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Abstract

In order to solve realistic reinforce-
ment learning problems, it is critical
that approximate algorithms be used.
In this paper, we present the conser-
vative policy iteration algorithm which
finds an “approximately” optimal pol-
icy, given access to a restart distri-
bution (which draws the next state
from a particular distribution) and
an approximate greedy policy chooser.
Crudely, the greedy policy chooser
outputs a policy that usually chooses
actions with the largest state-action
values of the current policy, ie it out-
puts an “approximate”’ greedy policy.
This greedy policy chooser can be im-
plemented using standard value func-
tion approximation techniques. Un-
der these assumptions, our algorithm:
(1) is guaranteed to improve a per-
formance metric (2) is guaranteed
to terminate in a “small” number of
timesteps and (3) returns an “approx-
imately” optimal policy. The quanti-
fied statements of (2) and (3) depend
on the quality of the greedy policy
chooser, but not explicitly on the the
size of the state space.

1 Introduction

The two standard approaches, greedy dynamic pro-
gramming and policy gradient methods, have enjoyed
many empirical successes on reinforcement learning
problems. Unfortunately, both methods can fail to ef-
ficiently improve the policy. Approximate value func-
tion methods suffer from a lack of strong theoretical
performance guarantees. We show how policy gradient
techniques can require an unreasonably large number

of samples in order to determine the gradient accu-
rately. This is due to policy gradient method’s fun-
damental intertwining of “exploration” and “exploita-
tion”.

In this paper, we consider a setting in which our al-
gorithm is given access to a restart distribution and
an “approximate”’ greedy policy chooser. Informally,
the restart distribution allows the agent to obtain
its next state from a fixed distribution of our choos-
ing. Through a more uniform restart distribution,
the agent can gain information about states that it
wouldn’t necessarily visit otherwise. Also informally,
the greedy policy chooser is a “black box” that outputs
a policy that on average chooses actions with large
advantages with respect to the current policy, ie it
provides an “approximate” greedy policy. This “black
box” algorithm can be implemented using one of the
well-studied regression algorithms for value functions
(see [9, 3]). The quality of the resulting greedy pol-
icy chooser is then related to the quality of this “black
box”.

Drawing upon the strengths of the standard ap-
proaches, we propose the conservative policy iteration
algorithm. The key ingredients of this algorithm are:
(1) the policy is improved in a more uniform manner
over the state-space and (2) a more conservative policy
update is performed in which the new policy is a mix-
ture distribution of the current policy and the greedy
policy. Crudely, the importance of (1) is to incorpo-
rate “exploration” and the importance of (2) is to avoid
the pitfalls of greedy dynamic programming methods
which can suffer from significant policy degradation
by directly using “approximate” greedy policies. Our
contribution is in proving that such an algorithm con-
verges in a “small” number of steps and returns an
“approximately” optimal policy, where the quantified
claims do not explicitly depend on the the size of the
state space. We first review the problems with stan-
dard approaches, then state our algorithm.



2 Preliminaries

A finite Markov decision process (MDP) is defined
by the tuple (S,D,A,R, ( where: S is a
finite set of states, D is the starting state distribu-
tion, A is a finite set of actions, R is a reward function
R S A , ,and ( are the transi-
tion probabilities, with (|, giving the next-state
distribution upon taking action in state

Although ultimately we desire an algorithm which uses
only the given MDP | we assume access to a restart
distribution, defined as follows:

e ni ion A res ar disri ion draws the

next state from the distribution

This restart distribution is a slightly weaker version of
the generative model in [5]. As in [5], our assumption
is considerably weaker than having knowledge of the
full transition model. owever, it is a much stronger
assumption than having only “irreversible” experience,
in which the agent must follow a single trajectory, with
no ability to reset to obtain another trajectory from a
state. If is chosen to be a relatively uniform distri-
bution (not necessarily D), then this restart distri-
bution can obviate the need for explicit exploration.

The agent’s decision making procedure is characterized
by a stochastic policy ( , which is the probability
of taking action in state (where the semi-colon is
used to distinguish the parameters from the random
variables of the distribution). We only consider the
case where the goal of the agent is to maximize the -
discounted average reward from the starting state dis-
tribution D, though this has a similar solution to max-
imizing the average reward for processes that “mix” on
a reasonable timescale [ |. Given , we define
the va e f nc ion for a given policy as

R(C,

where  and are random variables for the state
and action at time upon executing the policy from
the starting state (see [7] for a formal definition of
this expectation). Note that we are using normali ed

valuesso  ( , . For agiven policy , we define
the s a e ac ion va e as

(, R(, (
and as in [ | (much as in [1]), we define the advan age

as

A(, (s (
Again, both  ( , and A (, ,
due to normalization.

