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Abstract

Thispaperstudiesthedatalocality of thework-stealingschedulingalgo-
rithm on hardware-controlledshared-memorymachines,wheremovement
of datato and from the cacheis solely controlledby the hardware. We
presentlowerandupperboundson thenumberof cachemisseswhenusing
work stealing,andintroducea locality-guidedwork-stealingalgorithmand
its experimentalvalidation.

As a lowerbound,weshow thatawork-stealingapplicationthatexhibits
gooddatalocality onauniprocessormayexhibit poordatalocalityonamul-
tiprocessor. In particular, we show a family of multithreadedcomputations���

whosemembersperform �����	� operations(work) andincur a constant
numberof cachemisseson a uniprocessor, while even on two processors
the total numberof cachemissessoarsto 
����	� . On the other hand,we
show atight upperboundonthenumberof cachemissesthatnested-parallel
computations,a large, importantclassof computations,incur dueto multi-
processing.In particular, for nested-parallelcomputations,we show thaton�

processorsamultiprocessorexecutionincursanexpected
�������� ��� ����� �
moremissesthantheuniprocessorexecution.Here � is theexecutiontime
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of an instructionincurringa cachemiss, � is thestealtime, � is thesizeof
cache,and

���
is the numberof nodeson the longestchainof dependen-

cies.Basedonthiswegivestrongexecutiontimeboundsfor nested-parallel
computationsusingwork stealing.

For the secondpart of our results,we presenta locality-guidedwork
stealingalgorithmthat improvesthedatalocality of multithreadedcompu-
tationsby allowing a threadto have anaffinity for a processor. Our initial
experimentson iterative data-parallelapplicationsshow that the algorithm
matchestheperformanceof static-partitioningundertraditionalwork loads
but improvestheperformanceup to � � ! over staticpartitioningundermul-
tiprogrammedwork loads. Furthermore,the locality-guidedwork stealing
improvestheperformanceof work-stealingup to " � ! .

1 Introduction

Many of today’s parallel applicationsuse sophisticated,irregular algorithms
which are best realizedwith parallel programmingsystemsthat supportdy-
namic,lightweight threadssuchasCilk [8], Nesl [5], Hood[10], andmany oth-
ers[3, 16,17,21,32]. Thecoreof thesesystemsisathreadschedulerthatbalances
loadamongtheprocesses(operating-system-level threads,or virtual processors).
In addition to a good load balance,however, gooddatalocality is essentialin
obtaininghighperformancefrom modernparallelsystems.

Severalresearcheshavestudiedtechniquesto improvethedatalocalityof mul-
tithreadedprograms.Oneclassof suchtechniquesisbasedonsoftware-controlled
distribution of dataamongthe local memoriesof a distributedsharedmemory
system[15, 22, 26]. Anotherclassof techniquesis basedon hints suppliedby
the programmerso that “similar” tasksmight be executedon the sameproces-
sor [15, 31, 34]. Both theseclassesof techniquesrely on the programmeror
compiler to determinethe dataaccesspatternsin the program,which may be
verydifficult whentheprogramhascomplicateddataaccesspatterns.Perhapsthe
earliestclassof techniqueswasto attemptto executethreadsthatareclosein the
computationgraphonthesameprocessor[1, 9,20,23,26,28]. Thework-stealing
algorithmis themoststudiedof thesetechniques[9, 11,19, 20,24,37, 36]. Blu-
mofe et al showed that fully-strict computationsachieve a provably good data
locality [7] whenexecutedwith thework-stealingalgorithmon a dag-consistent
distributedsharedmemorysystems.In recentwork, Narlikar showedthat work
stealingimprovesthe performanceof space-efficient multithreadedapplications
by increasingthe datalocality [29]. Noneof this previous work, however, has
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studiedupperor lowerboundson thedatalocality of multithreadedcomputations
executedon existing hardware-controlledsharedmemorysystems,wheremove-
mentof datato andfrom thecacheis solelycontrolledby thehardware.

In this paper, we presenttheoreticalandexperimentalresultson the datalo-
cality of work stealingonhardware-controlledsharedmemorysystems(HSMSs).
Ourfirst setof resultsareupperandlowerboundson thenumberof cachemisses
in multithreadedcomputationsexecutedby thework-stealingalgorithm.Consider
amultithreadedcomputationwith #%$ work (totalnumberof instructions),and # �
critical path(longestsequenceof dependencies).Let &'$)(+*-, denotethenumber
of cachemissesin theuniprocessorexecutionand &/.0(1*2, denotethenumberof
cachemissesin a 3 -processorexecutionof the computationwith work stealing
onanHSMSwith cachesize * . Weshow thefollowing:

4 Lower bounds on the number of cache misses for general computations:
We show that thereis a family of computations5 �

with #%$�6872(:9;, such
that &'$)(1*2,<6 =>* while even on two processorsthe numberof misses
&@?A(1*-,B6C72(D9;, .

4 Upper bounds on the number of cache misses for nested-parallel com-
putations: For a nested-parallelcomputation,we show that &/.0(+*-,FE
&G$)(1*-,IHKJ>*�L , where L is the numberof stealsin the 3 -processorexe-
cution. We thenshow that theexpectednumberof stealsis M2(ON � �QP 3R# � , ,
whereS is thetime for acachemissand T is thetime for a steal.

4 Upper bound on the execution time of nested-parallel computations:
We show thattheexpectedexecutiontimeof a nested-parallelcomputation
on 3 processorsis M-()UOV:WYX	Z. H[S\N � � P *[# � H](:S^HFT_,`# � , , where# $ (+*-, is
theuniprocessorexecutiontimeof thecomputationincludingcachemisses.

As in previous work [6, 9], we representa multithreadedcomputationas a
directed,acyclic graph(dag) of instructions.Eachnodein the dagrepresentsa
singleinstructionandtheedgesrepresentorderingconstraints.A nested-parallel
computation[5, 6] is definedasa race-freecomputationthatcanberepresented
with aseries-paralleldag[33]. Nested-parallelcomputationsisanimportant,large
classof computations,including computationsconsistingof parallel loops and
fork andjoins andany nestingof them.For example,mostcomputationsthatcan
beexpressedin Cilk [8], andall computationsthatcanbe expressedin Nesl [5]
arenested-parallelcomputations.Our resultsshow thatnested-parallelcomputa-
tionshavemuchbetterlocality characteristicsunderworkstealingthandogeneral
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Figure1: Thespeedupobtainedby threedifferentover-relaxationalgorithms.

computations.We alsobriefly consideranotherclassof computations,computa-
tionswith futures[12, 13,14,20, 25], andshow thatthey canbeasbadasgeneral
computations.

Thesecondpartof ourresultsareonfurtherimprovingthedatalocalityof mul-
tithreadedcomputationswith work stealing.In work stealing,aprocessorstealsa
threadfrom arandomly(with uniformdistribution)chosenprocessorwhenit runs
out of work. In certainapplications,suchasiterative data-parallelapplications,
randomstealsmay causepoor data locality. We introducethe locality-guided
work stealingto remedythis. Locality-guidedwork stealingis a heuristicmod-
ification to work stealingthat allows a threadto have an affinity for a process.
In locality-guidedwork stealing,whena processgivespriority to a threadthat
hasaffinity for the process.Someof the techniquesthat researcherssuggestfor
improving datalocality canbe realizedwith locality-guidedwork stealing. For
example,the programmercanachieve an initial distribution of work amongthe
processesor schedulethreadsbasedon hintsby appropriatelyassigningaffinities
to threadsin thecomputation.

Our preliminaryexperimentswith locality-guidedwork stealinggive encour-
aging results,showing that for iterative, data-parallelapplicationsthe perform-
anceis very closeto that of staticpartitioningin dedicatedmode(i.e. whenthe
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usercanlock down a fixednumberof processors),but doesnot suffer a perform-
anceclif f problem[10] in multiprogrammedmode(i.e. whenprocessorsmightbe
takenby otherusersor theOS).Figure1 showsagraphcomparingwork stealing,
locality-guidedwork stealing,andstaticpartitioningfor a simpleover-relaxation
algorithmon a b)c processorSunUltra Enterprise.Theover-relaxationalgorithm
iteratesover a b dimensionalarrayperforminga = -point stencilcomputationon
eachstep.Sincethedatain thedepictedexperimentdoesnotfit into theL J cache
of one processorbut fits into the collective L J cacheof d or more processors,
we observe superlinearspeedupsfor staticpartitioningandlocality-guidedwork
stealing.For thisbenchmarkthefollowing canbeseenfrom thegraph.

1. Locality-guidedwork stealingdoessignificantlybetterthanstandardwork
stealingsinceon eachstepthecacheis pre-warmedwith thedataaccessed
in thestep.

