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Abstract14

Edge connectivity of a graph is one of the most fundamental graph-theoretic concepts. The celebrated15

tree packing theorem of Tutte and Nash-Williams from 1961 states that every k-edge connected graph16

G contains a collection T of bk/2c edge-disjoint spanning trees, that we refer to as a tree packing;17

the diameter of the tree packing T is the largest diameter of any tree in T . A desirable property18

of a tree packing for leveraging the high connectivity of a graph in distributed communication19

networks, is that its diameter is low. Yet, despite extensive research in this area, it is still unclear20

how to compute a tree packing of a low-diameter graph G, whose diameter is sublinear in |V (G)|,21

or, alternatively, how to show that such a packing does not exist.22

In this paper, we provide first non-trivial upper and lower bounds on the diameter of tree packing.23

We start by showing that, for every k-edge connected n-vertex graph G of diameter D, there is a24

tree packing T containing Ω(k) trees, of diameter O((101k logn)D), with edge-congestion at most 2.25

Karger’s edge sampling technique demonstrates that, if G is a k-edge connected graph, and G[p] is a26

subgraph of G obtained by sampling each edge of G independently with probability p = Θ(logn/k),27

then with high probability G[p] is connected. We extend this result to show that the diameter of28

G[p] is bounded by O(kD(D+1)/2) with high probability. This immediately gives a tree packing of29

Ω(k/ logn) edge-disjoint trees of diameter at most O(kD(D+1)/2). We also show that these two30

results are nearly tight for graphs with a small diameter: we show that there are k-edge connected31

graphs of diameter 2D, such that any packing of k/α trees with edge-congestion η contains at least32

one tree of diameter Ω
(
(k/(2αηD))D

)
, for any k, α and η. Additionally, we show that if, for every33

pair u, v of vertices of a given graph G, there is a collection of k edge-disjoint paths connecting u34

to v, of length at most D each, then we can efficiently compute a tree packing of size k, diameter35

O(D logn), and edge-congestion O(logn). Finally, we provide several applications of low-diameter36

tree packing in the distributed settings of network optimization and secure computation.37
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1 Introduction48

Edge connectivity of a graph is one of the most basic graph theoretic parameters, with various49

applications to network reliability and information dissemination. A key tool for leveraging50

high edge connectivity of a given graph is tree packing: a large collection of spanning trees51

that are (nearly) edge-disjoint. A celebrated result of Tutte [24] and Nash-Williams [19]52

shows that for every k-edge connected graph, there is a tree packing T containing bk/2c53

edge-disjoint trees. This beautiful theorem has numerous algorithmic applications, but54

unfortunately it provides no guarantee on the diameter of the individual trees in T . In the55

worst case, trees in T may have diameter that is as large as Ω(|V (T )|), even if the diameter56

of the original graph is very small. Given a graph G and a collection T of trees in G, we say57

that the trees in T are edge-disjoint iff every edge of G lies in at most one tree of T , and we58

say that they cause edge-congestion η iff every edge of G lies in at most η trees of T . The59

diameter of a tree-packing T is the maximum diameter of any tree in T .60

The diameter of a graph is a central graph measure that determines the round complexity61

of distributed algorithms for various central graph problems, including minimum spanning62

tree, global minimum cut, shortest s-t path, and so on. All these problems admit a trivial63

lower bound of Ω(D) for the round complexity (where D is the diameter of the graph), and64

in fact a stronger lower bound of Ω(D +
√
n), which is almost tight for general n-vertex65

graphs, that was shown by Das-Sarma et al. [23]. Despite attracting a significant amount66

of attention over the last decade (see e.g., [22, 10, 18, 2, 3, 16, 6, 1, 5, 4]), algorithms that67

exploit large edge connectivity of the input graph in the distributed setting are quite rare.68

The only examples that we are aware of are recent algorithms for minimum cut by Daga et69

al. [4] and by Ghaffari et al. [11].70

Censor-Hillel et al. [2] presented several distributed algorithms, that, given a k-edge connected71

n-vertex graph of diameter D, computes a fractional tree packing of Ω(k/ logn) trees that are72

fractionally edge-disjoint1 in Õ(D+
√
n) rounds. These trees have been used to parallelize the73

flow of information, obtaining nearly optimal throughput for store-and-forward algorithms2.74

However, as these trees might have diameter as large as Ω(n) in the worst case, it is not75

clear how to use them in order to improve the round complexity of the problem at hand, as76

opposed to improving the throughput. In particular, in terms of optimizing the number of77

communication rounds, it may still be preferable to send the entire information over a single78

BFS tree rather than spreading it over many trees of potentially large diameter.79

The problem of computing a low-diameter tree packing was studied later by Ghaffari [6] from80

the perspective of optimization. Specifically, he studied the multi-message broadcast problem,81

1 In the fractional setting, each tree T in the packing has a weight w(T ) and for each edge e, the sum of
weights of all trees that contain e is at most 1.

2 In this class of algorithms, the nodes can only forward the messages they receive (e.g., network coding
is not allowed).
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where a designated source vertex is required to send k messages to all other nodes in the82

network. Denoting by OPT(G) the minimum number of rounds required for the broadcast83

on an input graph G, he constructed a tree packing of size k, where both the diameter and84

the congestion are bounded by Õ(OPT(G)). While this approach provides a nearly optimal85

broadcast scheme, it does not provide absolute upper bounds on the diameter of the tree86

packing, and moreover, the congestion caused by the tree packing can be large.87

A recent work of Ghaffari and Kuhn [10] provides the following negative result for packing88

low-diameter trees into a graph: they show that for any large enough n and any k ≥ 1, there89

is a k-edge-connected n-vertex graph of diameter Θ(logn), such that, in any partitioning of90

the graph into spanning subgraphs, all but O(logn) of the subgraphs have diameter Ω(n/k).91

In light of this result, it is natural to consider the following key question:92

(1) Is it possible to compute a tree packing whose diameter is strongly sublinear in93

|V (G)|, provided that the diameter of the input graph G is sublogarithmic in |V (G)|?94

