

∑
σ∈A′e λσm(σ). This is equal to (1, xu2, . . . , xuk). Thus, we have shown

that the vectorx′′ which is identical tox except thatx′′u = 1 is feasible toLP(I). Now note thatx′ is a convex
combination ofx andx′′. Hence, the claim follows. We now prove the second statement. Sincexεu ≤ xu+ ε, we get
that

val(I, xε) =
∑

u

wuxεu ≤
∑

u

wuxu + ε
∑

u

wu = val(I, x) + ε.

�

The algorithmROUND is described in Figure2. This algorithm takes as input an instanceI, a feasible solution
x to LP(I) and a parameterε > 0. We denoteround(I, x, ε) as the value of the integral solution returned by
ROUND(I, x, ε). First, the algorithm perturbsx to xε to make sure that the number of distinct values taken by the
variables inxε is at-mostm= O(1/ε), which is to be thought of as a (large) constant. Thus, the variables fall intom
buckets and now, the rounding algorithm goes over all possible assignments to these constantly many buckets and
outputs the assignment with the least cost.

The optimality of the rounding algorithm. We now prove Theorem1.3. The proof is quite straight-forward.

Definition 2.3. Consider an input (I, x, ε) to the algorithmROUND. We define a new instanceIε of Π as follows:

the set of variablesVε
def
= {0, . . . , 1/ε + 1} and hyper-edge setEε

def
= {(i1, . . . , ik) | (v1, . . . , vk) ∈ E and xεu j

def
=

i j · ε for all j ∈ [k]}. We take the weightwi of i ∈ Vε to be
∑

xεv=iε wv and take constraintAe′ for an edgee′ ∈ Eε to be
the same asAe for the corresponding edge ine ∈ E. Note that it follows from Fact2.2-(1) thatxε is also a feasible
solution forLP(Iε).

Proof. Consider an input (I, x, ε) to the algorithmROUND. LetIε andxε be as in the definition above. Then, since
ROUND(I, x, ε) searches over all feasible assignments to variables inIε, we get thatround(I, x, ε) = opt(Iε).
Hence, we get

round(I, x, ε) = opt(Iε) ≤ γ∗(Π)·lp(Iε) ≤ γ∗(Π)·val(Iε, xε)
Fact2.2−(2)
≤ γ∗(Π)·(val(I, x)+ε) ≤ γ∗(Π)·(opt(I)+ε).

�
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I: An instanceI = (V,E, {Ae}e∈E, {wv}v∈V) of a problem ink-strict↑-CSP, a feasible solutionx to LP(I)
and a parameterε > 0. Letm := 1/ε.

O: A labelingΛ : V 7→ {0,1}.

1. Construct the solutionxε.

2. For everyz ∈ {0,1}m, construct a 0-1 solutionΛz as follows : Λz
u

def
= zj if xεu = jε.

3. Output the solutionΛz? which has the smallest objective value among all feasible solutions in{Λz|z ∈
{0,1}m}.

Figure 2: AlgorithmROUND

LP-Rounding Gap based Inapproximability. Now we see how Corollary1.4 follows from Corollary1.2 and
the discussion on the rounding algorithm above fork-strict↑-CSPs. LetJ be the constant-sized instance, andx
a solution toLP(J) on which we would like to base the reduction of ak-strict↑-CSP Π andδ be a parameter.
We convert (J , x) to (Jδ, xδ) as in Definitions2.1 and2.3 with δ instead ofε. We know from the description of
ROUND that opt(Jδ) = round(J , x, δ). Moreover, from Fact2.2-(2), we get thatval(Jδ, xδ) ≤ val(J , x) + δ.
Moreover if xδ is not connected forLP(Jδ), we can connect it at an additional additiveδ loss to gety as in
the proof of Corollary1.2. Now we base our reduction on (Jδ, y) rather than (J , x) to obtain that it is U
G-hard to distinguish between instances ofΠ with value at-mostval(J , x) + 2δ form those with value at-least
opt(Jδ) − δ = round(J , x, δ) − δ.

3 Dictatorship Gadget

3.1 Preliminaries

We will be interested in functions onΩr def
= {0,1}r along with a product probability measure. Forr = 1, there are

functions (χ0 = 1, χ1) that form an orthonormal basis for all functionsf : {0,1} → [0,1]. Tensoring these gives a
natural orthonormal basis{χS}{S⊆[r]} where eachχS is a product ofχ1 on the coordinatesi ∈ S. Thus, every function
f : {0,1}r → [0,1] can be written in a multilinear representation:

f =
∑

S⊆[r]

f̂ (S)χS.

Definition 3.1 (Low Degree Influence).Thed-degree influence of theith coordinate off is given by:

Inf {<d}
i ( f )

def
=
∑
|S|<d

f̂ 2(S).

Note that the definition of influence implicitly depends on the probability measure onΩr = {0,1}r . In our setting,
the measure will be clear from the function we measure the influence of.

Definition 3.2 (τ-pseudo-random function). A function, f : {0,1}r → [0,1], is said to beτ-pseudo-random if for
d = d1/τe and everyi, Inf {<d}

i ( f ) ≤ τ.