2. Locality-guidedwork stealingdoesapproximatelyas well as staticparti-
tioningfor up to 14 processes.

3. Whentrying to schedulemorethan14processeson14processorsstaticpar-
titioning exhibits a seriousperformancedrop (the performanceclif f prob-
lem). Theinitial dropis dueto loadimbalancecausedby thecoarse-grained
partitioning. The performancethen approachesthat of work stealingas
the partitioninggetsmore fine-grained. On the other hand,the locality-
guidedwork-stealingcontinuesto performwell even underhighly multi-
programmedworkloads.

Weareinterestedin theperformanceof work-stealingcomputationsonhardware-
controlledsharedmemory(HSMSs). We modelan HSMSasa groupof identi-
cal processorsconnectedthroughaninterconnectto eachotherandto a memory
sharedby all processors.In addition,eachprocessorhasits own cachecontaining
* blocksandis managedby thememorysubsystemautomatically. We allow for
a varietyof cacheorganizationsandreplacementpolicies,includingbothdirect-
mappedandassociative caches.We assigna server processwith eachprocessor
andassociatethecacheof a processorwith its server process.Onelimitation of
ourwork is thatweassumethatthereis no falsesharing.
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2 Related Work

As mentionedin Section1, thereare threemain classesof techniquesthat re-
searchershave suggestedto improve thedatalocality of multithreadedprograms.
In thefirst class,theprogramdatais distributedamongthenodesof a distributed
shared-memorysystemby the programmerand a threadin the computationis
scheduledon the nodethat holdsthe datathat the threadaccesses[15, 22, 26].
In the secondclass,data-localityhints suppliedby the programmerareusedin
threadscheduling[15, 31, 34]. Techniquesfrom both classesareemployedin
distributedsharedmemorysystemssuchasCOOL andIllinois Concert[15, 22]
andalsousedto improve thedatalocality of sequentialprograms[31]. However,
thefirst classof techniquesdo not applydirectly to HSMSs,becauseHSMSsdo
notallow softwarecontrolleddistributionof dataamongthecaches.Furthermore,
both classesof techniquesrely on the programmerto determinethe dataaccess
patternsin theapplicationandthus,maynot beappropriatefor applicationswith
complex data-accesspatterns.

Thethird classof techniques,which is basedon executionof threadsthatare
closein thecomputationgraphonthesameprocess,is appliedin many scheduling
algorithmsincludingwork stealing[1, 9, 23, 26, 28, 19]. Blumofeet al showed
boundson thenumberof cachemissesin a fully-strict computationexecutedby
thework-stealingalgorithmunderthedag-consistentdistributedshared-memory
of Cilk [7]. Dagconsistency is a relaxedmemory-consistency modelthat is em-
ployedin thedistributedshared-memoryimplementationof theCilk language.In
a distributedCilk application,processesmaintainthe dagconsistency by means
of the BACKER algorithm. In [7], Blumofe et al boundthe numberof shared-
memorycachemissesin a distributedCilk applicationfor cachesthataremain-
tainedwith theLRU replacementpolicy.

3 The Model

In this section,we presenta graph-theoreticmodel for multithreadedcompu-
tations,describethe work-stealingalgorithm,defineseries-parallelandnested-
parallelcomputationsandintroduceourmodelof anHSMS(Hardware-controlled
Shared-MemorySystem).

As with previouswork [6, 9] we representa multithreadedcomputationasa
directedacyclic graph,adag, of instructions(seeFigure2). Eachnodein thedag
representsan instructionandtheedgesrepresentorderingconstraints.Thereare
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Figure2: A dag(directedacyclic graph)for amultithreadedcomputation.Threads
areshown asgrayrectangles.

threetypesof edges,continuation,spawn, anddependency edges.A thread is a
sequentialorderingof instructionsandthenodesthatcorrespondsto the instruc-
tionsarelinked in a chainby continuation edges.A spawnedgerepresentsthe
creationof a new threadandgoesfrom thenoderepresentingtheinstructionthat
spawns the new threadto the noderepresentingthe first instructionof the new
thread.A dependencyedgefrom instructiono of a threadto instructionp of some
otherthreadrepresentsa synchronizationbetweentwo instructionssuchthat in-
struction p mustbe executedafter o . We draw spawn edgeswith thick straight
arrows,dependency edgeswith curly arrowsandcontinuationedgeswith straight
arrowsthroughoutthispaper. Also we show pathswith wavy lines.

We definethedepthof a node q asthenumberof edgeson theshortestpath
from therootnodeto q . Let q and r beany two nodesin adag.Thenwecall q an
ancestorof r , and r a descendantof q if thereis a pathfrom q to r . Any nodeis
its descendantandancestor. We saythattwo nodesarerelativesif thereis a path
from oneto theother, otherwisewe saythat thenodesareindependent. We call
a commondescendants of q and r a mergerof q and r if thepathsfrom q to s
and r to s have only s in common. We definethe leastcommonancestorof q
and r astheancestorof both q and r with maximumdepth.Similarly, we define
thegreatestcommondescendantof q and r , asthedescendantof both q and r
with minimum depth. An edge (:q;turv, is redundant if thereis a pathbetweenq
and r thatdoesnot containtheedge (Dq%twr	, . The transitive reductionof a dagis
thedagwith all theredundantedgesremoved. In a transitive reductionof a dag,
thechildrenof a nodeareindependentbecauseotherwisetheedgefrom thenode
to onechild is redundant.
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In this paperwe areonly concernedwith thetransitive reductionof thedags.
We alsorequirethatthedagshave a singlenodewith in-degreex , theroot, anda
singlenodewith out-degree x , thefinal node.For a computationwith anassoci-
ateddag 5 , we definethecomputationalwork, #%$ , asthenumberof nodesin 5
andthecritical path, # � , asthenumberof nodeson thelongestpathof 5 .

In amultiprocessexecutionof amultithreadedcomputation,independentnodes
canexecuteat thesametime. If two independentnodesreador modify thesame
data,we saythatthey areRRor WW sharingrespectively. If onenodeis reading
and the other is modifying the datawe say they areRW sharing. RW or WW
sharingcancausedataraces,andtheoutputof acomputationwith suchracesusu-
ally dependson theschedulingof nodes.Suchracesaretypically indicative of a
bug [18]. We refer to computationsthatdo not have any RW or WW sharingas
race-freecomputations.In thispaperwe consideronly race-freecomputations.

Thework-stealingalgorithmisathreadschedulingalgorithmfor multithreaded
computations.Theideaof work-stealingdatesbackto theresearchof Burtonand
Sleep[11] andhasbeenstudiedextensively sincethen[2, 9, 19, 20, 24, 37, 36]. In
thework-stealingalgorithm,eachprocessmaintainsa pool of readythreadsand
obtainswork from its pool. Whenaprocessspawnsanew threadtheprocessadds
thenew threadinto its pool. Whena processrunsout of work andfinds its pool
empty, it choosesa randomprocessasits victim andtriesto stealwork from the
victim’spool.

In our analysis,we imaginethe work-stealingalgorithmoperatingon indi-
vidualnodesin thecomputationdagratherthanon thethreads.Considera multi-
threadedcomputationandits executionby thework-stealingalgorithm.Wedivide
theexecutioninto discretetimestepssuchthatateachstep,eachprocessis either
working on a node,which we call theassignednode, or is trying to stealwork.
Theexecutionof a nodetakesb time stepif thenodedoesnot incura cachemiss
and S stepsotherwise.Wesaythatanodeis executedat thetimestepthataproc-
esscompletesexecutingthe node. The executiontime of a computationis the
numberof time stepsthatelapsebetweenthe time stepthata processstartsexe-
cutingtherootnodeto thetimestepthatthefinal nodeis executed.Theexecution
schedulespecifiestheactivity of eachprocessat eachtimestep.

Duringtheexecution,eachprocessmaintainsadeque(doublyendedqueue)of
readynodes;we call theendsof a dequethetopandthebottom. Whenanode,q ,
is executed,it enablessomeothernode r if q is thelastexecutedparentof r . We
call theedge (:q;turv, anenablingedgeand q thedesignatedparentof r . Whena
processexecutesanodethatenablesothernodes,oneof theenablednodesbecome
theassignednodeandtheprocesspushestherestontothebottomof its deque.If
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Figure3: Illustratesthe recursive definition for series-paralleldags. Figure (a)
is the basecase,figure (b) depictsthe serial,andfigure (c) depictsthe parallel
composition.

no nodeis enabled,thentheprocessobtainswork from its dequeby removing a
nodefrom thebottomof thedeque.If a processfindsits dequeempty, it becomes
a thief andstealsfrom a randomlychosenprocess,the victim. This is a steal
attemptandtakesat leastT andat most �	T time stepsfor someconstant�/��b to
complete.A thief processmightmakemultiplestealattemptsbeforesucceeding,
or might never succeed.Whena stealsucceeds,the thief processstartsworking
on thestolennodeat thestepfollowing thecompletionof thesteal.We saythata
stealattemptoccursat thestepit completes.