Our second key question aims at crystallizing the main challenge to computing low-diameter95

tree packing. So far, we have compared the diameter of the tree packing to the diameter of96

the original graph. However, as observed above, the results of [10] indicate that there may be97

a large gap between these two measures, even for graphs whose diameter is logarithmic in n.98

A more natural reference point is the following. We say that a graph G is (k,D)-connected, iff99

for every pair u, v ∈ V (G) of distinct vertices, there are k edge-disjoint paths connecting u to100

v in G, such that the length of each path is bounded by D. Clearly, if there is a tree packing101

of edge-disjoint trees of diameter at most D into G, then G must be (k,D)-connected. The102

question is whether the reverse is also true, if we allow a small congestion and a small slack103

in the diameter of the trees. The celebrated result of Tutte and Nash-Williams shows that, if104

every pair of vertices in G has k edge-disjoint paths connecting them, then there are bk/2c105

edge-disjoint spanning trees in G. However, this result is not length-preserving, in the sense106

that the tree paths may be much longer than the original paths connecting pairs of vertices.107

Our goal is then to provide such a length-preserving transformation from collections of short108

edge-disjoint paths connecting pairs of nodes in G to a low-diameter tree packing.109

(2) Given a (k,D)-connected graph G, can one obtain a tree packing of Ω̃(k) trees of110

diameter Õ(D) into G, with small edge-congestion?111

In this paper, we address both questions. For the first question, we show two efficient112

algorithms, that, given a k-edge connected n-vertex graph G of diameter at most D, construct113

a low-diameter tree packing. We complement this result by an almost matching lower bound.114

We address the second question by providing an efficient algorithm, that, given a (k,D)-115

connected graph G, computes a collection of k spanning trees of diameter at most O(D logn)116

each, that cause edge-congestion of O(logn).117

Our Results118

Our graph-theoretic results consider two main settings: in the first setting, the input graph119

is k-edge connected, and has diameter at most D; in the second setting, the input graph120

is (k,D)-connected. We only consider unweighted graphs, that is, all edge lengths are unit.121

Graphs are allowed to have parallel edges, unless we explicitly state that the graph is simple.122

Throughout the paper, we use the term efficient algorithm to refer to a sequential algorithm123

whose running time is polynomial in its input size.124

Packing Trees into Low-Diameter Graphs.125

ICALP 2020
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We prove the following two theorems that allow us to pack low-diameter trees into low-126

diameter graphs.127

I Theorem 1. There is an efficient randomized algorithm, that, given any positive integers128

D,n, k, and an n-vertex k-edge-connected graph G of diameter at most D, computes a129

collection T ′ = {T ′1, . . . , T ′bk/2c} of bk/2c spanning trees of G, such that each edge of G130

appears in at most two of the trees in T ′, and, with high probability, each tree T ′i ∈ T ′ has131

diameter O((101k lnn)D).132

As we show later, the diameter bound of Theorem 1 is close to the best possible. Unfortunately,133

the trees in the packing provided by Theorem 1 may share edges. Next, we generalize the134

classical result of Karger [14] to obtain a packing of completely edge-disjoint trees of small135

diameter, in the following theorem.136

I Theorem 2. There is an efficient randomized algorithm that, given an n-vertex k-edge-137

connected graph G of diameter at most D, such that k > 1000 lnn, computes a collection138

{T1, . . . , Tr} of r = Ω(k/ lnn) edge-disjoint spanning trees of G, such that with probability139

1− 1/poly(n), each resulting tree Ti has diameter O(kD(D+1)/2).140

We note that while the diameter bound in Theorem 2 is slightly weaker than that obtained141

in Theorem 1, and the number of the spanning trees is somewhat lower, its advantage is that142

the resulting trees are guaranteed to be edge-disjoint. Moreover, the algorithm in Theorem 2143

is very simple: we construct r graphs G1, . . . , Gr with V (Gi) = V (G) for all i, by sampling144

every edge of G into one of these graphs independently. We then compute a spanning tree145

Ti in each such graph Gi, and show that its diameter is suitably bounded. As such, this146

algorithm is easy to use in the distributed setting.147

Lastly, we show that our upper bounds are close to the best possible if k � D, by proving148

the following lower bound.149

I Theorem 3. For all positive integers n, k,D, η, α such that k/(4Dαη) is an integer and150

n ≥ 3k ·
(

k
2Dαη

)D
, there exists a k-edge connected simple graph G on n vertices of diameter151

at most 2D + 2, such that, for any collection T = {T1, . . . , Tk/α} of k/α spanning trees of G152

that causes edge-congestion at most η, some tree Ti ∈ T has diameter at least 1
4 ·
(

k
2Dαη

)D
.153

Note that, in particular, any collection T of Ω(k) trees that are either edge-disjoint, or154

cause a constant edge-congestion, must contain a tree of diameter Ω
((

k
cD

)D) for some155

constant c. Even if we are willing to allow a polylogarithmic edge-congestion, and to settle156

for Θ(k/poly logn) trees, at least one of the trees must have diameter Ω
((

k
Dpoly logn

)D)
.157

Moreover, we show that the lower bound from Theorem 3 continues to hold even for the158

weaker notion of edge-independent trees3, introduced in [12].159

Packing Trees into (k,D)-connected Graphs.160

We next consider (k,D)-connected graphs and show an algorithm that computes a tree161

packing, that is near-optimal in both the number of trees and in the diameter.162

3 A collection T of spanning trees is edge-independent, iff all trees in T are rooted at the same vertex v∗,
and for every vertex v ∈ V (G), if we denote by P(v) the collection of paths that contains, for each tree
T ∈ T , the unique path connecting v to v∗ in T , then all paths in P(v) are edge-disjoint.