It is convenient to define the disco ned f re
saedisri ion (asin| ]) for a starting state dis-
tribution as

(2.1) ( ( ;

where the is necessary for normalization. We
abuse notation and write for the discounted
future-state distribution with respect to the distribu-
tion which deterministically starts from state . Note
that  ( R( , This distribu-
tion is analogous to the stationary distribution in the
undiscounted setting, since as , tends to the
stationary distribution for all , if one such exists.

The goal of the agent is to maximize the discounted
reward from the start state distribution D,

( (

Note that  ( R(, A well
known result is that a policy exists which simultane-
ously maximizes ( for all states.

e Problems it urrent et ods

We now examine in more detail the problems with ap-
proximate value function methods and policy gradient
methods. There are three questions to which we desire
answers to:

(1) Is there some performance measure that is
guaranteed to improve at every step

(2) owdi cultis it to verify if a particular up-
date improves this measure

(3) After a reasonable number of policy updates,
what performance level is obtained

We now argue that both greedy dynamic programming
and policy gradient methods give unsatisfactory an-
swers to these questions. Note that we did not ask is
“What is the quality of the asymptotic policy ”. We
are only interested in policies that we can find in a rea-
sonable amount of time. Understanding the problems
with these current methods gives insight into our new
algorithm, which addresses these three questions.

ppro ima e a e nc ion Me hods

xact value function methods, such as policy iteration,
typically work in an iterative manner. Given a pol-
icy , policy iteration calculates the state-action value
(, ,and then creates a new deterministic policy
( such that ( iff argmax  ( ,
This process is repeated until the state-action values
converge to their optimal values. These exact value
function methods have strong bounds showing how
fast the values converge to optimal (see [7]).

Approximate value function methods typically use ap-
proximate estimates of the state-action values in an



exact method. These methods suffer from a paucity
of theoretical results on the performance of a policy
based on the approximate values. This leads to weak
answers to all three questions.

Let us consider some function approximator ( with

the -error:
( (

where is some policy. Let be a greedy policy
based on this approximation. We have the following
guarantee (see [3]) for all states

(3.1) ( (

In other words, the performance is guaranteed to not
decrease by more than —.  uestion 2 is not applica-
ble since these methods don’t guarantee improvement
and a performance measure to check isn’t well defined.

For approximate methods, the time required to obtain
some performance level is not well understood. Some
convergence and asymptotic results exist (see [3]).

o ic radien s Me hods

Direct policy gradient methods attempt to find a good
policy among some restricted class of policies, by fol-
lowing the gradient of the future reward. Given some
parameterized class R, these methods com-
pute the gradient

(3-2) ( (,

(as shown in [ ).

For policy gradient techniques, question 1 has the ap-
pealing answer that the performance measure of inter-
est is guaranteed to improve under gradient ascent. We
now address question 2 by examining the situations in
which estimating the gradient direction is di cult. We
show that the lack of exploration in gradient methods
translates into requiring a large number of samples in
order to accurately estimate the gradient direction.

Consider the simple MDP shown in Figure 3.1
(adapted from [10]). Under a policy that gives equal
probability to all actions, the expected time to the
goal from the left most state is ( , and with
, the expected time to the goal is about
This MDP falls in the class of MDPs in which random
actions are more likely than not to increase the dis-
tance to the goal state. For these classes of problems
(see [11]), the expected time to reach the goal state
using undirected exploration, ie random walk explo-
ration, is exponential in the size of the state space.
Thus, any on-policy method has to run for at least
this long before any policy improvement can occur. In
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online value function methods, this problem is seen as
a lack of exploration.

Any sensible estimate of the gradient without reaching
the goal state would be zero, and obtaining non-zero
estimates requires exponential time with on-policy
samples. Importance sampling methods do exist (see
[ ]), but are not feasible solutions for this class of prob-
lems. The reason is that if the agent could follow some
“off-policy” trajectory to reach the goal state in a rea-
sonable amount of time, the importance weights would
have to be exponentially large.

Note that a zero estimate is a rather accurate esti-
mate of the gradient in terms of magnitude, but this
provides no information about direction, which is the
crucial quantity of interest. The analysis in [2] sug-
gests a relatively small sample size is needed to ac-
curately estimate the magnitude (within some toler-
ance), though this does not imply an accurate direction
if the gradient is small. Unfortunately, the magnitude
of the gradient can be very small when the policy is
far from optimal.