Note that we have relaxed the range off to [0,1] (from {0,1}). This is necessary for finally composing with
the U G instance as we will average the function defined on multiple hyper-cubes. We will need the
following well-known lemma in our composition with a UG instance. We refer the reader to [KKMO07]
for a proof of the lemma.
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Lemma 3.3. For any f : {0,1}r → [0,1], and d= d1/τe there are at most O( 1
τ2

) coordinates such thatInf {<d}
i ( f ) ≥ τ.

Invariance Principle. The spaceΩk = {0,1}k along with a probability measureP is called a correlated space.
Such a space is said to be connected if every point in the support can be reached from every other point by a path
in the support such that adjacent points in the path change in exactly one coordinate of{0,1}k.

Given a connected correlated spaceP on {0,1}k, we can naturally extend it to a correlated space,P(r) on
{0,1}r×{0,1}r×· · ·×{0,1}r by sampling independentlyr times fromP. Given pseudo-random functions,f1, . . . , fk :
{0,1}r → [0,1], the invariance principle of Mossel stated below gives tight bounds on

E
(a(1),...,a(k))←P(r)

[ f1(a(1)) · · · fk(a
(k))]

in terms of properties ofP andE[ fi ] alone (thus independent ofr).

Theorem 3.4 (Invariance Principle, Mossel [Mos08]). For every integer k, and numbers0 < δ, α < 1/2, there
exists aΓ = Γ(k, δ, α) > 0 such that, for everyε > 0, there exists aτ > 0, such that for all connected correlated
space P on{0,1}k such that the minimum probability of any event isα, andτ-pseudo-random functions f1, . . . , fk,

E
(a(1),a(2),...,a(k))←P(r)

[Πi fi(a
(i))] + ε ≥ Γk(δ, α) > 0.

Note that the pseudo-randomness of the functions are defined with respect to the corresponding marginal measures
induced by P(r).

In our setting, the correlated spaceP will be obtained from a connectedLP solutionx for a (finite sized) instanceJ
and henceα is a constant bounded away from zero.k will be the arity of the constraints in thestrict − CSP. Thus,
settingε < Γk(δ, α)/2, we have the following corollary that we will use.

Corollary 3.5. For every integer k, and numbers0 < δ, α < 1/2, there exists aτ > 0 such that, given a connected
correlated space P on{0,1}k such that the minimum probability of any event isα, andτ-pseudo-random functions
f1, . . . , fk : {0,1}r → [0,1],

E
(a(1),a(2),...,a(k))←P(r)

[Πi fi(a
(i))] > 0.

3.2 Dictatorship Gadget

We quickly recall the dictator gadgetDr
J ,x. Given a connected LP solutionx to J = (V,E), the gadget is on

V × {0,1}r . The weight of a vertex (v,a) is wv times thexv-biased measure ofa. For every hyper-edgee =
(v1, . . . , vk) in E(J), the solutionx gives a probability distribution connectedPe whose support is inAe. For every
(a(1),a(2), . . . ,a(k)) with positive probability inP(r)

e , add a constraint ((v1,a(1)), . . . , (vk,a(k))) with accepting setAe

toDr
J ,x.

Lemma 3.6 (Completeness).The dictator assignments{Λi}
r
i=1, whereΛi(v, (a1, . . . ,ar )) = ai . satisfy every con-

straint inDr
J ,xand costs exactlyval(x,J).

Proof. For any edgee, the distributionPe is supported on the accepting setAe. Thus, for any constraint

((v1,a
(1)), . . . , (vk,a

(k)))

added using edgee, (a(1)
j , . . . ,a

(k)
j ) ∈ Ae for any j ∈ [r]. Thus, the dictator assignments satisfy every constraint.

Since we weight the hyper-cube corresponding tov by thexv-biased measure, the cost of a hyper-cube is exactly
wvxv. Summing the cost shows that the total cost is exactlyval(x,J). �
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Now, we delve into the proof of the harder part. Letδ be the additional cost we can incur. Fix an assignment to
the dictatorship gadget,Λ : V × {0,1}r → {0,1} that satisfies every constraint inDr

J ,x. Denote byΛv the restriction

of Λ to the hyper-cube corresponding to vertexv ∈ V. We will use the “shortform”Λ1
v for Λv andΛ0

v for the
function 1− Λv. We call an assignmentΛ τ-pseudo-random if for everyv ∈ V andb ∈ {0,1}, the functionΛb

v is
τ-pseudo-random.

Decoding assignment toJ . For everyv ∈ V, defineSv
def
= {b ∈ {0,1}| Ea[Λv(a) = b] ≥ δ (the expectation is over

the corresponding biased measure). Setλ(v) to be the element inSv with minimum value. In the binary world, this
just means we setλ(v) = 0 if 0 ∈ SV and 1 otherwise.

Theorem 3.7 (Cost ofλ). For λ,Λ, δ as above,

val(λ,J) ≤ val(Λ,Dr
J ,x) + δ.