J. Chuzhoy, M. Parter and Z. Tan 33:5

I Theorem 4. There is an efficient randomized algorithm, that, given any positive integers163

D, k, n with k ≤ n, and a (k,D)-connected n-vertex graph G, computes a collection T =164

{T1, . . . , Tk} of k spanning trees of G, such that, for each 1 ≤ ` ≤ k, tree T` has diameter165

at most O(D logn), and with probability at least 1 − 1/poly(n), each edge of G appears in166

O(logn) trees of T .167

Improved Distributed Algorithms for Highly Connected Graphs. We present sev-168

eral applications of low-diameter tree packing in the standard CONGEST model of distributed169

computation [21]. By the proof of Theorem 2 and the O(logn)-approximation algorithm for170

edge connectivity by [10], we obtain the following result.171

I Theorem 5. There is a randomized distributed algorithm, that, given an n-vertex graph G172

of constant diameter D = O(1) and an integer λ, with high probability solves the problem of173

O(logn)-approximate verification of λ-edge connectivity in G in poly(λ · logn) rounds.174

This improves upon the state of the art bound of O(
√
n) for graphs with constant diameter175

D ≥ 3, and λ ≤ nc for some positive constant c < 1/(2D2). From now on, we restrict176

our attention to k-edge connected graphs with a constant diameter D = O(1). We employ177

the modular approach for distributed optimization introduced by Ghaffari and Haeupler178

in [8] which is based on the notion of low-congestion shortcuts. Roughly speaking, these179

shortcuts augment vertex-disjoint connected subgraphs by adding nearly-edge disjoint subsets180

of “shortcut” edges (that is, edges that reduce the diameter of each subgraph). Using our181

tree packing construction, we provide improved shortcuts for highly connected graphs of182

small diameter. This immediately leads to o(
√
n)-round algorithms for several classical graph183

problems. For example, we prove the following:184

I Theorem 6. There is a randomized distributed algorithm, that, given a k-edge connected185

weighted n-vertex graph G of diameter D, such that the nodes know an O(logn) approximation186

of k, computes an MST of G in Õ(min{
√
n/k+nD/(2D+1), n/k}) rounds with high probability.187

If the nodes do not know an O(logn)-approximation of the value of k, then such an ap-188

proximation can be computed in poly(k logn) rounds for D = O(1) using Theorem 5, w.h.p.189

For general graphs (of an arbitrary connectivity) with diameter D = 3, 4, Kitamura et190

al. [15] showed nearly optimal constructions of MST’s (based on shortcuts) with round191

complexities of Õ(n1/4) and Õ(n1/3) respectively. Turning to lower bounds, we slightly192

modify the construction of Lotker et al. [17] to obtain a lower bound of Ω((n/k)1/3) rounds193

for computing an MST in k-edge connected graphs of diameter 4, assuming that k = O(n1/4).194

Finally, we consider the basic task of information dissemination, where a given source195

vertex s is required to send N bits of information to the designated target vertex t in a196

k-edge connected n-vertex graph. This problem was first addressed in [10], who showed a197

lower bound of Ω(min{N/ log2 n, n/k}) rounds, provided that the diameter of the graph is198

Θ(logn). Using our low-diameter tree packing we obtain the first improved upper bounds199

for sublogarithmic diameter. We also show a new lower bound for simple store-and-forward200

algorithms, for the regime where D = o(logn).201

I Theorem 7. There is a randomized distributed algorithm, that, given any k-edge connected202

n-vertex graph G of diameter D with a source vertex s and a destination vertex t, sends an203

input sequence of N bits from s to t. The number of rounds is bounded by Õ(N1−1/(D+1)+N/k)204

with high probability.205
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In addition, for all integers n,N,D and k ≤ n, there exists a k-edge connected n-vertex graph206

G = (V,E) of diameter 2D, and a pair s, t of its vertices, such that sending N bits from s207

to t in a store-and-forward manner requires at least Ω(min{(N/(D logn))1−1/(D+1), n/k}+208

N/k +D) rounds.209

Applications to Secure Distributed Computation. Recently, Parter and Yogev [20]210

presented a general simulation result that converts any non-secure distributed algorithm to211

an equivalent secure algorithm, while paying a small overhead in the number of rounds. This212

transformation is based on the combinatorial graph structure of low-congestion cycle cover,213

namely, a collection of nearly edge-disjoint short cycles that cover all edges in the graph.214

The security provided by [20] was limited to adversaries who can manipulate at most one215

edge of the graph in a given round; in fact if the graph is only 2-edge connected, no stronger216

security guarantees, in terms of the number of edges that an adversary is allowed to corrupt217

is possible. In this paper we provide technical tools for handling stronger adversaries, who218

collude with f(k) edges in a k-edge connected graph in each given round. In order to do so,219

we define a stronger variant of cycle cover that is adapted to the highly connected setting.220

This generalization is formalized by the notion of k-connected cycle cover, in which each edge221

in the graph is covered by k almost-disjoint cycles. Our key contribution is an algorithm222

that transforms any tree packing with k trees of diameter D into a (k − 1)-connected cycle223

cover with cycle length O(D logn) and congestion Õ(k logn). This yields a simple secure224

simulation of distributed algorithms in the presence of an adversary who colludes with225

O(k/ logn) edges of the graph in each round4. Finally, we also use low-diameter tree packing226

to provide a simple store-and-forward algorithm for the problem of secure broadcast.227

Organization. We provide the proof of Theorem 1 in Section 2, the proof of Theorem 2 in228

Section 3, the proof of Theorem 3 in Section 4, and the proof of Theorem 4 in Section 5. We229

discuss applications of our graph theoretic results to distributed computation in Section 6.230

Lastly, we discuss open problems in Section 7. Due to lack of space, some of the proofs are231

only sketched; the full formal proofs are deferred to the full version of the paper.232

2 Low-Diameter Tree Packing with Small Edge-Congestion: Proof of233

Theorem 1234

We start by showing that, if we are given a graph G, and a collection {T1, . . . , Tk} of edge-235

disjoint spanning trees of G, such that the diameter of the tree Tk is at most 2D (but other236

trees may have arbitrary diameters), then we can efficiently compute another collection237

{T ′1, . . . , T ′k−1} of edge-disjoint spanning trees of G, such that the diameter of each resulting238

tree T ′i is bounded by O((101k lnn)D) with high probability.239

I Theorem 8. There is an efficient randomized algorithm, that, given any positive integers240