Thework-stealingalgorithmcanbeimplementedin variousways.Wesaythat
animplementationof workstealingisdeterministicif, wheneveraprocessenables
multiple nodes,saynodesb_twJI�A�A�w9 , the implementationalwayschoosesthe o th,
for somefixed o , astheassignednodeof thenext step,andthe remainingnodes
arealwaysplacedin thedequein thesameorder. In this paper, we areinterested
in deterministicwork-stealingimplementation.This restrictionis necessaryfor
our bounds,because,in a nondeterministicimplementation,two executionsof
the samecomputationcanexhibit arbitrarily differentlocality dependingon the
nondeterministicchoicesthateachprocessmakeswhenexecutingnodes.

This mustbe truefor bothmultiprocessanduniprocessexecutions.We refer
to a deterministicimplementationof the work-stealingalgorithmtogetherwith
theHSMSthatrunstheimplementationasawork stealer. For brevity, wereferto
anexecutionof amultithreadedcomputationwith a work stealerasanexecution.
We definethe total work asthenumberof stepstakenby a uniprocessexecution,
includingthecachemisses,anddenoteit by #;$u(1*2, , where* is thecachesize.We
denotethenumberof cachemissesin a 3 -processexecutionwith * -blockcaches
as &/.0(1*2, . We definethecacheoverheadof a 3 -processexecutionas &/.�(+*-,��
&'$)(+*-, , where &G$)(1*-, is thenumberof missesin theuniprocessexecutionon the
samework stealer.
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We referto a multithreadedcomputationfor which thetransitive reductionof
thecorrespondingdagis series-parallel[33] asa series-parallelcomputation. A
series-paralleldag 5-(+��t)�-, is a dag with two distinguishedvertices,a source,
T-��� andasink, ����� andcanbedefinedrecursively asfollows(seeFigure3).

4 Base: 5 consistsof asingleedgeconnectingT to � .4 SeriesComposition: 5 consistsof two series-paralleldags5�$)(1��$At)��$�, and
5R?A(+�	?At)��?�, with disjoint edgesets, ��$�����?-6�� , suchthat T is thesource
of 5�$ , � is the sink of 5�$ andthe sourceof 5�? , and q is the sink of 5R? .
Moreover ��$��/��?�6�� �w� .4 Parallel Composition:Thegraphconsistsof twoseries-paralleldags5�$A(+��$)t)��$�,
and 5R?A(+�	?At)��?�, with disjointedgessets,��$��/��?�6�� , suchthat T and � are
thesourceandthesink of both 5�$ and 5R? . Moreover ��$��/��?�6C��T�t��w� .

A nested-parallelcomputationis a race-freeseries-parallelcomputation[6].
We alsoconsidermultithreadedcomputationsthatusefutures[12, 13,14,20,

25]. The dagstructuresof computationswith futuresaredefinedelsewhere[4].
Thisisasuperclassof nested-parallelcomputations,but still muchmorerestrictive
thangeneralcomputations.Thework-stealingalgorithmfor futuresis a restricted
form of work-stealingalgorithm,whereaprocessstartsexecutinganewly created
threadimmediately, puttingits assignedthreadontoits deque.

In our analysis,we considerseveralcacheorganizationandreplacementpoli-
ciesfor anHSMS.We modela cacheasa setof (cache)lines, eachof which can
holdthedatabelongingto a memoryblock (aconsecutive,typically small,region
of memory).Oneinstructioncanoperateon at mostonememoryblock or a line.
We say that an instructionaccessesa line when the instructionreadsor modi-
fies the line. We saythat an instructionoverwritesa line � whenthe instruction
accessessomeotherblock that is broughtto line � in the cache. We say that a
cachereplacementpolicy is simple if it satisfiestwo conditions.First thepolicy
is deterministic.Secondwhenever the policy decidesto overwrite a cacheline,
� , it makesthedecisionto overwrite � by only usinginformationpertainingto the
accessesthataremadeafterthelastaccessto � . Wereferto acachemanagedwith
asimplecache-replacementpolicy asasimplecache.Simplecachesandreplace-
mentpoliciesarecommonin practice. For example,least-recentlyused(LRU)
replacementpolicy, directmappedcachesandsetassociative cacheswhereeach
setis maintainedby a simplecachereplacementpolicy aresimple.

In regardsto thedefinitionof RW or WW sharing,we assumethat readsand
writes pertainto the whole block (line). This meanswe do not allow for false
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sharing—whentwo processesaccessingdifferentportionsof a block invalidate
the block in eachother’ s caches.In practice,falsesharingis an issue,but can
oftenbeavoidedby aknowledgeof underlyingmemorysystemandappropriately
paddingtheshareddatato preventtwoprocessesfrom accessingdifferentportions
of thesameblock.

4 General Computations

Thissectionestablishesthelowerboundfor thedatalocality of work stealing.We
show thatthecacheoverheadof amultiprocessexecutionof ageneralcomputation
canbelargeeventhoughtheuniprocessexecutionincursasmall,constantnumber
of misses.Furthermore,we demonstratea similar result for computationswith
futures.

Theorem 1 There is a familyof computations

��5 ��� 9 6¡��*�tu¢�£ ¤¥�¦�/§�¨©�
with M2(D9;, computationalwork, whoseuniprocessexecutionincurs =>* misses
while any J -processexecutionof thecomputationincurs ª�(D9%, misseson a work
stealerwith a cachesizeof * , assumingthat «'6�M2(1*2, , where « is themaximum
stealtime.

Proof:
Figure4 shows thestructureof a dag, 5�¬ X for 9'6­c®* . Thenodesarenum-

beredin the orderof a uniprocessexecution. Node b representsa sequenceof
J�« instructionswhereasall theothernodesrepresentasequenceof * instructions
accessinga setof * distinctmemoryblocks. Thenodesthataccessthesameset
of blocksareshadedwith thesametoneandany otherpair of nodesaccesstwo
disjointsetsof blocks.In a uniprocessexecution,node x , nodeJ andnode ¯ each
cause* missesandtherefore,the total numberof cachemissesin a uniprocess
executionis =>* . In a two-processexecution,the idle processtries to stealfrom
the processexecutingthe root oncethe executionstarts. Sincenode b takes J�«
time stampsto executeanda stealattempttakesat most « time stamps,the idle
processsuccessfullystealsnode ¯ andstartsexecutingit beforenode J startsex-
ecuting. Therefore,eachof the nodesJ¥�A�A�u° executeafter the symmetricnodes
¯±tAbAx±tAb_b�tAbA=±tAbA²±tAbAd±tAb ° respectively. Thuseachleafnodeis executedimmediately
after its left parentby the sameprocessandcauses* cachemissessincea leaf
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Figure4: Thestructurefor dagof a computationwith a largecacheoverhead.

nodeandits left parentaccesstwo disjoint setof memoryblocks. Therefore,in
thetwo-processexecutionthetotalnumberof cachemissesis at leastc®*C6¡ª�(D9;, .

Theexampledag 5 ¬ X canbegeneralizedfor any �/��§ ¨ . For 5R½ X , thetotal
numberof cachemissesin a uniprocessexecutionis =�* andwhereasit is at least
��*¾6¿ª�(:9;, in a two-processexecution. The total work of the generaldagis at
most ²_��*]H[*]HFJ>«G6CM2(D��*2,À6�M2(D9%, , assuming«�6CM2(1*2, .

Thereexists computationssimilar to thecomputationin Figure4 thatgener-
alizesTheorem1 for arbitrarynumberof processesby makingsurethat all the
processesbut J stealthroughoutany multiprocessexecution.Evenin thegeneral
case,Theorem1 canbegeneralizedwith thesameboundon expectednumberof
cachemissesby exploiting thesymmetryin 5 �

andby assumingcertaindistribu-
tionson thesteal-time(e.g.,uniformdistribution).

A lower boundsimilar to Theorem1 holdsfor computationswith futuresas
well. Computingwith futuresis a fairly restrictedform of multithreadedcomput-
ing comparedto computingwith eventssuchassynchronizationvariables.The
graph Á in Figure5 shows the structureof a dagwhosemultiprocessexecution
exhibitspoordatalocality eventhoughits uniprocessexecutionexhibitsgooddata
locality. In a two processexecutionof Á , thenodesbÂJ and b)c areexecutedon the
sameprocessastheir left parents,nodesÃ and ¯ respectively, causingadditional
cachemisses.