Proof. For everyv ∈ V, at most aδ fraction of the corresponding hyper-cube was assigned a value not inSv. Since
λ(v) is the minimum value element fromSv, we pay at most aδwv additional cost inλ for the vertexv. Thus,

opt(J) ≤ val(J , λ) ≤ val(Dr
J ,x,Λ) + δ

∑
v

wv ≤ val(Dr
J ,x,Λ) + δ.

�

Theorem 3.8 (Feasibility ofλ). For everyδ > 0, there existsτ > 0 such that if the assignmentΛ is τ-pseudo-
random, thenλ is feasible forJ .

Proof. Let τ be the minimum value stipulated by Corollary3.5 over all the edgese ∈ E(J). Note that for every
s ∈ Sv, E[Λs

v] ≥ δ by the definition ofSv.
For every constraint hyper-edgee= (v1, v2, . . . , vk) ∈ E inJ , we will in fact show thatSv1×Sv2×· · ·×Svk ⊆ Ae.

Fix an assignment (s1, . . . , sk) ∈ Sv1 × Sv2 × · · · × Svk. Applying Corollary3.5 to the functions{Λ
svi
vi }{1≤i≤k} says

that there is a constraint inDr
J ,xwith acceptance setAe that was satisfied by the assignment (s1, . . . , sk). Thus,

(s1, . . . , sk) ∈ Ae. �

Acknowledgments. The authors would like to thank Oded Regev for bringing the paper [AKS09] to our notice
and also observing that every problem in the classk-strict↑-CSP over the alphabet{0,1} can be reduced to a
H V C problem in the approximation preserving sense.
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4 Appendix

5 Concurrent Open Shop Scheduling

In the concurrent open shop model, we have a set of machinesM = {1, . . . ,m}, each for processing one component
and a set of jobsN = {1, . . .n}. Each job needs a specific processing time on each of theM machines specified by
a matrixP = {pi j }{i∈M, j∈N}. The processing on the machines can be done in any order. The machines can process
one job at a time and the objective is to minimize the sum of the completion times of the jobs.

[MQS+09] obtain a 2-approximation for this problem via a linear programming relaxation and a rounding
procedure. They also show a simple 2− ε integrality gap for their relaxation. Here, we will show a 2− ε inapprox-
imability assuming the U G C.

strict-CSP formulation. We first formulate the problem as astrict-CSP. For simplicity, let us restrict our attention
to the case wherepi j s are all 0 or 1; the integrality gap of [MQS+09] has this property. Then, the maximum
completion time of any job ism. We have a vertex for every job that takes an assignment between 1 andmdenoting
its completion time. For every machine, we have a constraint on all the vertices that restricts the assignment to set
of acceptable configuration of completion times.

Remarks. As formulated, the arity of the constraints and the label set depend on the size of the instance. However,
this is not an issue as we will apply the reduction to a finite sized instance (the size will depend onε). In the instance
produced by the reduction, each constraint will be on a finite (n) vertices and each vertex will take a finite (m) set
of values. The important fact is that thestrict-CSP produced by the reduction can be reformulated as a concurrent
open shop problem (by setting the irrelevant entries ofP to zero). As stated earlier, we believe the framework
should be useful in proving inapproximability for many other problems as this.
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Integrality Gap The gap instance,J , (constructed by [MQS+09]) is simply ther-uniform complete hyper-graph
on n vertices. Each hyper-edge is a machine which takes takes one unit of time to process jobs corresponding to
the vertices it contains and zero otherwise. [MQS+09] show thatopt(J) is at leastr(n− r + 1).

We will now show a solutionx = {xv}{v∈J} to the linear programming relaxation for theq-ary case (Figure3
on page17). Eachxv is a point in∆m such that the firstr coordinates are1/r and the rest are 0. Every machine
has non-zero processing time for exactlyr machines and hence a distribution over random permutations of thoser
vertices is a convex combination of accepting configurations. Thus,x = {xv} is a feasible solution with costn(r+1)

2 .
Thus, choosingn large enough (depending onε) andr, say,

√
n gives a 2− ε gap. This immediately gives a 2− 2ε

inapproximability for anyε > 0 using our main theorem.

6 Composing the Dictatorship Test Gadget with Unique Games

In this section, we give the reduction from U G to a problemΠ in the classk-strict-CSP. The proof is
standard and uses the dictatorship test gadget in Section3. Here, we highlight the important steps in the proof. We
first state the version ofUGC on which our results rely.

Definition 6.1 (U G). An instanceU = (G(U,A), [r], {πe}e∈A,wt) of U G is defined as follows:
G = (U,A) is a bipartite graph with set of verticesU = Uleft∪Uright and a set of edgesA. For everye= (v, w) ∈ E with
v ∈ Uleft, w ∈ Uright, there is a bijectionπe : [r] 7→ [r], and a weight wt(e) ∈ R≥0. We assume that

∑
e∈E wt(e) = 1.

The goal is to assign onelabel to every vertex of the graph from the set [r] which maximizes the weight of the
edges satisfied. A labelingΛ : U 7→ [r] satisfiesan edgee= (v, w), if Λ(w) = πe(Λ(v)).