Let us give an additional example demonstrating the
problems for the simple two state MDP shown in Fig-
ure 3.2, which uses the common Gibbs table-lookup
distributions, ( ( Increasing
the chance of a self-loop at decreases the stationary
probability of , which hinders the learning at state

Under an initial policy that has the stationary distri-
bution ( and ( (using ( and
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( ), learning at state reduces the learning
at state leading to an an extremely at plateau of
improvement at average reward shown in Figure 3.2.
Figure 3.3 shows that this problem is so severe that

( drops as low as from it’s initial probability
of . As in example 1, to obtain a nonzero estimate
of the gradient it is necessary to visit state . The
situation could be even worse with a few extra states
in a chain as in figure 3.1.

Although asymptotically a good policy might be
found, these results do not bode well for the answer
to question 3, which is concerned with how fast such a
policy can be found. These results suggest that in any
reasonable number of steps, a gradient method could
end up being trapped at plateaus where estimating the
gradient direction has an unreasonably large sample
complexity. Answering question 3 is crucial to under-
stand how well gradient methods perform, and (to our
knowledge) no such analysis exists.

A  ro imatel timal

The fundamental problem with policy gradients is that

, which is what we ultimately seek to optimize, is
insensitive to policy improvement at unlikely states
though policy improvement at these unlikely states
might be necessary in order for the agent to achieve
near optimal payoff. We desire an alternative perfor-
mance measure that does not down weight advantages
at unlikely states or unlikely actions. A natural can-
didate for a performance measure is to weight the im-
provement from all states more uniformly (rather than
by D), such as

( (

where is some “exploratory” restart distribution. Un-
der our assumption of having access to a -restart dis-
tribution, we can obtain estimates of  (

Any optimal policy simultaneously maximizes both
and . Unfortunately, the policy that maximizes
within some restricted class of policies may have poor

performance according to
maximizing

, S0 we must ensure that
results in a good policy under

Greedy policy iteration updates the policy to some
based on some approximate state-action values. In-
stead, let us consider the following more conservative
update rule:

(.1 ( ( ( C

for some and , To guarantee improve-
ment with , must choose a better action at
every state, or else we could suffer the penalty shown
in equation 3.1.

In the remainder of this section, we describe a more
conservative policy iteration scheme using and
state the main theorems of this paper. In subsection
.1, we show that  can improve under the much less
stringent condition in which  often, but not always,
chooses greedy actions. In subsection .2, we assume
access to a greedy policy chooser that outputs “ap-
proximately” greedy policies  and then bound the
performance of the policy found by our algorithm in
terms of the quality of this greedy policy chooser.

o ic mprovemen

A more reasonable situation is one in which we are

able to improve the policy with some using a

that chooses better actions at most but not all states.

Let us define the po ic advan age ( of some

policy  with respect to a policy and a distribution
to be

( A(,

The policy advantage measures the degree to which

is choosing actions with large advantages, with respect

to the set of states visited under starting from a state
. Note that a policy found by one step of policy

improvement maximizes the policy advantage.

It is straightforward to show that — —
(using equation 3.2), so the change in  is:

(-2) — (

ence, for su ciently small |, policy improvement oc-
curs if the policy advantage is positive, and at the other
extreme of , significant degradation could occur.
We now connect these two regimes to determine how
much policy improvement is possible.

heorem et be the policy advantage o
ith respect to and and let
A (, or the update rule
and or all ,
( ( (




The proof of this theorem is given in the appendix. It
is possible to construct a two state example showing
this bound is tight for all though we do not provide
this example here.

The first term is analogous to the first order increase
specified in equation .2, and the second term is a
penalty term. Note that if , the bound reduces
to

( (

and the penalty term has the same form as that of
greedy dynamic programming, where , as defined
here, is analogous to the error in equation 3.1.

The following corollary shows that the greater the pol-
icy advantage the greater the guaranteed performance
increase.

oro ar et  be the ma imal possible re ard
and  be the policy advantage o ith respect to
and . then using —— guarantees the
ollo ing policy improvement
( « —

roo . Using the previous theorem, it is straightfor-
ward to show the change is bounded by —( —_—.
The corollary follows by choosing the that maximizes
this bound.

ns ering es ion

We address question 3 by first addressing how fast we
converge to some policy then bounding the quality of
this policy. Naively, we expect our ability to obtain
policies with large advantages to affect the speed of im-
provement and the quality of the final policy. Instead
of explicitly suggesting algorithms that find policies
with large policy advantages, we assume access to an