12



Ä
Å

Æ

Ç
ÈÉ Ê

ËÌ Í

Ì Ì
Ì Ä Ì Å

Ì É

Ì

Figure5: Thestructurefor dagof acomputationwith futuresthatcanincuralarge
cacheoverhead.

5 Nested-Parallel Computations

In this section,we show that the cacheoverheadof an executionof a nested-
parallelcomputationwith aworkstealerisatmosttwicetheproductof thenumber
of stealsand the cachesize. Our proof hastwo steps. First, we show that the
cacheoverheadis boundedby the productof the cachesizeandthe numberof
nodesthat areexecuted“out of order” with respectto the uniprocessexecution
order. Second,we prove that the numberof suchout-of-orderexecutionsis at
mosttwice thenumberof steals.

Considera computation 5 and its 3 -processexecution, Î�. , with a work
stealerandthe uniprocessexecution, ÎÏ$ with the samework stealer. Let r be
a nodein 5 andnode q be the nodethat executesimmediatelybefore r in ÎÏ$ .
Thenwe saythat r is drifted in Î�. if node q is not executedimmediatelybefore
r by theprocessthatexecutesr in Î�. .

Lemma2 establishesa key propertyof anexecutionwith simplecaches.

Lemma 2 Considera processwith a simplecacheof * blocks.Let Î $ denotethe
executionof a sequenceof instructionson theprocessstartingwith cachestate« $
andlet Î ? denotetheexecutionof thesamesequenceof instructionsstartingwith
cachestate « ? . ThenÎ $ incursat most * more missesthan Î ? .
Proof: We constructa one-to-onemappingbetweenthecachelines in ÎÏ$ and
ÎÐ? suchthat an instructionthat accessesa line �Ñ$ in ÎÏ$ accessesthe line ��? in
ÎÐ? , if andonly if �Ñ$ is mappedto ��? . ConsiderÎÏ$ andlet �Ñ$ bea cacheline. Let
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o be the first instructionthat accesses� $ . Let � ? be the cacheline that the same
instructionaccessesor overwritesin Î ? andmap � $ to � ? . Sincethe cachesare
simple,any instructionthatoverwrites � $ in Î $ overwrites � ? in Î ? in therestof
theexecution.Therefore,onceo is executed,thenumberof missesthatoverwrites
�Ñ$ in ÎÏ$ is equalto thenumberof missesthatoverwrites ��? in ÎÐ? . Since o itself
cancauseb miss,missesthatoverwrites�Ñ$ in ÎÏ$ is atmost b morethanthemisses
thatoverwrites ��? in ÎÐ? . We constructthemappingfor eachcacheline in ÎÏ$ in
thesameway. This mappingis one-to-one,for thesakeof contradiction,assume
that two distinctcachelines, �Ñ$ and ��? , in ÎÏ$ mapto thesameline in ÎÐ? . Let o+$
and oD? bethefirst instructionsof ÎÏ$ accessing�Ñ$ and ��? respectively suchthat o1$ is
executedbefore oD? . Since o1$ and o:? mapto thesameline in ÎÐ? andthecachesare
simple, oD? accesses�Ñ$ but then �Ñ$À6K��? , a contradiction.Thuswe concludethatthe
totalnumberof cachemissesin ÎÏ$ is at most * morethanthemissesin ÎÐ? .

Notethat, theboundin Lemma2 is tight, if for exampleoneexecutionstarts
with an“empty” cacheandthesecondstartswith acachethatfits all the * blocks
accessedthenoneexecutionincursno misseswhile the other incursexactly *
misses.

Theorem 3 Let Ò denotethe total numberof drifted nodesin an executionof a
nested-parallel computationwith a work stealeron 3 processes,each of which
hasa simplecachewith * words. Thenthecacheoverheadof theexecutionis at
most *-Ò .

Proof: Let Î�. denotethe 3 -processexecutionand let ÎÏ$ be the uniprocess
executionof the samecomputationwith the samework stealer. We divide the
multiprocesscomputationinto Ò pieceseachof which canincur at most * more
missesthan in the uniprocessexecution. Let q be a drifted nodeand Ó be the
processthatexecutesq . Let r bethenext drifted nodeexecutedon Ó (or thefinal
nodeof thecomputation).Let theorderedset M representtheexecutionorderof
all thenodesthatareexecutedafter q ( q is included)andbeforer ( r is excluded
if it is drifted, includedotherwise)on Ó in Î�. . Thennodesin M areexecutedon
thesameprocessandin thesameorderin both ÎÏ$ and Î�. .

Now considerthenumberof cachemissesduring theexecutionof thenodes
in M in ÎÏ$ and Î�. . Sincethecomputationis nestedparallelandthereforerace
free, a processthat executesin parallelwith Ó doesnot causeÓ to incur cache
missesdueto sharing.Thereforeby Lemma2 duringtheexecutionof thenodes
in M the numberof cachemissesin Î�. is at most * morethanthe numberof
missesin ÎÏ$ . This boundholdsfor eachof the Ò sequenceof suchinstructions
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M correspondingto Ò drifted nodes.Sincethesequencestartingat therootnode
andendingat thefirst drifted nodeincursthesamenumberof missesin Î $ and
Î . Î . takesatmost *-Ò moremissesthan Î $ andthecacheoverheadis atmost
*2Ò .

Lemma2 (andthusTheorem3) doesnot hold for cachesthatarenot simple.
For example,considertheuniprocessexecutionof asequenceof instructionswith
least-frequently-usedreplacementpolicy startingat two caches.The first cache
is “warmedup”, i.e., it containsthe frequentlyaccessedblocksandassociatesa
high frequency numberwith eachblock. Thesecondcachecontainsblocksthat
areaccessedrarelybut associatesahighfrequency numberwith eachblock. Thus
in anexecutionstartingwith thesecondcache,thefrequentlyaccessedblocksare
overwrittenat cachemisses,becauseotherblockshave higherfrequencies.

Now we show that the numberof drifted nodesin an executionof a series-
parallelcomputationwith a work stealeris at most twice the numberof steals.
The proof is basedon the representationof series-parallelcomputationsas sp-
dags.We call a nodewith out-degreeof at least J a fork nodeandpartition the
nodesof ansp-dagexcepttheroot into threecategories:join nodes,stablenodes
andnomadicnodes. We call a nodethat hasan in-degreeof at least J a join
nodeandpartitionall thenodesthathave in-degree b into two classes:anomadic
nodehasa parentthat is a fork node,anda stablenodehasa parentthathasout-
degree b . The root nodehasin-degree x andit doesnot belongto any of these
categories.Lemma4 lists two fundamentalpropertiesof sp-dags;onecanprove
bothpropertiesby inductionon thenumberof edgesin ansp-dag.

Lemma 4 Let 5 bean sp-dag. Then 5 hasthefollowingproperties.

1. Theleastcommonancestorof anytwo nodesin 5 is unique.

2. Thegreatestcommondescendantof any two nodesin 5 is uniqueand is
equalto their uniquemerger.

Lemma 5 Let T bea fork node. Thennochild of T is a join node.

Proof: Let q and r denotetwo childrenof T andsupposeq is a join nodeasin
Figure6. Let � denotesomeotherparentof q and Ô denotetheuniquemergerof
q and r . Thenboth Ô and q aremergersfor T and � , which is a contradictionof
Lemma5. Henceq is nota join node.
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Figure6: Childrenof T andtheirmerger.

Corollary 6 Onlynomadicnodescanbestolenin anexecutionof aseries-parallel
computationby thework-stealingalgorithm.

Proof: Let q bea stolennodein anexecution.Then q is pushedon adequeand
thustheenablingparentof q is a fork node.By Lemma5, q is nota join nodeand
hasanincomingdegree b . Thereforeq is nomadic.

ÚÛ

ÜÛ

Ý

Þ ß

à

Figure7: Thejoint embeddingof q and r .

Considera series-parallelcomputationandlet 5 beits sp-dag.Let q and r be
two independentnodesin 5 andlet T and � denotetheir leastcommonancestor
andgreatestcommondescendantrespectively asshown in Figure7. Let 5�$ denote
thegraphthat is inducedby the relativesof q thataredescendantsof T andalso
ancestorsof � . Similarly, let 5 ? denotethegraphthat is inducedby therelatives
of r thataredescendantsof T andancestorsof � . Thenwe call 5 $ theembedding
of q with respectto r and 5 ? theembeddingof r with respectto q . We call the
graphthatis theunionof 5 $ and 5 ? the joint embeddingof q and r with sourceT
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andsink � . Now consideranexecutionof 5 and s and Ô bethechildrenof T such
that s is executedbeforeÔ . Thenwecall s the leaderand Ô theguardof thejoint
embedding.

á

G2

G1

â ã

ä å

æ ç
èé

Figure8: Thejoin node T is theleastcommonancestorof s and Ô . Node q and r
arethechildrenof T .