D, k, n, an n-vertex graph G, and a collection {T1, . . . , Tk} of k spanning trees of G, such241

that the trees T1, . . . , Tk−1 are edge-disjoint, and the diameter of Tk is at most 2D, computes242

a collection {T ′1, . . . , T ′k−1} of edge-disjoint spanning trees of G, such that, with probability243

at least 1 − 1/poly(n), for each 1 ≤ i ≤ k − 1, the diameter of tree T ′i is bounded by244

O((101k lnn)D).245

4 We note that an adversary may choose a different set of O(k/ logn) edges to listen to or to corrupt in
each round.
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Theorem 1 easily follows by combining Theorem 8 with the results of Kaiser [13], who gave246

a short elementary proof of the tree-packing theorem of Tutte [24] and Nash-Williams [19].247

His proof directly translates into an efficient algorithm, that, given a k-edge connected graph248

G, computes a collection of bk/2c edge-disjoint spanning trees of G. In order to complete the249

proof of Theorem 1, we use the algorithm of Kaiser [13] to compute an arbitrary collection250

T = {T1, . . . , Tbk/2c} of edge-disjoint spanning trees of G, and compute another arbitrary251

BFS tree T ∗ of G. Since the diameter of G is at most D, the diameter of T ∗ is at most252

2D. We then apply Theorem 8 to the collection {T1, . . . , Tbk/2c, T
∗} of spanning trees, to253

obtain another collection T ′ = {T ′1, . . . , T ′bk/2c} of spanning trees, such that each edge of G254

belongs to at most 2 trees of T ′, and with high probability, the diameter of each tree in T ′ is255

at most O((101k lnn)D). We note that, since we allow parallel edges, the trees in the set256

{T1, . . . , Tbk/2c, T
∗} are edge-disjoint in graph G ∪ E(T ∗).257

The main technical tool that we use in order to prove of Theorem 8 is the following theorem,258

that allows one to “fix” a diameter of a connected graph using a low-diameter tree.259

I Theorem 9. Let H be a connected graph with |V (H)| ≤ n, and let T be a rooted tree of260

depth D, such that V (T ) = V (H). For a real number 0 < p < 1, let R be a random subset261

of the edges of T , where each edge e ∈ E(T ) is added to R independently with probability p.262

Then with probability at least 1− D
n48 , the diameter of the graph H ∪R is at most ( 101 lnn

p )D.263

Theorem 8 easily follows from Theorem 9: For each 1 ≤ i < k, we construct a graph Gi as264

follows. Start with Gi = Ti for all 1 ≤ i ≤ k. Compute a random partition E1, . . . , Ek−1 of265

the edges of E(Tk), by adding each edge e ∈ E(Tk) to a set Ei chosen uniformly at random266

from {E1, . . . , Ek−1} independently from other edges. Using Theorem 9 with p = 1/(k − 1),267

it is immediate to see that with high probability, the diameter of each resulting graph Gi268

is bounded by O((101k lnn)D). We then let T ′i be a BFS tree of graph Gi, rooted at an269

arbitrary vertex. In order to complete the proof of Theorem 1, it is now enough to prove270

Theorem 9.271

Proof of Theorem 9. Recall that we are given a connected graph H with |V (H)| ≤ n, and a272

rooted tree T of depth D, such that V (T ) = V (H), together with a parameter 0 < p < 1. We273

let R be a random subset of E(T ), where each edge e ∈ E(T ) is added to R independently274

with probability p. Our goal is to show that the diameter of the graph H ∪ R is at most275 (
101 lnn

p

)D
with probability at least 1− D

n48 . Denote V = V (H) = V (T ). For each 0 ≤ i ≤ D,276

let Vi be the set of nodes lying at level i of the tree T (that is, at distance i from the tree277

root), and denote V≤i =
⋃i
t=0 Vt. Let H ′ = H ∪R.278

We say that a node x ∈ V is good if either (i) x ∈ V≤D−1; or (ii) x ∈ VD, and there is an279

edge in R connecting x to a node in VD−1. We assume that V = {v1, . . . , vn′}, where the280

vertices are indexed in an arbitrary order. Given an ordered pair (x, x′) of vertices in H,281

and a path P connecting x to x′, let σ(P ) be a sequence of vertices that lists all the vertices282

appearing on P in their natural order, starting from vertex x (so in a sense, we think of P283

as a directed path). For an ordered pair (x, x′) ∈ V of vertices, let Px,x′ be shortest path284

connecting x to x′ in H, and among all such paths P , choose the one whose sequence σ(P )285

is smallest lexicographically. Observe that Px,x′ is unique, and, moreover, if some pair u, u′286

of vertices lie on Px,x′ , with u lying closer to x than u′ on Px,x′ , then the sub-path of Px,x′287

from u to u′ is precisely Pu,u′ .288

Let M = 50 lnn
p . For a pair x, x′ of vertices of V , we let B(x, x′) be the bad event that289

length of Px,x′ is greater than M and there is no good internal node on Px,x′ . Notice that290
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event B(x, x′) may only happen if every inner vertex on Px,x′ lies in VD, and for each291

such vertex, the unique edge of T that is incident to it was not added to R. Therefore,292

the probability that event B(x, x′) happens for a fixed pair x, x′ of vertices is at most293

(1− p)M = (1− p)(50 lnn)/p ≤ n−50. Let B be the bad event that B(x, x′) happens for some294

pair x, x′ ∈ V of nodes. From the union bound over all pairs of nodes in V , the probability295

of B is bounded by n−48.296

Recall that H is a subgraph of H ′ and distH(·, ·) is the shortest-path distance metric on H.297

We use the following immediate observation.298

B Observation 10. If the event B does not happen, then for every node x ∈ V , there is a299

good node x′ ∈ V such that distH(x, x′) ≤M .300

We prove Theorem 9 by induction on D. The base of the induction is when D = 1. In301

this case, T is a star graph. Let c denote the vertex that serves as the center of the302

star. For any pair x1, x2 ∈ V of vertices, we denote by x′1 the good node that is closest303

to x1 in H, and we define x′2 similarly for x2. Notice that, from the definition of good304

vertices, either x′1 = c, or it is connected to c by an edge of R, and the same holds for305

x′2. Therefore, distH′(x′1, x′2) ≤ 2 must hold. If the event B does not happen, then, since306