-greedy policy chooser that solves this problem. Let
us call this -good algorithm  ( , , which is defined
as:

e ni ion An greed poic chooser,
(, , is a function of a policy and a state
distribution = which returns a policy such that

( OPT( , where OPT(

In the discussion, we show that a regression algorithm
that fits the advantages with an - average error is
su cient to construct such a

The “breaking point” at which policy improvement is

no longer guaranteed occurs when the greedy policy

chooser is no longer guaranteed to return a policy with

a positive policy advantage, ie when OPT(

A crude outline of the onserva ive o ic era
ion algorithm is:

(1) Call  (, to obtain some

(2) stimate the policy advantage (

(3) If the policy advantage is small (less than ),
STOP and return

() lse, update the policy and go to (1).

where, for simplicity, we assume is known. This algo-
rithm ceases when an  small policy advantage (with
respect to ) is obtained. y definition of the greedy
policy chooser, it follows that the optimal policy ad-
vantage of isless than . The full algorithm is spec-
ified in the next section. The following theorem shows
that in polynomial time, the full algorithm finds a pol-
icy that is close to the “break point” of the greedy
policy chooser.

heorem ith probability at least conser-
vative policy iteration 1 improves ith every pol-
icy update il ceases in at most — callsto (

and it returns a policy  such that (

The proof is in the appendix.

To complete the answer to question 3, we need to ad-
dress the quality of the policy found by this algorithm.
Note that the bound on the time until our algorithm
ceases does not depend on the restart distribution

though the performance of the policy that we find
does depend on  since OPT( Crudely,
for a policy to have near optimal performance then all
advantages must be small. Unfortunately, if is
highly non-uniform, then a small optimal policy ad-
vantage does not necessarily imply that all advantages
are small. The following corollary (of theorem .2)
bounds the performance of interest, , for the policy
found by the algorithm. We use the standard defini-

tion of the -norm, ( .
oro ar ssume that or some policy
( . et be an optimal policy. hen

( ( — —

The factor of

tween the distribution of states of the current pol-
icy and that of the optimal policy and elucidates the
problem of using the given start-state distribution D
instead of a more uniform distribution.  ssentially,
a more uniform ensures that the advantages are
small at states that an optimal policy visits (deter-
mined by ). The second inequality follows since

( ( ( , and it shows that a uniform
measure prevents this mismatch from becoming arbi-
trarily large.

represents a mismatch be-

We now discuss and prove these theorems.



onser ati e Polic Iteration

For simplicity, we assume knowledge of . The conser-
vative policy iteration algorithm is:

(1) Call  (, to obtain some
(2) Use (— —  -restarts to obtain an —-
accurate estimate  of (
3) It —, STOP and return
() If —, then update policy according to
equation .1 using and return to
step 1.
where is the failure probability of the algorithm.

Note that the estimation procedure of step (2) allows
us to set the learning rate

We now specify the estimation procedure
of step (2) to obtain -—-accurate estimates
of ( . It is straightforward to show
that the policy advantage can be written as
( ( ( (,
We can obtain a nearly unbiased estimate of

( using one call to the -restart distribution
(see definition 2.1). To obtain a sample from from
, we obtain a trajectory from and accept
the current state with probability ( (see
equation 2.1). Then we chose an action from the
uniform distribution, and continue the trajectory
from to obtain a nearly unbiased estimate  ( ,
of (, Using importance sampling, the nearly
unbiased estimate of the policy advantage from the
-th sample is (, (( ( where
is the number of actions. We assume that each
trajectory is run su ciently long such that the bias in
is less than -.

Since , , our samples satisfy

, . Using oeffding’s inequality for inde-
pendent, identically distributed random variables, we
have:

(5.1) :

where - (and here is - biased). ence,
the number of trajectories required to obtain a  ac-

curate sample with a fixed error rate is

The proof of theorem . , which guarantees the sound-
ness of conservative policy iteration, is straightforward
and in the appendix.

o ood is e Polic ound

Recall that the bound on the speed with which our
algorithm ceases does not depend on the restart dis-
tribution used. In contrast, we now show that the

quality of the resulting policy could strongly depend
on this distribution.