Lemma 7 Let 52(1�Bt��2, beansp-dagandlet s and Ô betwoparentsof a join node
� in 5 . Let 5ê$ denotethe embeddingof s with respectto Ô and 5�? denotethe
embeddingof Ô with respectto s . Let T denotethesourceand � denotethesinkof
the joint embedding. Thentheparentsof anynodein 5�$ exceptfor T and � is in
5�$ andtheparentsof anynodein 5R? exceptfor T and � is in 5R? .
Proof: Sinces and Ô areindependent,bothof T and � aredifferentfrom s and Ô
(seeFigure8). First,we show thatthereis not anedgethatstartsat a nodein 5�$
exceptat T andendsat a nodein 5�? exceptat � andvice versa.For thesakeof
contradiction,assumethereis anedge(:S/tw9;, suchthat Sìë6�T is in 5�$ and 9Fë6]�
is in 5�? . Then S is the leastcommonancestorof s and Ô ; henceno such (:S/tw9;,
exists.A similarargumentholdswhen S is in 5R? and 9 is in 5�$ .

Second,weshow thattheredoesnotexistsanedgethatoriginatesfrom anode
outsideof 5ê$ or 5R? andendsatanodeat 5�$ or 5R? . For thesakeof contradiction,
let (Dí�twî�, be an edgesuchthat î is in 5�$ and í is not in 5�$ or 5R? . Then î is
theuniquemergerfor thetwo childrenof theleastcommonancestorof í and T ,
which we denotewith ¤ . But then � is alsoa merger for the childrenof ¤ . The
childrenof ¤ areindependentandhave a uniquemerger, hencethereis no such
edge (Dí�twî�, . A similar argumentholdswhen î is in 5 ? . Thereforewe conclude
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that theparentsof any nodein 5 $ except T and � is in 5 $ andtheparentsof any
nodein 5 ? except T and � is in 5 ? .
Lemma 8 Let 5 be an sp-dagand let s and Ô be two parentsof a join node
� in 5 . Considerthe joint embeddingof s and Ô and let q be the guard node
of the embedding. Then s and Ô are executedin the samerespectiveorder in
a multiprocessexecutionas they are executedin the uniprocessexecutionif the
guard nodeq is notstolen.

Proof: Let T be thesource,� thesink, and r the leaderof the joint embedding.
Sinceq is notstolen,r is notstolen.Hence,by Lemma7, beforeit startsworking
on q , theprocessthatexecutesT executedr andall its descendantsin theembed-
ding except for � Hence, Ô is executedbefore q and s is executedafter q as in
theuniprocessexecution.Therefore,s and Ô areexecutedin thesamerespective
orderasthey executein theuniprocessexecution.

Lemma 9 A nomadicnodeis drifted in an executiononly if it is stolen.

Proof: Let q bea nomadicanddrifted node.Then,by Lemma5, q hasa single
parent T that enablesq . If q is the first child of T to executein the uniprocess
executionthen q is not drifted in themultiprocessexecution.Hence,q is not the
first child to execute. Let r be the last child of T that is executedbefore q in
theuniprocessexecution.Now, considerthemultiprocessexecutionandlet Ó be
the processthat executesr . For the sakeof contradiction,assumethat q is not
stolen.Considerthe joint embeddingof q and r asshown in Figure8. Sinceall
parentsof thenodesin 5 ? exceptfor T and � arein 5 ? by Lemma7, Ó executes
all thenodesin 5 ? beforeit executesq andthus, Ô precedesq on Ó . But then q
is not drifted, becauseÔ is thenodethat is executedimmediatelybefore q in the
uniprocesscomputation.Henceq is stolen.

Let us definethe cover of a join node � in an executionasthe setof all the
guardnodesof the joint embeddingof all possiblepairs of parentsof � in the
execution.Thefollowing lemmashows thata join nodeis drifted only if a node
in its cover is stolen.

Lemma 10 If a join node� is drifted thena nodein � ’scoveris stolen.

Proof: For thesakeof contradiction,assumethatnonodein thecoverof � , *ï(Ñ�w, ,
is stolen. Let s and Ô be any two parentsof � asin Figure8. Then s and Ô are
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executedin thesameorderasin theuniprocessexecutionby Lemma8. But then
all parentsof � executein thesameorderasin theuniprocessexecution.Hence,
theenablingparentof � in theexecutionis thesameasin theuniprocessexecution.
Furthermore,theenablingparentof � hasout-degree b , becauseotherwise� is not
ajoin nodeby Lemma5 andthus,theprocessthatenables� executes� . Therefore,
� is notdrifted,a contradiction.Hencea nodein thecoverof � is stolen.
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Figure9: Nodes�w$ and ��? aretwo join nodeswith thecommonguardq .

Lemma 11 Thenumberof driftednodesin anexecutionof a series-parallel com-
putationis at mosttwicethenumberof stealsin theexecution.

Proof: Weassociateeachdrifted nodein theexecutionwith astealsuchthatno
stealhasmorethan J driftednodesassociatedwith it. Considera drifted node,q .
Then q is not therootnodeof thecomputationandit is notstableeither. Hence,q
is eitheranomadicor join node.If q is nomadic,then q is stolenby Lemma9 and
weassociateq with thestealthatstealsq . Otherwise,q is a join nodeandthereis
anodein its cover *ï(Dq�, thatis stolenby Lemma10. Weassociateq with thesteal
thatstealsanodein its cover. Now, assumetherearemorethan J nodesassociated
with astealthatstealsnodeq . Thenthereareat leasttwo join nodes�w$ and ��? that
areassociatedwith q . Therefore,node q is in thejoint embeddingof two parents
of �w$ andalso ��? . Let îø$ , s�$ be the parentsof �ù$ and î�? , s�? be the parentsof ��? ,
asshown in Figure9. Let T_$ and T ? besourcesof thetwo embeddings.Notethat
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T $ ë6�T ? , becauseotherwise,thenodesq and î $ have two mergers.Then q hasa
parentthatis a fork nodeand q is a join node,whichcontradictsLemma5. Hence
nosuchq exists.

Theorem 12 Thecacheoverheadof an executionof a nested-parallel computa-
tion with simplecachesis at mosttwicetheproductof thenumberof missesin the
executionandthecachesize.

Proof: Followsfrom Theorem3 andLemma11.

6 An Analysis of Nonblocking Work Stealing

The non-blockingimplementationof the work-stealingalgorithmdeliversprov-
ably good performanceundertraditional and multiprogrammedworkloads. A
descriptionof the implementationandits analysisis presentedin [2]; an exper-
imental evaluationis given in [10]. In this section,we extend the analysisof
thenon-blockingwork-stealingalgorithmfor classicalworkloadsandboundthe
executiontime of a nested-parallel,computationwith a work stealerto include
the numberof cachemisses,the cache-misspenaltyand the stealtime. First,
we boundthenumberof stealattemptsin anexecutionof a generalcomputation
by the work-stealingalgorithm. Thenwe boundthe executiontime of a nested-
parallelcomputationwith a work stealerusingresultsfrom Section5. Theanal-
ysisthatwe presenthereis similar to theanalysisgivenin [2] andusesthesame
potentialfunctiontechnique.

We associatea nonnegative potentialwith nodesin a computation’s dagand
show that the potentialdecreasesasthe executionproceeds.We assumethat a
nodein a computationdaghasout-degreeat most J . This is consistentwith the
assumptionthateachnoderepresentson instruction.Consideranexecutionof a
computationwith its dag, 52(1�Bt��-, with the work-stealingalgorithm. The exe-
cution grows a tree,the enabling tree, that containseachnodein the computa-
tion and its enablingedge. We definethe distanceof a node qú�û� , ü	(:qø, , as
# � �Gü®ý�þ±��ÿ;(:q�, , whereü®ý�þ®��ÿ%(Dq�, is thedepthof q in theenablingtreeof thecom-
putation. Intuitively, the distanceof a nodeindicateshow far the nodeis away
from endof the computation.We definethe potentialfunction in termsof dis-
tances.At any givenstepo , we assigna positive potentialto eachreadynode,all
othernodeshave x potential.A nodeis readyif it is enabledandnotyetexecuted
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to completion.Let q denotea readynodeat time step o . Thenwe define, ���:(Dq�, ,
thepotentialof q at timestepo as

� � (:qø,B6 � = ?�� W��)Z	� $ if q is assigned;
= ?�� W��)Z otherwise.

Thepotentialat step o , 
 � , is thesumof thepotentialof eachreadynodeat step
o . When an executionbegins, the only readynodeis the root nodewhich has
distance# � andis assignedto someprocess,sowe startwith 
���6�= ? U�
�� $ . As
the executionproceeds,nodesthat aredeeperin the dagbecomereadyandthe
potentialdecreases.Thereareno readynodesat theendof anexecutionandthe
potentialis x .