The following notations will be used in the hardness reduction and we state them here.

Notations.

1. For a vertexv ∈ U, Γ(v) is the set of edges incident tov.

2. For a vertexv ∈ U, definepv
def
=
∑

e∈Γ(v) wt(e). This gives a probability distribution over the vertices inUleft

(or Uright).

We now state theStrong UGC which was shown by Khot and Regev [KR08] to be equivalent to theUGC [Kho02].

Conjecture 6.2 (StrongUGC). For every pair of constantsη, ζ > 0, there exists a sufficiently large constant
r := r(η, ζ), such that it is NP-hard to distinguish between the following cases for an instance
U = (G(U,A), [r], {πe}e∈A,wt) of U G:

– YES: There is a labelingΛ and a set U0 ⊆ Uleft of vertices,
∑

u∈U0
pu ≥ (1−η), such thatΛ satisfies all edges

incident to U0.

– NO: There is no labeling which satisfies a set of edges of total weight value more thanζ.

Now we describe the reduction from U G instance to our problem. The reduction shall use the instance

dictatorship test gadgetD
def
= Dr

J ,x of Π described in Section3.
Input Instance : The input to the reduction is an instanceU = (G(U,A), [r], {πe}e∈A,wt) of UG problem
as defined in Definition6.1. Recall thatG is a bipartite graph withU = Uleft ∪Uright, and the edge weights wt induce
probability distributionpv over vertices inUleft.
Output Instance : The output instanceF of Π is as follows :

1 Vertex Set V(F ) = Uleft ×V(D), i.e., we place a copy ofV(D) at each vertex ofUleft. We shall index a vertex
by (u,b, y) whereu ∈ Uleft and (b, y) ∈ V(D).
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2 Vertex Weights The weight of a vertex (u,b, y) is

wF ((u,b, y)) = pu · wD((b, y)).

3 Hyper-edges For every hyper-edgee =
(
(b1, y1), (b2, y2), . . . , (bk, yk)

)
in D, we add the following edges

to F – for each vertexu ∈ Uright and all sets ofk neighbors,u1, . . . ,uk (with repetition) ofu, we add the
hyper-edge(
(u1,b1, y1 ◦ πu

(u,u1)
), . . . , (uk,bk, yk ◦ πu

(u,uk)
)
)

to F . The constraint for the these hyper-edges is the same as

that fore.

Completeness.

Theorem 6.3.Suppose there is a labelingλ forU and a subset U0 of Uleft,
∑
v∈U0

pv ≥ 1−η, such thatλ satisfies all
edges incident on U0. Then there is a subset of vertices inF which satisfy all the constraints inF and has weight
at-mostval(J , x) + η.

Proof. Consider the labelingλ. We now show how to pick a setF of vertices fromV(F ) which satisfies all the
hyper-edge constraints. For eachu ∈ U0, defineJu as{(u,b, y) ∈ V(F ) : yλu = 1}. For eachu ∈ Uleft −U0, defineJ′u
as the set{(u′,b′, y′) ∈ V(F ) : u′ = u}. Now defineF = ∪u∈U0 Ju

⋃
∪u∈Uleft−U0 J′u.

We now show thatF satisfies all hyper-edge constraints. Fix a hyper-edgee=
(
(b1, y1), . . . , (bk, yk)

)
inD. Let

u ∈ Uright andu1, . . . ,uk bek neighbors ofu. Consider a corresponding edgef = ((u1,b1, y1◦πu
(u,u1)

), . . . , (uk,bk, yk◦

πu
(u,uk)

)) in F . Lemma3.6shows that the setCi = {(b, z) : zi = 1} satisfies the edge constraint fore for any i. Let us

pick i = λu. It will be enough to prove that if (bl , yl) satisfiesyli = 1, then the vertexw = (ul ,bl , yl ◦ πu
(u,ul )

) is in F.

But this is indeed the case because iful ∈ U0, thenλu = π
u
(u,ul )

(λul ). Therefore,yl ◦ πu
(u,ul )

has coordinateλul equal

to 1. Hence,w ∈ Jl
u. If ul ∈ Uleft − U0, then we addw ∈ J′

ul trivially. Thus, we have shown thatF satsifies the edge
constraint for the hyper-edgef .

Let us now compute the weight ofF. If u ∈ U0, then Lemma3.6 shows that the weight ofJu is at-most
pu · val(J , x). If u < U0, then the weight ofJ′u is pu. Thus, the weight ofF is at-most

val(J , x) ·
∑
u∈U0

pu +
∑
u<U0

pu ≤ val(J , x) + η.

�

Soundness.

Theorem 6.4.Suppose there is a subset of vertices F which satisfies all the constraints inF andwF (F) < opt(J)−
δ. Then there is a constantζ(δ) such that there is a labeling forU for which the set of satisfied edges has weight
at-leastζ(δ).