The following lemma is useful:

Lemma or any policies and and any start-
ing state distribution
( «( — A(,
roo . Let ( ( , y defini-
tion of (
(
( R( ,
( R( ,
( (
( R( ,
( ( (
( A,

( -

and the result follows by taking the expectation of this
equation with respect to

This lemma elucidates a fundamental measure mis-
match. The performance measure of interest, (
changes in proportion the policy advantage (
for small  (see equation .2), which is the average
advantage under the state distribution . ow-
ever, for an optimal policy , the difference between
( and ( is proportional to the average ad-
vantage under the state distribution . Thus, even
if the optimal policy advantage is small with respect
to and D, the advantages may not be small under
This motivates the use of the more uniform
distribution

After termination, our algorithm returns a policy
which has small policy advantage with respect to
We now quantify how far from optimal is, with re-
spect to an arbitrary measure
heorem ssume that or a policy
( . et be an optimal policy. hen
or any state distribution

( (



roo . The optimal policy advantage is OPT(

( A (, . Therefore,
(
( A(,
(
: (A
— (  4¢,
( —  (( (

where the last step follows from lemma .1. The sec-
ond inequality is due to ( ( (

Note that is a measure of the mismatch in

using rather than the future-state distribution of an
optimal policy. The interpretation of each factor of
—— is important. In particular, one factor of —
is due to the fact that difference between the perfor-

mance of and optimal is — times the average ad-
vantage under ( (see lemma .1) and another
factor of — is due to the inherent non-uniformity of

(since ( ( ().

iscussion

We have provided an algorithm that finds an “approx-
imately” optimal solution that is polynomial in the
approximation parameter , but not in the size of the
state space. We discuss a few related points.

he reed oic hooser

The ability to find a policy with a large policy advan-
tage can be stated as a regression problem though we
don’t address the sample complexity of this problem.
Let us consider the error given by:

A(, ¢,

This loss is an average loss over the state space (though
it is an  -loss over actions). It is straightforward to
see that if we can keep this error below -, then we
can construct an -greedy policy chooser by choos-
ing a greedy policy based on these approximation

This condition for the regression problem is a much
weaker constraint than minimizing an  -error over
the state-space, which is is the relevant error for greedy
dynamic programming (see equation 3.1 and [3]).

Direct policy search methods could also be used to
implement this greedy policy chooser.

ha a o improving

ven though we ultimately seek to have good perfor-
mance measure under , we show that it is important
to improve the policy under a somewhat uniform mea-
sure. An important question is “Can we improve the
policy according to both and  at each update ”
In general the answer is “no”, but consider improving
the performance under ( D instead of
just . This metric only slightly changes the quality of
the asymptotic policy. owever by giving weight to D,
the possibility of improving  is allowed if the optimal
policy has large advantages under D, though we do not
formalize this here. The only situation where joint im-
provement with is not possible is when OPT(
is small. owever, this is the problematic case where,
under D, the large advantages are not at states visited
frequently.

mp ica ions of he misma ch

The bounds we have presented directly show the im-
portance of ensuring the agent starts in states where
the optimal policy tends to visit. It also suggests that
certain optimal policies are easier to learn in large state
spaces  namely those optimal policies which tend to
visit a significant fraction of the state space. An inter-
esting suggestion for how to choose , is to use prior
knowledge of which states an optimal policy tends to
visit.
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A endi

The intuition for the proof of theorem .11isthat de-
termines the probability of choosing an action from

If the current state distribution is when an action
from  is chosen, then the performance improvement
is proportional to the policy advantage. The proof in-
volves bounding the performance decrease due to the
state distribution not being exactly , when an ac-
tion from  is chosen.

Proo s

roo . Throughout the proof, the
explicitly stated. For any state ,

dependence is not

( A(,
(( ( ( A,
( A(,
where we have used ( A,

For any timestep, the probability that we choose an
action according to is . Let be the random vari-
able indicating the number of actions chosen from
before time ence, ( ( . Defin-
ing ( ( and ( to
be distribution over states at time while following
starting from , it follows that

where we have used the definition of and (

(
y substitution and lemma .1, we have:
( (
( A,
( A,
C
- ( A ( ’
( (

The result follows from simple algebra.

The proof of theorem follows.

roo . During step (2), we need enough samples such
that - for every loop of the algorithm and, as
proved below, we need to consider at most —— loops.

If we demand that the probability of failure is less than
, then by the union bound and inequality 5.1, we have

(failure — ,
- since the bias in our esti-

for  trajectories
where we have taken

mates is at most -. Thus, we require — —

trajectories.

Thus, if —, then -
.2, step guarantees improvement of

y corollary
by at least

— using —, which proves .

Since
fore  becomes larger than
cease in this time, which proves

, there are at most —— steps be-
, S0 the algorithm must
. In order to cease

and return , on the penultimate loop, the must
have returned some  such that —, which im-
plies  ( y definition of , it follows that
OPT( , which proves 4.