Let usgive a few moredefinitionsthatenableusto associatea potentialwith
eachprocess.Let ���+(DÓ�, denotethe setof readynodesthat are in the dequeof
processÓ alongwith Ó ’s assignednode,if any, at thebeginningof step o . We say
thateachnode q in � � (DÓ�, belongsto processÓ . Thenwe definethepotentialof
Ó ’sdequeas 
 � (:Ó>,�6 ���������W��DZ � � (Dq�,B�
In addition,let � � denotethesetof processeswhosedequeis emptyat thebegin-
ning of step o , andlet Ò � denotethe setof all otherprocesses.We partition the
potential 
 � into two parts


 � 6�
 � (�� � ,%H�
 � (1Ò � ,Bt
where 
 � (�� � ,À6 ������ � 
 � (DÓ�, and 
 � (1Ò � ,B6 �����!"� 
 � (DÓ�,�t
andwe analyzethetwo partsseparately. Lemma13 lists four basicpropertiesof
thepotentialthatwe usefrequently. Theproofsfor thesepropertiesaregivenin
[2] andthelistedpropertiesarecorrectindependentof thetime thatexecutionof
anodeor astealtakes.Therefore,we giveashortproof sketch.

Lemma 13 Thepotentialfunctionsatisfiesthefollowingproperties.

1. Supposenode q is assignedto a processat step o . Thenthe potentialde-
creasesbyat least (DJ$# =>,%� � (Dq�, .

2. Supposea node q is executedat step o . Thenthepotentialdecreasesby at
least (D²&# ¯�,'� � (:q�, at stepo .
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3. Considerany step o and any processÓ in Ò(� . Thetopmostnode q in Ó ’s
dequecontributesat least =$#Âc of thepotentialassociatedwith Ó . Thatis, we
have���:(Dq�,I�C(D=&#Ac±,)
���(DÓ>, .

4. Supposea processþ choosesprocessÓ in Ò � as its victim at time step o
(a stealattemptof þ targeting Ó occursat step o ). Thenthe potentialde-
creasesby at least (�b�# J�,)
 � (DÓ�, dueto theassignmentor executionof a node
belongingto Ó at theendof stepo .

Propertyb followsdirectly from thedefinitionof thepotentialfunction.Prop-
erty J holdsbecausea nodeenablesat mosttwo childrenwith smallerpotential,
oneof which becomesassigned.Specifically, thepotentialaftertheexecutionof
nodeq decreasesby at least ��(Dq�,w(�bÀ� $* � $+ ,06-,+ ��(Dq�, . Property= followsfrom a
structuralpropertyof thenodesin adeque.Thedistanceof thenodesin aprocess’
dequedecreasemonotonicallyfrom thetopof thedequeto bottom.Therefore,the
potentialin thedequeis thesumof geometricallydecreasingtermsanddominated
by thepotentialof thetop node.Thelastpropertyholdsbecausewhena process
choosesprocessÓ in Ò � asits victim, thenodeat thetopof Ó ’ s dequeis assigned
at the next step. Therefore,the potentialdecreasesby J$# =.� � (Dq�, by property b .
Moreover, � � (Dq�,0�­(D=&#Ac±,)
 � (DÓ�, by property= andtheresultfollows.

Lemma16shows thatthepotentialdecreasesasa computationproceeds.The
proof for Lemma16 utilizesballsandbinsgameboundfrom Lemma14.

Lemma 14 (Balls and Weighted Bins) Supposethatat least 3 ballsare thrown
independentlyanduniformlyat randominto 3 bins,wherebin o hasa weight / � ,
for o�6¾b_tA�Â�A�At�3 . Thetotal weightis / 6-0 .�21 $ / � . For each bin o , definethe
randomvariable Î3� as

Î � 6 � / � if someball landsin bin o ;
x otherwise.

If Î 6 0 .��1 $ Î3� , thenfor any 4 in therangex35�465Cb , wehave7�8;� Î ��4�/­�:9
b��]b�#�(�(�b��;40,�ý , .
This lemmacanbeprovenwith anapplicationof Markov’ s inequality. Theproof
of a weakerversionof this lemmafor thecaseof exactly 3 throws is similar and
givenin [2]. Lemma14alsofollowsfrom theweakerlemmabecauseÎ doesnot
decreasewith morethrows.

We now show that whenever 3 or more stealattemptsoccur, the potential
decreasesby a constantfractionof 
 � (1Ò � , with constantprobability.
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Lemma 15 Considerany step o and any later step p such that at least 3 steal
attemptsoccurat stepsfrom o (inclusive)to p (exclusive).Thenwehave

7�8=<>
 � ��
�?�� b
c 
 � (+Ò � ,A@B9 b

c �
Moreover the potential decreaseis becauseof the executionor assignmentof
nodesbelongingto a processin Ò(� .
Proof: Considerall 3 processesand 3 stealattemptsthatoccurator afterstepo .
For eachprocessÓ in Ò � , if oneor moreof the 3 attemptstarget Ó asthevictim,
thenthepotentialdecreasesby (�bC# J�,)
 � (DÓ�, dueto theexecutionor assignmentof
nodesthatbelongto Ó by property c in Lemma13. If we think of eachattempt
asa ball toss,thenwe have an instanceof theBalls andWeightedBins Lemma
(Lemma14). For eachprocessÓ in Ò � , we assigna weight / � 6 (�bC# J�,)
 � (:Ó>, ,
andfor eachotherprocessÓ in � � , we assigna weight / � 6 x . The weights
sumto / 6¾(�b�# J>,D
 � (+Ò � , . Using 4�6¾bC# J in Lemma14, we concludethat the
potentialdecreasesby at least 4�/ 6¾(�bC#Ac±,)
 � (+Ò � , with probabilitygreaterthan
b��]bC# (�(�bR�;4À,�ýO,E9­bC#Âc dueto theexecutionor assignmentof nodesthatbelong
to a processin Ò � .

We now boundthenumberof stealattemptsin awork-stealingcomputation.

Lemma 16 Considera 3 -processexecutionof a multithreadedcomputationwith
thework-stealingalgorithm. Let # $ and # � denotethecomputationalwork and
thecritical pathof thecomputation.Thentheexpectednumberof stealattempts
in theexecutionis M-( N � � P 3R# � , . Moreover, for any FG9¿x , thenumberof steal
attemptsis M2( N � � P 3R# � H;HJI�(�b�#�F�,�, with probabilityat least b��;F .
Proof: We analyzethenumberof stealattemptsby breakingtheexecutioninto
phasesof N � � P 3 stealattempts.We show thatwith constantprobability, a phase
causesthe potentialto drop by a constantfactor. The first phasebegins at step
�w$�6¾b andendsat the first step �'K $ suchthatat least N � ��P 3 stealattemptsoccur
duringtheinterval of stepsL �w$wt�� K $NM . Thesecondphasebeginsat step ��?ê6­� K $ H�b ,
andsoon. Let usfirst show that thereareat least S stepsin a phase.A process
hasat most b outstandingstealattemptat any time anda stealattempttakesat
leastT stepsto complete.Therefore,atmost 3 stealattemptsoccurin a periodof
T timesteps.Hencea phaseof stealattemptstakesat least N+(ON � � P ,�3�,)#_3 P�O T2�]S
timeunits.

Considera phasebeginningat step o , andlet p be the stepat which the next
phasebegins.Then o�H'S¾EFp . Wewill show thatwehave 7�8;�&
�?�E�(:=$#Âc®,)
 � �P9
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b�#Ac . Recallthatthepotentialcanbepartitionedas 
���6Q
��:(��R� ,©HS
��D(+Ò(�D, . Since
thephasecontainsN � � P 3 stealattempts,7�8��&
��Q�T
 ? �C(�bC#Ac±,)
���(1Ò(� ,��39KbC#Ac due
to executionor assignmentof nodesthatbelongto aprocessin Ò(� , by Lemma15.
Now weshow thatthepotentialalsodropsby aconstantfractionof 
 � (�� � , dueto
theexecutionof assignednodesthatareassignedto theprocessesin � � . Consider
a process,say Ó in � � . If Ó doesnot have an assignednode,then 
 � (DÓ�,ê6^x . If
Ó hasanassignednode q , then 
 � (:Ó>,�6U� � (:q�, . In this case,process Ó completes
executingnode q at step o©H]S¾�CbV5�p at the latestandthe potentialdropsby
at least (D²&# ¯>,%� � (:qø, by property J of Lemma13. Summingover eachprocessÓ
in � � , we have 
 � �W
�?2�¿(D²$# ¯>,D
 � (N� � , . Thus,we have shown that thepotential
decreasesat leastby a quarterof 
 � (N� � , and 
 � (1Ò � , . Thereforeno matterhow
thetotal potentialis distributedover � � and Ò � , thetotal potentialdecreasesby a
quarterwith probabilitymorethan bC#Ac , thatis, 7�8��&
 � �T
�?R�C(�bC#Âc®,)
 � �39�bC#Âc .