Proof. Consider a setF satisfying the conditions of the theorem. LetI F(·) be the indicator function forF. For a
vertexu ∈ Uright, let N(u) ⊆ Uleft denote the neighbors ofu. Recall that every vertex ofF can be written as (w, z),
wherew ∈ Uleft andz ∈ V(D). Since the distribution{pw}w∈Uleft is same as first picking a vertexu ∈ Uright with
probability pu and then picking a random neighbor ofu (according to edge weights), we get

wF (F) = Eu∈UrightEw∈N(u)Ez∈V(D)I F((w, z◦ πu
(u,w))),

wherez is picked according to vertex weights inD. For a vertexu ∈ Uright, let G(u) denote the quantity

E
w∈N(u)

E
z∈V(D)

I
F
((w, z◦ πu

(u,w))).
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We can therefore state the condition of the Theorem asEu∈Uright G(u) < opt(J)− δ. Call a vertexu ∈ Uright good
if G(u) < opt(J) − δ/2. A simple averaging argument shows that the weight of good vertices is at-leastδ/2.

Fix a good vertexu. LetD(u) be acopyof the instanceD. We construct a solutionS(u) for D(u) as follows :
for each (b, y) ∈ V(D(u)), we pick a random neighborui of u according to edge weights wt in the instanceU. If
(ui ,b, y ◦ πu

(u,ui )
) ∈ F, we add (b, y) to S(u).

Claim 6.5. S(u) satisfies all the constraints inD(u).

Proof. Let e=
(
(b1, y1), . . . , (bk, yk)

)
be a hyper-edge inD(u). Suppose while constructing the setS(u), we decide to

add (bi , yi) to this set based on whether (ui ,bi , yi ◦ πu
(u,ui )

) ∈ F. Now observe that the instanceF has the hyper-edge(
(u1,b1, y1 ◦ πu

(u,u1)
), . . . , (uk,bk, yk ◦ πu

(u,uk)
)
)
. Since this hyper-edge is satisfied byF, the claim follows. �

Note thatE[S(u)] is exactlyG(u), where the expectation is over the choice of random neighbors ofu. For each
vertexw ∈ Uleft andb ∈ V, define a 0-1 functionf F,w

b on {0,1}r as follows –

f F,w
b (y)

def
=

{
1 if (w,b, y) < F
0 otherwise

Note that f F,w
b is the indicator function for complement ofF for the set of vertices{(w,b, y) : y ∈ {0,1}r }. For the

vertexu, we now define the functionf F,u
b (y) which is the average of the corresponding functions for the neighbours

of u.
f F,u
b (y)

def
= E
w∈N(u)

f F,w
b

(
y ◦ πu

(u,w)

)
.

Observe thatf F,u
b (y) = P[(u,b, y) < S(u)], where the probability is over the choice ofS(u). The following is

identical to the soundness proof in the analysis of the dictatorship test gadget. (Stated here in the contra-positive
form.)

Lemma 6.6. There exist values b∈ V, i ∈ [r] and constants d, τ depending onδ and k only such thatInf {<d}
i ( f F,u

b ) ≥
τ.

Using an application of Jensen’s Lemma, it follows that for a good vertexu ∈ Uleft there is ani ∈ [r] such that for at
leastτ/2 fraction of its neighbors

Inf {<d}
πu

(u,w)(i)
f F,w
b ≥ τ/2.

It follows from Lemma3.3that the number of such influential variables is at-mostO(2d/τ). Hence, we can satisfy
at-leastδ/2 · τ/2 · τ/2d fraction of the U G-instanceU. This completes the proof this theorem.

�

Thus, to appeal to the Strong-UGC, we need to pickη ≤ δ, whereδ is as in the statement of Theorem1.1 and
ζ < ζ(δ) and conclude the proof of Theorem1.1.

7 Extension toq-ary Alphabet

In this section, we show how our results extended to the case when variables take values from a larger alphabet
[q] = {0, . . . ,q− 1}. We first need some definitions in theq-ary world.
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7.1 Preliminaries.

Given x, y ∈ [q]k, we say thaty � x, if, yi ≥ xi for all i, 1 ≤ i ≤ k. A setA ⊆ [q]k is said to beupward monotoneif
for everyx ∈ A, and everyy such thaty � x, it follows thaty ∈ A. For sake of brevity, we assume that the alphabet
size,q, is implicit in the definition below.

Definition 7.1 (The classk-strict-CSP). Let k be a positive integer. An instance of typek-strict-CSP is given by

I = (V,E, {Ae}{e∈E}, {wv}v∈V) where :

– V = {v1, v2, . . . , vn} denotes a set of variables/vertices taking values over [q] along with non-negative weights
such that

∑
v∈V wv = 1.

– E denotes a collection of hyper-edges, each on at mostk vertices. For each hyper-edgee ∈ E, there is a
constraintAe.

The objective is to find an assignmentΛ : V 7→ [q] for the vertices inV that minimizes
∑
v∈V wvΛ(v) such that for

eache= (v1, v2, . . . , vl), (Λ(v1), . . . ,Λ(vl)) ∈ Ae. A k-strict↑-CSP is one where everyAe is upward monotone while
in ak-strict↓-CSP everyAe is downward monotone. We often refer to ak-strict↑-CSP as a covering problem and a
k-strict↓-CSP as a packing problem.k-will be assumed to be constant throughout.