H is a subgraph of H ′, distH′(x1, x2) ≤ distH′(x1, x
′
1) + distH′(x′1, x′2) + distH′(x2, x

′
2) ≤307

distH(x1, x
′
1)+distH′(x′1, x′2)+distH(x2, x

′
2) ≤ 2M+2 ≤ 101 lnn

p . Therefore, with probability308

at least 1− n−48, distH′(x1, x2) ≤ 101 lnn
p .309

Assume now that Theorem 9 holds for every connected graph H and every tree T of depth310

at most D − 1, with V (T ) = V (H). Consider now some connected graph H, and a rooted311

tree T of depth D, with V (T ) = V (H). We partition the edges of E(T ) into two subsets:312

set E1 contains all edges incident to the vertices of VD, and set E2 contains all remaining313

edges. Let E′1 = E1 ∩ R, and let E′2 = E2 ∩ R. Notice that the definition of good vertices314

only depends on the edges of E′1, and so the event B only depends on the random choices315

made in selecting the edges of E′1, and is independent from the random choices made in316

selecting the edges of E′2.317

Let L be a subgraph of H ′, obtained by starting with L = H, and then adding all edges of318

E′1 to the graph. Finally, we define a new graph Ĥ, whose vertex set is V≤D−1, and there319

is an edge between a pair of nodes w,w′ in Ĥ iff the distance between w and w′ in L is at320

most M + 2. We also let T̂ be the tree obtained from T , by discarding from it all vertices of321

VD and all edges incident to vertices of VD. Observe that V (Ĥ) = V (T̂ ) = V≤D−1. The idea322

is to use the induction hypothesis on the graph Ĥ, together with the tree T̂ . In order to do323

so, we need to prove that Ĥ is a connected graph, which we do next.324

B Observation 11. If the event B does not happen, then graph Ĥ is connected.325

Proof. Assume that the event B does not happen, and assume for contradiction that graph326

Ĥ is not connected. Let C = {C1, . . . , Cr} be the set of all connected components of graph327

Ĥ. For every pair Ci, Cj of distinct components of C, consider the set Pi,j = {Px,x′ | x ∈328

V (Ci), x′ ∈ V (Cj)} of paths (recall that Px,x′ is the shortest path connecting x to x′ in H329

with σ(Px,x′) lexicographically smallest among all such paths). We let Pi,j be a shortest path330

in Pi,j . Choose two distinct components Ci, Cj ∈ C, whose path Pi,j has the shortest length,331

breaking ties arbitrarily. Assume that Pi,j connects a vertex v ∈ Ci to a vertex u ∈ Cj , so332

Pi,j = Pv,u. Recall that H ⊆ L, and so the path Pi,j is contained in graph L. Since we did333

not add edge (u, v) to Ĥ, the length of Pi,j is greater than M + 2. Since we have assumed334
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that event B does not happen, there is at least one good inner vertex on path Pi,j . Let X335

be the set of all good vertices that serve as inner vertices of Pi,j .336

We first show that for each x ∈ X, x 6∈ V (Ĥ) must hold. Indeed, assume for contradiction337

that x ∈ V (Ĥ), so x belongs to some connected component of V (Ĥ). Assume first that338

x ∈ V (Ci). Recall that the sub-path of Pi,j from x to u is precisely Px,u, so this path lies in339

Pi,j . But its length is less than the length of Pi,j , contradicting the choice of Pi,j . Otherwise,340

x belongs to some connected component C` of C with ` 6= i. The sub-path of Pi,j from v to341

x is precisely Pv,x, so this path must lie in Pi,`. Since its length is less than the length of342

Pi,j , this contradicts the choice of the components Ci, Cj . We conclude that x 6∈ V (Ĥ).343

Since V (Ĥ) contains all vertices of V≤D−1, and every vertex in X is a good vertex, it must344

be the case that X ⊆ VD. Consider again some vertex x ∈ X. Since x is a good vertex and345

x ∈ VD, there must be an edge ex = (x, x′) ∈ E′1, connecting x to some vertex x′ ∈ V≤D−1.346

In particular, x′ must belong to some connected component of C, and the edge ex lies in347

graph L. Assume that X = {x1, x2, . . . , xq}, where the vertices are indexed in the order348

of their appearance on Pi,j , from v to u. Consider the sequence σ̃ = (v, x′1, x′2, . . . , x′q, u)349

of vertices. All these vertices belong to V (Ĥ), and v ∈ Ci, while u ∈ Cj . For convenience,350

denote v = x′0 = x0 and u = x′q+1 = xq+1. Then there must be an index 1 ≤ a ≤ q, such351

that x′a and x′a+1 belong to distinct connected components of C. Note that the sub-path of352

Pi,j between xa and xa+1 is precisely Pxa,xa+1 – the shortest path connecting xa to xa+1 in353

H. Since no good vertices lie between xa and xa+1 on this path, and since we have assumed354

that event B does not happen, the length of this path is at most M . Therefore, there is a355

path in graph L, connecting x′a to x′a+1, whose length is at most M + 2. This path connects356

a pair of vertices that belong to different connected components of Ĥ, contradicting the357

construction of Ĥ. J358

Consider now the tree T̂ and the graph Ĥ. Recall that T̂ is a rooted tree of depth D − 1,359

V (T̂ ) = V (Ĥ), |V (Ĥ)| ≤ |V (H)| ≤ n, and, assuming the event B did not happen, Ĥ is a360

connected graph. Moreover, set E′2 of edges is a subset of E(T̂ ) = E2, obtained by adding361

every edge of E(T̂ ) to E′2 with probability p, independently from other edges. Therefore,362

assuming that event B did not happen, we can use the induction hypothesis on the graph363

Ĥ, the tree T̂ , and the set E′2 of edges as R. Let B′ be the bad event that the diameter of364

Ĥ ∪ E′2 is greater than ( 101 lnn
p )D−1. Note that the event B′ only depends on the random365

choices made in selecting the edges of E′2. From the induction hypothesis, the probability366

that B′ happens is at most D−1
n48 .367

Lastly, we show that, if neither of the events B,B′ happens, then diam(H ′) ≤ ( 101 lnn
p )D.368

