Information and Coding Theory Winter 2021

Homework 2
Due: February 12, 2021

Note: You may discuss these problems in groups. However, you must write up your own solutions
and mention the names of the people in your group. Also, please do mention any books, papers or
other sources you refer to. It is recommended that you typeset your solutions in ETEX.

1. Biased coins strike back. [3 + 3 = 6 points]

In class we considered the problem of distinguishing coins distributed according to
the following two distributions:

NI—

1 wop. %—s 1 wop.

SIS

0 wp. %—i—s 0 wp.

We derived matching upper and lower bounds (up to constants) of the form ®(1/¢?)
on the number of coin tosses required to distinguish the two distributions. Consider
now the problem of distinguishing two extremely biased coins with slightly differing
biases:

1 wp. ¢ 1 wp.2e
P = and Q' =
0 wp.1-¢ 0 wp.1-2e¢

Find tight upper and lower bounds (up to constants) on the number of independent
coin tosses required to distinguish coins distributed according to P’ and Q'.

2. Jensen-Shannon divergence. [2+ 3 +4+3 =12 points]

While KL-divergence is sometimes used as a measure of the difference between two
distributions, it is asymmetric and can be infinite. In some applications, one can
instead consider the Jensen-Shanon divergence which addresses these issues.

(a) For two distributions P and Q, we define the Jensen-Shannon divergence as

-D(P||M)+%-D(Q||M) where M— 118,

ISD(P, Q) := 5

N —

Show that 0 < JSD(P, Q) < 1.



(b) Show that JSD(P,Q) > s - [P — Q]

(c) Show that JSD(P,Q) < I -|P—Q];.

(d) The notion of Jensen-Shannon divergence can be generalized to an arbitrary
number of distributions and an arbitrary convex combination. Let Py, ..., P, be
distributions on the same universe and let A = (A4,...,Ax) be a tuple of non-
negative weights such that ) ; A; = 1. We define

]SD/\(PL...,P]() = Z)LZD(PZHM) where M:Z/\ipi-
i i
Show that 0 < JSD, (P, ..., P) < H(A), where H(A) denotes the entropy of A,
when viewed as a distribution over [k].

3. Counting using method of types (Problem 11.5 from the book). [5 points]

Let X be a finite universe with |X'| = r and let g : X — R be a real valued function.
Let S C X" be the set of sequences x, ..., x, with each x; € X’ defined as

5 = {(xl,...,xn)eé\f” | iig(xi)th}.

LetIT={P | Y,cx P(a)g(a) > a}. Show that
S| < ()2
where H* = supp.; H(P).

4. Differential entropy of a Gaussian. [2 + 3 =5 points]

We saw in class that if the differential entropy h(X) exists for a continuous random
variable X taking values in R”, and A € R"*" is a non-singular matrix, then

h(AX) = h(X)+log|A|,

where |A| denotes |Det(A)|. We can use this to compute the entropy of a Gaussian
random variable.

(a) Let X ~ N(p,Z) be an n-dimensional Gaussian with mean y and covariance
matrix X i.e.,

E[X]=u and E[(X—y)(X—y)T}zz.

Assume that the covariance matrix X is positive definite and hence there exists a
non-singular matrix R such that ¥ = R?. Use this to show that

1
h(X) = g -log(27e) + 5 -log |Z| .
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(b) Use the above to show that for any two positive definite matrices ¥; and ,,
and « € [0,1], we have

-S4 (1—a) S| > |2 %,

5. Chernoff bound for read-k families. [3+3+3+3 = 12 points]

We used Sanov’s theorem to derive the Chernoff bound for independent random
variables X3, ..., X, taking values uniformly in {0,1}. In particular, we showed that

1
P|{Xi+ - +X,> <2+€> Tl] < (n_{_l)'zfn-D(%%SH%),

where D (3 +¢€||3) denotes the KL-divergence of two distributions on {0,1}, with
probabilities (1 +¢ 1 —¢) and (3,1). In this problem, we will consider functions
fi, ..., fr depending on the variables Xj, ..., X;; and prove a concentration bound on
the expression fi + - - - + f;.

Let Sy,..., S, be subsets of [n] for each i € [r], let f; : {0,1}% — {0,1} be a function
which depends only on the variables in S;. We use the shorthand X, to denote the
variables {X; }]. cs,- Moreover, we have the property that each variable is involved in
only k functions ie., Vj € [n], [{i € [r] | j € Si}| = k. Such a family of functions is
called a read-k family (it is not too hard to see that the lower bound extends to the
case when each variable is in at most k functions).

(a) Recall that for two random variables Z; and Z, distributed on same universe Z
with distributions P; and P, we also use D (Z1]|Z2) to mean D (P;||P;). Let
Y1, ..., Y, be (not necessarily independent) random variables jointly distributed
on {0,1}" and let Xy, ..., X,, be random variables as above, distributed uni-
formly and independently on {0,1}". Let the sets {S;};c|, be as above. Use

ier
Shearer’s lemma to show that

k-D (Y., Yl X1, ., Xa) > Y. D(Ys[Xs,) -

ie[r]
(b) Let A = {(al,...,an) e {0,1}" | Licp fi ({aj}jesi) > t}. Let (Y1,...,Y,) be

uniformly distributed over the set A (note that Y3,...,Y, are not necessarily
independent). Prove that

P

Zﬁ(xs»zt] = 270,

icr]

where the probability is over the uniform distribution for Xj, ..., X,.
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(c) Foreachi € [r],1let E [f; (Xs,)] = pi and E [f; (Ys,)] = v;. Prove that
D(YSiHXSi) > D(ViH.ui) ’
where D (v;||u;) denotes the divergence of two distributions on {0, 1} with prob-
abilities (v;,1 —v;) and (p;, 1 — u;).

(d) Use the above bounds and the convexity of KL-divergence in both its arguments
to show that for u = 1 - (uy +--- 4+ u,),

7

P [fi(Xs,)+ -+ fi(Xs,) > (u+e)-r] < 270/R-Duteln),