LPrelaxation We now give anLPrelaxation for a problem ink-strict-CSP. The following definition allows us to
map values in [q] to vectors whose coordinates lie between 0 and 1.

Definition 7.2. Let ∆q denote the set of vectors{ (z0, . . . , zq−1) : zi ≥ 0 for all i ∈ [q] and
∑

i∈[q] zi = 1 }. There is a
natural mappingΨq : ∆q 7→ [q] defined asΨq((z0, . . . , zq−1)) =

∑
i∈[q] zi · i. Let ei , for i ∈ [q], be the unit vector in

Rq which has value 1 at coordinatei, and 0 elsewhere. It is easy to check that∆q is the convex hull of the vectors
{ei : i ∈ [q]}. It follows that a vectorx ∈ ∆q can also be thought of as a probability distribution over [q].

Definition 7.3. Given an integeri ∈ [q], defineΦq(i) as the vectorei ∈ R
q. Given a sequenceσ ∈ [q]k, for some

parameterk, defineΦq(σ) = (Φq(σ1), . . . ,Φq(σk)). Note thatΦq(σ) is a vector inRq·k.

TheLP relaxation for an instanceI of a problemΠ ∈ k-strict-CSP is described in Figure3.

lp(I)
def
= minimize

∑
v∈V

wvΨq(xv) (4)

subject to ∀e=(v1,v2,...,vk)∈E (xv1, xv2, . . . , xvk) ∈ ConvexHull(Ae) (5)

∀v∈V xv ∈ ∆q (6)

Figure 3:LPfor k-strict-CSP

Here,ConvexHull(Ae) is the convex hull of the set{Φq(σ) : σ is a satisfying assignment forAe}. It is easy to
check that this indeed is a linear program. Given a solutionx to LP(I), let val(I, x) denote the objective function
value forx. Let opt(I) denote the value of the optimal integral solution forI.

7.2 Results

The following are equivalents of Theorem1.1, Corollary1.2, Theorem1.3and Corollary1.4respectively. We skip
the proofs and just highlight the important points in this section.
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Theorem 7.4 (LP-integrality gap based Inapproximability). LetΠ be a k-strict-CSP for k = O(1), andJ be a
constant-sized instance ofΠ. Let x be a feasible-connected solution forLP(J). Then for everyδ > 0, it is U
G-hard to distinguish between the following instancesI ofΠ

– YES. σ · opt(I) ≤ σ · (val(J , x) + δ)

– NO. σ · opt(I) ≥ σ · (opt(J) − δ).

Here,σ
def
=
∑
v∈V(J) wv which is either+1 or −1.

Hence, if it is the case thatx is also an optimal solution toLP(J), then, assuming theUGC, the LP captures
the approximability of the problemΠ. For k-strict↑-CSP andk-strict↓-CSP we can easily convert any optimalLP
solution to a connected one with at-most aδ loss in theLP value, for arbitrarily small constantδ. Hence, we get
the following important corollary which proves that theLP of Figure3 captures precisely the approximability of
all covering and packing problems withk = O(1).

Corollary 7.5 (Optimal Inapproximability for Covering and Packing Problems). LetΠ be a k-strict↑-CSP or a
k-strict↓-CSP for k = O(1), andJ be a constant-sized instance ofΠ. Then for everyδ > 0, it is UG-hard
to distinguish between the following instancesI ofΠ

– YES. σ · opt(I) ≤ σ · (lp(J) + δ)

– NO. σ · opt(I) ≥ σ · (opt(J) − δ).

Here,σ = 1 for k-strict↑-CSP andσ = −1 for k-strict↓-CSP.

Note that the form makes sense for both covering and packing problems if one notices that in the case of packing
problems both theLP value and the optimal value are negative. We will, henceforth, keep the discussion just to
covering problems. All results can be directly translated in the packing world and we omit the details.

Rounding for covering-packing problems. For ak-strict↑-CSPΠwe give a rounding algorithm calledROUNDq

(see Figure4) for theLPof Figure3. For an instanceI of Π, a solutionx to LP(I), and a parameterε > 0, which
should be ignored for this discussion, letroundq(I, x, ε) denote the value of the integral solution thatROUNDq

produces forI starting from theLP solutionx.We show thatROUNDq (unconditionally) achieves an approximation
ratio equal to the integrality gap, up to an arbitrarily small additive constant, of theLPrelaxation.

Theorem 7.6 (Rounding achieves Integrality Gap).Let γ∗(Π) be the worst-case approximation ratio (integral-

ity gap) achieved by theLP relaxation for the problemΠ, i.e., γ∗(Π)
def
= supJ (opt(J)/lp(J)), where the supre-

mum is taken over all instancesJ of Π. Then, for any given instanceI, optimal LPsolution x? and ε > 0,
roundq(I, x?, ε) ≤ γ∗(Π) · (opt(I) +Oq(ε)).

For covering and packing problems, we show how to start with an instanceJ of Π and a solutionx to LP(J), ,
and give a U G-based reduction forΠ whose soundness and completeness are roughlyval(J , x) and
roundq(J , x, ε) respectively.