B Observation 12. If neither of the events B,B′ happens, then diam(H ′) ≤ ( 101 lnn
p )D.369

Proof. Consider any pair x1, x2 ∈ V of vertices. It is sufficient to show that, if events B,B′370

do not happen, then distH′(x1, x2) ≤ ( 101 lnn
p )D.371

Let x′1 be a good node in V (H) that is closest to x1, and define x′2 similarly for x2. From372

Observation 10, distH(x1, x
′
1) ≤ M . If x′1 ∈ V≤D−1, then we define x′′1 = x′1, otherwise373

we let x′′1 be the node of VD−1 that is connected to x′1 by an edge of E′1, and we define374

x′′2 similarly for x2. Therefore, x′′1 , x′′2 ∈ V≤D−1 = V (Ĥ), and, assuming event B does not375

happen, distH′(x1, x
′′
1) ≤M + 1, and distH′(x2, x

′′
2) ≤M + 1. Since we have assumed that376

the bad event B′ does not happen, distĤ∪E′
2
(x′′1 , x′′2) ≤ ( 101 lnn

p )D−1. Recall that for every377

edge e = (u, v) ∈ Ĥ ∪ E′2, if e ∈ E′2 then e ∈ E(H ′); otherwise, e ∈ E(Ĥ), and there378
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is a path in graph H ∪ E′1 of length at most M + 2 connecting u to v in H. Therefore,379

distH′(x′′1 , x′′2) ≤ (M + 2) · distĤ(x′′1 , x′′2) ≤ ( 101 lnn
p )D−1 · (M + 2).380

Altogether, since M = (50 lnn)/p,381

distH′(x1, x2) ≤ distH′(x1, x
′′
1) + distH′(x′′1 , x′′2) + distH′(x2, x

′′
2)

≤
(

101 lnn
p

)D−1
· (M + 2) + (2M + 2)

≤
(

101 lnn
p

)D
.382

J383

The probability that either B or B′ happen is bounded by D
n48 . Therefore, with probability384

at least 1− D
n48 , neither of the events happens, and diam(H ′) ≤ ( 101 lnn

p )D. J385

3 Low-Diameter Packing of Edge-Disjoint Trees: Proof of Theorem 2386

The main tool in the proof of Theorem 2 is the following theorem.387

I Theorem 13. Let k,D, n be any positive integers with k > 1000 lnn, let 707 lnn
k ≤ p ≤ 1388

be a real number, and let G be an n-vertex k-edge-connected graph of diameter D. Let G′389

be a sub-graph of G with V (G′) = V (G), where every edge e ∈ E(G) is added to G′ with390

probability p independently from other edges. Then, with probability at least 1− 1/poly(n),391

G′ is a connected graph, and its diameter is bounded by kD(D+1)/2.392

Karger [14] has shown that, if G is a k-connected graph, and G′ is obtained by sub-sampling393

the edges of G with probability Ω(logn/k), then G′ is a connected graph with high probability.394

Theorem 13 further shows that the diameter of G′ is with high probability bounded by395

kD(D+1)/2, where D is the diameter of G.396

Theorem 2 easily follows from Theorem 13: Let r = bk/(707 lnn)c. We partition E(G)397

into subsets E1, . . . , Er by choosing, for each edge e ∈ E(G), an index i independently and398

uniformly at random from {1, 2, . . . , r} and then adding e to Ei. For each 1 ≤ i ≤ r, we399

define a graph Gi by setting V (Gi) = V (G) and E(Gi) = Ei. Finally, for each graph Gi, we400

compute an arbitrary BFS tree Ti, and return the resulting collection T = {T1, . . . , Tr} of401

trees. It is immediate to verify that the graphs G1, . . . , Gr are edge-disjoint, and so are the402

trees of T . Moreover, applying Theorem 13 to each graph Gi with p = 1/r, we get that with403

probability 1− 1/poly(n), diam(Ti) ≤ 2 diam(Gi) ≤ O(kD(D+1)/2). Using the union bound404

over all 1 ≤ i ≤ r completes the proof of Theorem 2. It now remains to prove Theorem 13.405

We provide a proof sketch here; a formal proof appears in the full version of the paper.406

Proof Sketch of Theorem 13: We use the well known result of Karger [14], that shows407

that the probability that the graph G′ is not connected is at most O(1/poly(n)). It remains408

to bound the diameter of G′. Throughout the proof, for a graph H, we denote by D(H, p)409

be the distribution of graphs, where the vertex set of the resulting graph is V (H), and each410

edge of H is included in the graph with probability p independently from other edges.411

Denote G = (V,E), and let T be a BFS tree of G, rooted at an arbitrary node r of G. Since412

G has diameter at most D, the depth of T is at most D. Recall that G′ ∼ D(G, p). We413
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define a different (but equivalent) sampling algorithm for generating a random graph G′414

from D(G, p) as follows. The algorithm consists of D + 1 phases. In the 0th phase, we415

sample all edges in E \ E(T ) independently with probability p each. For each 1 ≤ i ≤ D,416

in the ith phase, we sample all edges that connect a vertex at distance (D − i+ 1) from r417

to a vertex at distance (D − i) from r in T . Let E′ be the set of all sampled edges at the418

end of this algorithm. We denote by G′ = (V,E′) the final graph that we obtain. Clearly,419

G′ is generated from the distribution D(G, p). We denote by T ′ the subgraph of T with420

V (T ′) = V (T ) and E(T ′) = E(T ) ∩ E′. Clearly, T ′ ∼ D(T, p).421

Consider a pair u, u′ ∈ V of distinct vertices. We say that they are joined at phase i for422