We saythata phaseis successfulif it causesthepotentialto dropby at least
a bC#Âc fraction. A phaseis successfulwith probability at least bC#Âc . Sincethe
potentialstartsat 
��\6 = ? U 
 � $ and endsat x (and is alwaysan integer), the
numberof successfulphasesis at most (DJ_# � ��bO,&HJXYI ¬DZ * =[5�°_# � . Theexpected
numberof phasesneededto obtain °_# � successfulphasesis atmost =_J_# � . Thus,
theexpectednumberof phasesis M-(:# � , , andbecauseeachphasecontainsN � � P 3
stealattempts,theexpectednumberof stealattemptsis M-( N � ��P 3@# � , . Thehigh
probabilityboundfollowsby anapplicationof theChernoff bound.

Theorem 17 Let &/.�(+*-, bethenumberof cachemissesin a 3 -processexecution
of a nested-parallel computationwith a work-stealerthathassimplecachesof *
blockseach. Let &'$)(+*-, bethenumberofcachemissesin theuniprocessexecution
Then

&/.�(+*-,06�&'$)(1*2,%H M2(ON S T P *-3 # � HúN S T P *-3\H^]Q(�bC#�F�,�,
with probabilityat least b��;F . Theexpectednumberof cachemissesis

&'$w(+*-,%H\M2( N S T P *-3G# � ,
Proof: Theorem12 shows that thecacheoverheadof a nested-parallelcompu-
tation is at most twice the productof the numberof stealsand the cachesize.
Lemma16 shows that thenumberof stealattemptsis M2(ON � � P 3K(D# � HSH^]Q(�b�#�F�,�,�,
with probabilityat least b0�_F andtheexpectednumberof stealsis M2(ON � ��P 3�# � , .
Thenumberof stealsis not greaterthanthenumberof stealattempts.Therefore
theboundsfollow.
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Theorem 18 Considera 3 -process,nested-parallel, work-stealingcomputation
with simplecachesof * blocks.Then,for any F`9]x , theexecutiontimeis

M2( # $ (1*2,
3 HFS\N S T P *](:# � H;HJ]%(�b�#�F�,�,%H (DS^H T_,w(D# � H;H^]ø(�bC#�F�,�,�,

with probabilityat least (�b��;F�, . Moreover, theexpectedrunningtimeis

M2( #%$)(1*-,
3 HFS\N S T P *F# � H (DSûHFT_,+# � ,��

Proof: Weuseanaccountingargumentto boundtherunningtime. At eachstep
in thecomputation,eachprocessputsadollarinto oneof twobucketsthatmatches
its activity at thatstep.Wenamethetwo bucketsasthework andthestealbucket.
A processputsadollar into thework bucketata stepif it is workingona nodein
thestep.Theexecutionof anodein thedagaddseither b or S dollarsto thework
bucket.Similarly, a processputsa dollar into thestealbucketfor eachstepthatit
spendsstealing.Eachstealattempttakes M2(:T , steps.Therefore,eachstealadds
M2(DT_, dollarsto thestealbucket.Thenumberof dollarsin thework bucketat the
endof executionis atmost M2(D#;$�H](:S �]b ,%&/.0(1*2,�, , which is

M2(D#%$)(1*2,�H](:S �]b ,Ga S TRb *23[(D# � H6H^]%(�bC#�F K ,�,�,
with probabilityat least b��cF K .

The total numberof dollars in stealbucket is the total numberof stealat-
temptsmultipliedby thenumberof dollarsaddedto thestealbucketfor eachsteal
attempt,which is M-(:T_, . Thereforetotalnumberof dollarsin thestealbucketis

M2(DT a S T b 3 (D# � H6H^]%(�bC#�F K ,�,�,
with probabilityat leastb©�dF K . Eachprocessaddsexactlyonedollar to abucketat
eachstepsowedividethetotalnumberof dollarsby 3 to getthehighprobability
boundin thetheorem.A similarargumentholdsfor theexpectedtimebound.

7 Locality-Guided Work Stealing

Thework-stealingalgorithmachievesgooddatalocality by executingnodesthat
areclosein thecomputationgraphon thesameprocess.For certainapplications,
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however, regionsof the programthat accessthe samedataarenot closein the
computationalgraph. As an example,consideran applicationthat takesa se-
quenceof stepseachof which operatesin parallelover a setor arrayof values.
We will call suchan applicationan iterative data-parallelapplication. Suchan
applicationcanbeimplementedusingwork-stealingby forking a treeof threads
oneachstep,in whicheachleaf of thetreeupdatesa regionof thedata(typically
disjoint). Figure10showsanexampleof thetreesof threadscreatedin two steps.
Eachnoderepresentsathreadandis labeledwith theprocessthatexecutesit. The
graynodesaretheleaves.Thethreadssynchronizein thesameorderasthey fork.
Thefirst andsecondstepsarestructurallyidentical,andeachpair of correspond-
ing graynodesupdatethesameregion,oftenusingmuchof thesameinput data.
Thedashedrectanglein Figure10, for example,showsa pairof suchgraynodes.
To getgoodlocality for thisapplication,threadsthatupdatethesamedataondif-
ferentstepsideally shouldrun on the sameprocessor, even thoughthey arenot
“close” in the dag. In work stealing,however, this is highly unlikely to happen
dueto the randomsteals.Figure10, for example,shows anexecutionwhereall
pairsof correspondinggraynodesrunondifferentprocesses.

In this section,we describeand evaluate locality-guidedwork stealing, a
heuristicmodificationto work stealingwhich is designedto allow locality be-
tweennodesthataredistantin thecomputationalgraph.In locality-guidedwork
stealing,eachthreadcanbe given an affinity for a process,andwhena process
obtainswork it givespriority to threadswith affinity for it. To enablethis, in addi-
tion to adequeeachprocessmaintainsamailbox: afirst-in-first-out(FIFO)queue
of pointersto threadsthathave affinity for the process.Therearethentwo dif-
ferencesbetweenthelocality-guidedwork-stealingandwork-stealingalgorithms.
First,whencreatinga thread,a processwill pushthethreadontoboththedeque,
asin normalwork stealing,andalsoonto the tail of the mailboxof the process
thatthethreadhasaffinity for. Second,aprocesswill first try to obtainwork from
its mailboxbeforeattemptinga steal.Becausethreadscanappeartwice, oncein
a mailboxandonceon a deque,thereneedsto besomeform of synchronization
betweenthetwo copiesto makesurethethreadis not executedtwice.

A numberof techniquesthathavebeensuggestedto improve thedatalocality
of multithreadedprogramscanberealizedby thelocality-guidedwork-stealingal-
gorithmtogetherwith anappropriatepolicy to determinetheaffinitiesof threads.
For example,aninitial distribution of work amongprocessescanbeenforcedby
settingtheaffinitiesof a threadto theprocessthatit will beassignedat thebegin-
ning of the computation.We call this locality-guidedwork-stealingwith initial
placements. Likewise, techniquesthat rely on hints from the programmercan
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Figure10: Thetreeof threadscreatedin adata-parallelwork-stealingapplication.
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berealizedby settingthe affinity of threadsbasedon the hints. In thenext sec-
tion, we describeanimplementationof locality-guidedwork stealingfor iterative
data-parallelapplications.The implementationdescribedcanbemodifiedeasily
to implementothertechniquesmentioned.

7.1 Implementation

We built locality-guidedwork stealinginto Hood. Hood is a multithreadedpro-
gramminglibrary with a nonblockingimplementationof work stealingthat de-
liversprovably goodperformanceunderboth traditionalandmultiprogrammed
workloads[2, 10,30].

In Hood,theprogrammerdefinesathreadasaC++class,whichwereferto as
the threaddefinition. A threaddefinitionhasa methodnamedrun thatdefines
thecodethat thethreadexecutes.Therun methodis a C++ functionwhich can
call Hoodlibrary functionsto createandsynchronizewith otherthreads.A ropeis
anobjectthatisaninstanceof athreaddefinitionclass.Eachtimetherunmethod
of a ropeis executed,it createsa new thread. A ropecanhave an affinity for a
process,andwhenthe Hood run-timesystemexecutessucha rope, the system
passesthis affinity to the thread. If the threaddoesnot run on the processfor
which it hasaffinity, theaffinity of theropeis updatedto thenew process.