Corollary 7.7 (LP-rounding gap based Inapproximability). LetΠ be a k-strict↑-CSP for k = O(1), andJ be a
constant-sized instance ofΠ, and x a solution toLP(J), Then for everyδ > 0, it is UG-hard to distinguish
instancesI ofΠwith optimal less thanval(J , x)+Oq(δ) from those with optimal more thanroundq(J , x, δ)−Ωq(δ).

The reduction in this theorem is slightly different from that in the corollary. This theorem is useful compared to the
in the case when it is easier to come up with aLP-rounding gap rather than an integrality gap.
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The Rounding Algorithm. We now describe the rounding algorithm for ak-strict↑-CSP. The algorithm uses a
perturbation parameterε. We first argue that we can perturb a feasible solution toLP(I) such that the number
of distinct (vector) values taken by the variables are small. This perturbation will not affect the objective value
significantly. We shall assume without loss of generality that1/ε is an integer.

Definition 7.8. For a parameterε > 0, define∆ε,iq ,0 ≤ i < q, as the set of pointsz ∈ ∆q satisfying the following
conditions – (1)z0, . . . , zi−1 are multiples ofε, and (2)zi+1 = · · · = zq−1 = 0. Observe thatzi must equal 1−

∑i−1
j=0 zj .

Let∆εq denote
⋃

i ∆
ε,i
q .

It is easy to check that|∆εq| is at most1/(ε+1)q. We now show how a vectorx ∈ ∆q can be perturbed to a vector in∆εq.

Definition 7.9. Let a ∈ [0,1] be a real number. Defineaε as the smallest multiple ofε greater than or equal to
a. Considerx ∈ ∆q. Let i be the largest integer such thatxε0 + · · · + xεi−1 ≤ 1. Then, definexε to be the vector
(xε0, . . . , x

ε
i−1,1−

∑i−1
j=0 xεj ,0, . . . ,0) ∈ ∆ε,iq .

The rounding algorithm is described in Figure4. Let roundq(I, x, ε) denote the objective value of the solution
returned byROUNDq(I, x, ε).

I: An instanceI = (V,E, {Ae}e∈E, {wv}v∈V) of a problem ink-strict↑-CSP, a feasible solutionx to LP(I)
and a parameterε > 0. Letmq denote|∆εq|.

O: A labelingΛ : V 7→ [q].

1. Construct the solutionxε.

2. Let I denote the set∆εq arranged in some order.

3. For everyz ∈ [q]mq, construct an integral solutionΛz as follows : Λz
u

def
= zj if xεu = I j .

4. Output the solutionΛz∗ which has the smallest objective value among all feasible solutions in{Λz|z ∈
[q]mq}.

Figure 4: AlgorithmROUNDq

Sincemq is O(1/εq), the running time ofROUNDq is O(poly(nk, 1/εq)). We state the following fact without proof.

Fact 7.10. Let x be a feasible solution toLP(I). Then

1. xε is feasible forLP(I).

2. val(I, xε) ≤ val(I, x) + ε · q2.

7.3 Dictatorship Test Gadget

In this section we outline the proof of Theorem7.4. For this discussion, we restrict ourselves to the dictatorship
test gadget and the case thatwv ≥ 0 and

∑
v wv = 1. First, we need some preliminaries.

Probability Distribution from a Feasible Solution.
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Definition 7.11. Let x be a feasible solution toLP(J). For a hyper-edgee, let x|e be the vector obtained by
restrictingx to only those vertices which belong toe. Pe shall denote the probability distribution over vectors in∆k

q
corresponding to elements ofAe that arises from the fact thatx|e ∈ ConvexHull(Ae). Given a vectorp ∈ ∆q, let µp

be the corresponding distribution over [q] (as described in Definition7.2).

Consider an instanceJ = (V,E, {Ae}e∈E, {wv}v∈V) of a k-strict-CSP problemΠ, and a feasible-connected solution
x to LP(J). As is key in basing hardness results onUGC, we will first construct, for an integerr ≥ 1, a bigger
instance (dictatorship test gadget)Dr

J ,x of Π and then compose it in a standard way with a UG instance.
For this discussion, we restrict ourselves to the dictatorship test gadget. The instanceDr

J ,x will have the following
components:

– Vertex Set.The vertex set ofDr
J ,x is V × [q]r .

– Vertex Weights. The weight of a vertex (v, (a1, . . . ,ar )) will be wv · µxv((a1, . . . ,ak)).

– Edges and Constraints. Recall that for every hyper-edgee = (v1, . . . , vk) in E(J), from the solutionx,
we can read off a probability distributionPe on [q]k. Moreover the constraint in theLP requires that this
is distribution is supported onAe, and the hypothesis requires that this support is connected. For every
e = (v1, . . . , vk) ∈ E(J) and everya(1), . . . ,a(k) ∈ [q]r , there will be an hyper-edge inDr

J ,x between the

vertices ((v1,a(1)), . . . , (vk,a(k))) with the constraintAe.