0 ≤ i ≤ D, if u and u′ belong to the same connected component of the graph induced by all423

edges sampled in the first i phases, but they lie in different connected components of the424

graph induced by all edges sampled in the first (i− 1) phases. Note that, if G′ is connected,425

then every pair (u, u′) of distinct vertices of V are joined at phase i for some 0 ≤ i ≤ D. The426

following lemma allows us to bound the diameter of G′.427

I Lemma 14. For each 0 ≤ i ≤ D, with probability 1−O(1/poly(n)), for every pair x, y of ver-428

tices that are joined at phase i, x and y are at distance at most 7i(101 lnn/p)D+(D−1)+···+(D−i)
429

in G′.430

Observe that, by applying the union bound over all 0 ≤ i ≤ D, Lemma 14 implies Theorem 13,431

since k ≥ 707 lnn/p. We defer the proof of Lemma 14 to the full version of the paper, and432

only provide its proof sketch here. Assume for simplicity that the edges in E \ E(T ) only433

connect vertices that are at distance D from r in T (this also turns out to be the hardest434

case). The proof is by induction on i. In the base case where i = 0, let C be a connected435

component of the graph induced by all edges sampled in phase 0. Intuitively, we can view436

the algorithm as using a random subgraph of T to “fix” the diameter of C, like in Theorem 9.437

Therefore, with high probability, for every pair x, y of vertices of C, the distance from x438

to y in C ∪ T ′ is at most (101 lnn/p)D. Similarly, let C ′ be a connected component of the439

the subgraph of G induced by all edges sampled in phases 0, 1, . . . , i; we call C ′ a phase-i440

cluster. We view C ′ as consisting of a number of phase-(i− 1) clusters C ′′1 , . . . , C ′′k , connected441

to each other by edges that were sampled in the ith phase. Therefore, if Ĉ ′ is a graph442

obtained from C ′ by contracting each cluster C ′′1 , . . . , C ′′k into a single vertex, then Ĉ ′ is a443

connected graph. Denote by Ti the subtree of T induced by all nodes that are at distance at444

most (D − i) from r in T , and denote T ′i = T ′ ∩ Ti. Clearly T ′i ∼ D(Ti, p). We can again445

view our algorithm as using a random subgraph T ′i of Ti to “fix” the diameter of Ĉ ′, like in446

Theorem 9. Therefore, with high probability, for every pair x, y of vertices of Ĉ ′, the distance447

from x to y in Ĉ ′ ∪ T ′i is at most (101 lnn/p)D−i. Note however that every vertex of Ĉ ′ is448

in fact a contracted level-(i− 1) cluster. Moreover, from the induction hypothesis, if C ′′ is449

a level-(i− 1) cluster, and x′, y′ is a pair of vertices in C ′′, then with high probability, the450

distance from x′ to y′ in C ′′∪T ′ is at most 7i−1 · (101 lnn/p)D+(D−1)+···+(D−i+1). Therefore,451

with high probability, the distance between a pair u, v ∈ V (C ′) of vertices in C ′ ∪ T ′ is at452

most 7i · (101 lnn/p)D+(D−1)+···+(D−i).453

4 Lower Bound: Proof of Theorem 3454

In this section we provide the proof of Theorem 3. We start by proving the following slightly455

weaker theorem; we then extend it to obtain the proof of Theorem 3.456

I Theorem 15. For all positive integers k,D, η, α such that k/(4Dαη) is an integer, there457
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exists a k-edge connected graph G with |V (G)| = O

((
k

2Dαη

)D)
and diameter at most 2D,458

such that, for any collection T = {T1, . . . , Tk/α} of k/α spanning trees of G that causes459

edge-congestion at most η, some tree Ti ∈ T has diameter at least 1
4 ·
(

k
2Dαη

)D
.460

Notice that the main difference from Theorem 3 is that the graph G is no longer required to461

be simple; the number of vertices of V (G) is no longer fixed to be a prescribed value; and462

the diameter of G is 2D instead of 2D + 2.463

Proof. For a pair of integers w > 1, D ≥ 1, we let Tw,D be a tree of depth D, such that every464

vertex lying at levels 0, . . . , D − 1 of Tw,D has exactly w children. In other words, Tw,D is465

the full w-ary tree of depth D. We denote Nw,D = |V (Tw,D)| = 1 + w + w2 + · · ·+ wD ≤466

wD+1/(w − 1). We assume that for every inner vertex v ∈ V (Tw,D), we have fixed an467

arbitrary ordering of the children of v, denoted by a1(v), . . . , aw(v).468

A traversal of a tree T is an ordering of the vertices of T . A post-order traversal on a469

tree T , π(T ), is defined as follows. If the tree consists of a single node v, then π(T ) = (v).470

Otherwise, let r be the root of the tree and consider the sequence (a1(r), . . . , aw(r)) of its471

children. For each 1 ≤ i ≤ w, let Ti be the sub-tree of T rooted at the vertex ai(r). We472

then let π(T ) be the concatenation of π(T1), π(T2), . . . , π(Tw), with the vertex r appearing473

at the end of the sequence; see Figure 1 for an illustration. For simplicity, we assume474

that V (Tw,D) = {v1, v2, . . . , vNw,D
}, where the vertices are indexed in the order of their475

appearance in π(Tw,D), so the traversal visits these vertices in this order.476

Next, we define a graph Gw,D, as follows. The vertex set of Gw,D is the same as the vertex477

set of Tw,D, namely V (Gw,D) = V (Tw,D). The edge set of Gw,D consists of two subsets:478

E1 = E(Tw,D), and another set E2 of edges that contains, for each 1 ≤ i < Nw,D, k parallel479

copies of the edge (vi, vi+1). We then set E(Gw,D) = E1 ∪E2. For convenience, we call the480

edges of E1 blue edges, and the edges of E2 red edges; see Figures 1 and 2.481

Figure 1 Tree T4,2 with vertices indexed
according to post-order traversal.

Figure 2 The edge set E2 in G4,2 (only a
single copy of each edge is shown).