Iterative data-parallelapplicationscaneffectively useropesby makingsure
all “corresponding”threads(threadsthatupdatethesameregion acrossdifferent
steps)aregeneratedfrom thesamerope. A threadwill thereforealwayshave an
affinity for the processon which it’ s correspondingthreadran on the previous
step.Thedashedrectanglein Figure10, for example,representstwo threadsthat
aregeneratedin two executionsof onerope.To initialize theropes,theprogram-
merneedsto createa treeof ropesbeforethefirst step.This treeis thenusedon
eachstepwhenforking thethreads.

To implementlocality-guidedwork stealingin Hood, we usea nonblocking
queuefor eachmailbox. Sincea threadis put to a mailboxandto a deque,one
issueis makingsurethatthethreadis notexecutedtwice,oncefrom themailbox
andoncefrom the deque.Onesolutionis to remove the othercopyof a thread
whena processstartsexecutingit. In practice,this is not efficient becauseit has
a largesynchronizationoverhead.In our implementation,we do this lazily: when
a processstartsexecutinga thread,it setsa flag usinganatomicupdateoperation
suchastest-and-setor compare-and-swapto mark thethread.Whenexecutinga
thread,a processidentifiesa markedthreadwith theatomicupdateanddiscards
the thread.Thesecondissuecomesup whenonewantsto reusethe threaddata
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structures,typically thosefrom the previous step. Whena thread’s structureis
reusedin a step,thecopiesfrom thepreviousstep,which canbein a mailboxor
a dequeneedsto be markedinvalid. Onecanimplementthis by invalidatingall
themultiplecopiesof threadsat theendof a stepandsynchronizingall processes
beforethenext stepstart. In multiprogrammedwork-loads,however, the kernel
canswapaprocessout,preventingit from participatingto thecurrentstep.Sucha
swappedout processpreventsall theotherprocessesfrom proceedingto thenext
step.In our implementation,to avoid thesynchronizationat theendof eachstep,
we time-stampthreaddatastructuressuchthat eachprocesscloselyfollows the
timeof thecomputationandignoresa threadthatis “out-of-date”.

7.2 Experimental Results

In thissection,wepresenttheresultsof ourpreliminaryexperimentswith locality-
guidedwork stealingon two smallapplications.Theexperimentswererun on a
b)c processorSun Ultra Enterprisewith c x_x MHz processorsand c M byte L2
cacheeach,and running Solaris2.7. We usedthe processor bind system
call of Solaris2.7 to bind processesto processorsto preventSolariskernelfrom
migratingaprocessamongprocessors,causingtheprocessto looseits cachestate.
When the numberof processesis lessthannumberof processorswe bind one
processto eachprocessor, otherwisewe bind processesto processorssuchthat
processesaredistributedamongprocessorsasevenlyaspossible.

WeusetheapplicationsHeat andRelax in ourevaluation.Heat is aJacobi
over-relaxationthatsimulatesheatpropagationona J dimensionalgrid for anum-
ber of steps.This benchmarkwasderived from similar Cilk [27] andSPLASH
[35] benchmarks.The main datastructuresaretwo equal-sizedarrays. The al-
gorithm runs in stepseachof which updatesthe entriesin onearray using the
data in the other array, which was updatedin the previous step. Relax is a
Gauss-Seidelover-relaxationalgorithmthatiteratesover onea b dimensionalar-
ray updatingeachelementby a weightedaverageof its valueandthatof its two
neighbors. We implementedeachapplicationwith four strategies, static parti-
tioning, work stealing,locality-guidedwork stealing,and locality guidedwork
stealingwith initial placements.Thestaticpartitioningbenchmarksdivide theto-
tal work equallyamongthenumberof processesandmakessurethateachprocess
accessesthesamedataelementsin all thesteps.It is implementeddirectly with
Solaristhreads.Thethreework-stealingstrategiesareall implementedin Hood.
Theplainwork-stealingversionusesthreadsdirectly, andthetwo locality-guided
versionsuseropesby building a treeof ropesat the beginning of the computa-
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Benchmark Work Overhead Critical Path Average
( #;$ ) ( UOVUCl ) Length( # � ) Par. ( UOVUC
 )

staticHeat bA²±� ¯�² b���bÂx
heat bAd±� J�² b���bÂJ x±� x c�² =_d®b���b�b
lgHeat bAd±� =�Ã b���bÂJ x±� x c_c =>Ã J±� x�²
ipHeat bAd±� =�Ã b���bÂJ x±� x c_c =>Ã J±� x�²
staticRelax c_c���bÂ² b�� x�°
relax c�=±� ¯�= b�� x�° x±� x�=_¯ b�bAJ�d®� c�b
lgRelax c_c�� J�J b�� x�° x±� x�=_¯ b�bA=�=®� ° c
ipRelax c_c�� J�J b�� x�° x±� x�=_¯ b�bA=�=®� ° c

Table1: Measuredbenchmarkcharacteristics.We compiledall applicationswith
SunCC compilerusing-xarch=v8plus -O5 -dalign flags.All timesare
given in seconds.# � denotesthe executiontime of the sequentialalgorithmfor
theapplicationand # � is b)c	� ²Oc for Heat and40.99for Relax.

tion. The initial placementstrategy assignsinitial affinities to the ropesnearthe
top of the treeto achieve a goodinitial loadbalance.We usethe following pre-
fixesin thenamesof thebenchmarks:static (staticpartitioning),none,(work
stealing),lg (locality guidedwork stealing),andlg (lg with initial placement).

We ran all Heat benchmarkswith -x 8K -y 128 -s 100 parameters.
With theseparameterseachHeat benchmarkallocatestwo arraysof doublepre-
cisionfloatingpoint numbersof °®bA¯�J columnsand bAJ�° rowsanddoesrelaxation
for bÂx_x steps. We ran all Relax benchmarkswith the parameters-n 3M -s
100. With theseparameterseachRelax benchmarkallocatesonearrayof = mil-
lion double-precisionfloatingpointsnumbersanddoesrelaxationfor bAx�x steps.
With thespecifiedinputparameters,aRelax benchmarkallocatesbAd Megabytes
and a Heat benchmarkallocatesJ c Megabytesof memoryfor the main data
structures.Hence,themaindatastructuresfor Heat benchmarksfit into thecol-
lective L2 cachespaceof c or moreprocessesandthedatastructuresfor Relax
benchmarksfit into thatof d or moreprocesses.Thedatafor no benchmarkfits
into the collective L1 cachespaceof the Ultra Enterprise. We observe super-
linearspeedupswith someof our benchmarkswhenthe collective cachesof the
processeshold a significantamountof frequentlyaccesseddata. Table1 shows
characteristicsof our benchmarks.Neitherthework-stealingbenchmarksnor the
locality-guidedwork-stealingbenchmarkshave significantoverheadcomparedto
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Figure11: Speedupof heat benchmarkson b�c processors.

theserialimplementationof thecorrespondingalgorithms.
Figures11 andFigure1 show the speedupof theHeat andRelax bench-

marks,respectively, asa function of the numberof processes.The staticparti-
tioning benchmarksdeliver superlinearspeedupsundertraditionalworkloadsbut
suffer from the performanceclif f problemanddeliver poor performanceunder
multiprogrammingworkloads. The work-stealingbenchmarksdeliver poor per-
formancewith almostany numberof processes.thelocality-guidedwork-stealing
benchmarkswith or without initial placements,however, matchesthestaticparti-
tioning benchmarksundertraditionalworkloadsanddeliverssuperiorperform-
anceunder multiprogrammingworkloads. The initial placementstrategy im-
provestheperformanceundertraditionalwork loads,but it doesnotperformcon-
sistentlybetterundermultiprogrammedworkloads.This is anartifactof binding
processesto processors.Theinitial placementstrategy distributestheloadamong
the processesequallyat the beginning of the computationbut binding createsa
load imbalancebetweenprocessorsandincreasesthe numberof steals. Indeed,
thebenchmarksthatemploytheinitial-placementstrategy doesworseonly when
thenumberof processesis slightly greaterthanthenumberof processors.

The locality-guidedwork-stealingdelivers good performanceby achieving
gooddatalocality. To substantiatethis, we countedtheaveragenumberof times
that an elementis updatedby two differentprocessesin two consecutive steps,
which we call a badupdate.Figure12 shows the percentageof badupdatesin
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Figure12: Percentageof badupdatesfor theHeat benchmarks.

ourHeat benchmarkswith work stealingandlocality-guidedwork-stealing.The
work-stealingbenchmarksincur a high percentageof badupdates,whereasthe
locality-guidedwork-stealingbenchmarksachieve a very low percentage.Fig-
ure13 shows thenumberof randomstealsfor thesamebenchmarksfor varying
numberof processes.Thegraphis similar to thegraphfor badupdates,because
it is the randomstealsthat causesthe badupdates.The figuresfor theRelax
applicationaresimilar.
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