We will also associate aweightwith this edge which is
∏r

i=1 Pe(a
(1)
i , . . . ,a

(k)
i ).We will not keep any hyper-

edges with 0 weight. These weights will be useful for the analysis and will not show up in the actual instance
produced by the reduction.

Influence in the q-ary world We will be interested in functions onΩr = [q]r along with a product probability
measure. As in the binary case, forr = 1, there are functions (χ0 = 1, χ1, χq−1) that form an orthonormal basis for
all functions f : [q] → [0,1] which can be tensored to obtain a orthonormal basis{χS}{S∈[q]r }. Thus, every function
f : [q]r → [0,1] can be written in a multilinear representation:

f =
∑

S⊆[r]

f̂ (S)χS.

The definition of influence and pseudo-randomness are exactly as in the binary case.

Definition 7.12 (Low Degree Influence).Thed-degree influence of theith coordinate off : [q]r → [0,1] is given
by:

Inf {<d}
i ( f )

def
=
∑
|S|<d

f̂ 2(S).

Note that the definition of influence implicitly depends on the probability measure onΩr = [q]r . In our setting, the
measure will be clear from the function we measure the influence of.

Definition 7.13 (τ-pseudo-random function). A function, f : [q]r → [0,1], is said to beτ-pseudo-random if for
d = d1/τe and everyi, Inf {<d}

i ( f ) ≤ τ.

Invariance Principle The spaceΩk = [q]k along with a probability measureP is called a correlated space. Two
points (x1, . . . , xk), (y1, . . . , yk) ∈ [q]k are said to be connected by an edge if they differ in at-most one position.
A subsetS ⊆ [q]k is said to be connected if the subgraph induced by the vertices ofS along with the edges is
connected. For an instanceI of a k-strict-CSP, given a solutionx to LP(I), x-is said to be connected if for every
edgee = (v1, . . . , vl), (xv1, . . . , xvl ) can be written as a convex combination of points inAe such that the support of
this convex combination is connected.
As in the binary world, we have the following powerful theorem of Mossel.
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Theorem 7.14 (Invariance Principle, Mossel [Mos08]). For every integer k,q, and numbers0 < δ, α < 1/2, there
exists aΓ = Γ(k,q, δ, α) > 0 such that, for everyε > 0, there exists aτ > 0, such that for all connected correlated
space P on[q]k such that the minimum probability of any event isα, andτ-pseudo-random functions f1, . . . , fk,

E
(a(1),a(2),...,a(k))←P(r)

[Πi fi(a
(i))] + ε ≥ Γk(δ, α) > 0.

Note that the pseudo-randomness of the functions are defined with respect to the corresponding marginal measures
induced by P(r).

In our setting, the correlated spaceP will be obtained from a connectedLP solutionx for a (finite sized) instanceJ
and henceα is a constant bounded away from zero.k andq are again, finite numbers. Thus, settingε < Γk(δ, α)/2,
we have the following corollary that we will use.

Corollary 7.15. For every integer k,q, and numbers0 < δ, α < 1/2, there exists aτ > 0 such that, given a connected
correlated space P on[q]k such that the minimum probability of any event isα, andτ-pseudo-random functions
f1, . . . , fk : [q]r → [0,1],

E
(a(1),a(2),...,a(k))←P(r)

[Πi fi(a
(i))] > 0.

Definition 7.16. An assignmentf : V × [q]r 7→ [q] is said to be a dictator if there exists anj ∈ [r] such that
f (v, z) = zj .

Given v ∈ V, let fv denote the restriction off to (v, [q]r ). Given p ∈ ∆q, let z←µr
p denote a string in [q]r drawn

from the product distributionµr
p. We can think of an assignmentfv : [q]r 7→ [q] also as a a function from [q]r to

∆q (where the valuei ∈ [q] gets associated withei ∈ ∆q). Further, letf (1)
v , f

(2)
v , . . . , f

(q)
v : [q]r → [0,1] denote the

q-components ofq. Thus,
∑

i f (i)
v (x) = 1 for everyx ∈ [q]r .

Definition 7.17. Givenτ,d ≥ 0, an assignmentf : V × [q]r 7→ ∆q is said to be (τ,d)-pseudo-randomif for every
v ∈ V, everyi ∈ [q] and everyj ∈ [r], Inf≤d

j ( f (i)
v ) ≤ τ.

Now we state the completeness and soundness properties of the dictatorship function. The proof of the theorems is

very similar to the proofs in the binary case and hence omitted. LetD
def
= Dr

J ,x.

Lemma 7.18 (Completeness).Let f : V × [q]r 7→ [q] be a dictator. Then f satisfies all the constraints ofD and∑
v∈V(D) wD(v) · f (v) ≤ val(J , x) + b ·Oq(δ).

Theorem 7.19 (Soundness).For every small enoughδ > 0, there exists a d, τ such that if f : V × [q]r 7→ [q]
satisfies all the constraints ofD and is(τ,d)-pseudo-random, then∑

v∈V(D)

wD(v) · Ψq f ((v,a)) ≥ roundq(J , x, ε) − b ·Ωq(δ).
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