It is easy to verify that graph Gw,D must be k-edge connected, since for any partition of482

V (Gw,D), there is some index 1 ≤ i < Nw,D with vi, vi+1 separated by the partition, and so483

k parallel edges connecting vi to vi+1 must cross the partition.484

We now fix an integer w = k/(2Dαη) (note that w ≥ 2), and we let T = Tw,D be the485

corresponding tree and G = Gw,D the corresponding graph. For convenience, we denote486

Nw,D by N . Recall that N ≤ wD+1/(w − 1) = O

((
k

2Dαη

)D)
. As observed before, G is487
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k-edge connected. Since the depth of T is D, and T ⊆ G, it is easy to see that the diameter488

of G is at most 2D.489

We now consider any collection T = {T1, . . . , Tk/α} of k/α spanning trees of G that causes490

edge-congestion at most η. Our goal is to show that some tree Ti ∈ T has diameter at least491

1
4 ·
(

k
2Dαη

)D
.492

For convenience, we denote V (G) = V (T ) = V . We say that a vertex x ∈ V is an ancestor493

of a vertex y ∈ V if x is an ancestor of y in the tree T , that is, x 6= y, and x lies on the494

unique path connecting y to the root of T .495

Let L ⊆ V be the set of vertices that serve as leaves of the tree T . We denote by u = v1 a496

vertex of L that has the lowest index, and by u′ the vertex of L with the largest index. It497

is easy to see that u′ = vN−D, as every vertex whose index is greater than that of u′ is an498

ancestor of u′. For each 1 ≤ j ≤ k/α, we denote by Pj the unique path that connects u to499

u′ in tree Tj . Let P = {Pj | 1 ≤ j ≤ k/α}. It is enough to show that at least one of the500

paths Pj has length at least 1
4 ·
(

k
2Dαη

)D
. In order to do so, we show that

∑k/α
j=1 |E(Pj)| is501

sufficiently large. At a high level, we consider the red edges (vi, vi+1) (the edges of E2), and502

show that many of the paths in P must contain copies of each such edge. This in turn will503

imply that
∑
Pj∈P |E(Pj)| is large, and that some path in P is long enough.504

For each vertex vi ∈ L such that vi 6= u′, we let Si = {v1, . . . , vi}, and we let Si =505

{vi+1, . . . , vN}. Notice that, since u ∈ Si and u′ ∈ Si, every path in P must contain an edge506

of EG(Si, Si). Note that the only red edges in EG(Si, Si) are the k parallel copies of the507

edge (vi, vi+1). In the next observation, we show that the number of blue edges in EG(Si, Si)508

is bounded by Dw.509

B Observation 16. For each vertex vi ∈ L such that vi 6= u′, for every blue edge e ∈ EG(Si, Si),510

at least one endpoint of e must be an ancestor of vi.511

Proof. We consider a natural layout of the tree T , where for every inner vertex x of the tree,512

its children a1(x), . . . , aw(x) are drawn in this left-to-right order (see Figure 3). Consider the513

path Q connecting the root of T to vi, so every vertex on Q (except for vi) is an ancestor of514

vi. All vertices lying to the left of Q in the layout are visited before vi by π(T ). All vertices515

lying to the right of Q, and on Q itself (excluding vi) are visited after vi. It is easy to see516

that the vertices of Q separate the two sets in T , and so the only blue edges connecting Si517

to Si are edges incident to the vertices of V (Q) \ {vi}. J518

Since every vertex of the tree T has at most w children, and since the depth of the tree is D,519

we obtain the following corollary of Observation 16.520

I Corollary 17. For each vertex vi ∈ L such that vi 6= u′, at most Dw blue edges lie in521

EG(Si, Si).522

Since the trees in T cause edge-congestion η, at most Dwη trees of T may contain blue523

edges in EG(Si, Si). Each of the remaining k
α − Dwη ≥

k
2α trees contains a copy of the524

red edge (ei, ei+1) (recall that w = k/(2Dαη).) Therefore,
∑
Pj∈P |E(Pj)| ≥ |L| · k2α ≥

Nk
4α ,525

since |L| ≥ |N |/2. We conclude that at least one path Pj ∈ P must have length at least526

Nk
4α /

k
α ≥

N
4 , and so the diameter of Tj is at least N

4 . Since N ≥ wD ≥
(

k
2Dαη

)D
, the527

diameter of Tj is at least 1
4 ·
(

k
2Dαη

)D
. J528
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Figure 3 A layout of the tree T . Vertex vi is shown in green and path Q in red. All vertices
lying to the left of Q in this layout appear before vi in π(T ), and all vertices lying to the right of Q
or on Q (except for vi) appear after vi in π(T ).

We are now ready to complete the proof of Theorem 3. First, we show that we can turn the529

graph G into a simple graph, and ensure that |V (G)| = n, if n ≥ 3k ·
(

k
2Dαη

)D
. Let G′w,D530

be the graph obtained from Gw,D as follows. For each 1 ≤ i ≤ N , we replace the vertex vi531

with a set Xi = {x1
i , x

2
i . . . , x

k
i } of k vertices that form a clique. For each 1 ≤ i < N , the532

k red edges connecting vi to vi+1 are replaced by the perfect matching {(xti, xti+1)}1≤t≤k533

between vertices of Xi and vertices of Xi+1. Each blue edge (vi, vj) is replaced by a new534

edge (x1
i , x

1
j ). Since n ≥ 3k ·

(
k

2Dαη

)D
> k|V (G)|+ k, we add n− k|V (G)| > k new vertices535

that form a clique, and for each newly-added vertex, we add an edge connecting it to x1
N536

(recall that the vertex vN is the root of T ). We denote G′ = G′w,D for simplicity. It is not537

hard to see that G′ has n vertices and it is k-edge connected. Moreover, G′ has diameter538

at most 2D + 2, since its subgraph induced by vertices of {x1
i }1≤i≤N has diameter 2D, and539

every other vertex of G′ is a neighbor of one of the vertices in {x1
i }1≤i≤N . The tree T ′ is540

defined exactly as before, except that every original vertex vj is now replaced with its copy541

x1
j . Let L denote the set of all leaf vertices in T ′.542

Assume that we are given a collection T = {T1, . . . , Tk/α} of k/α spanning trees of G′ that543

causes edge-congestion at most η. For each 1 ≤ i ≤ k/α, we denote by Qi the unique path544

that connects x1
1 to x1

N−D in Ti and denote Q = {Qi | 1 ≤ i ≤ k/α}. For each every leaf545

vertex x1
j ∈ L, we define a cut (Wj ,W j) as follows: Wj =

⋃
1≤s≤j Xs and Wj = V (G′) \Wj .546

Using reasoning similar to that in Corollary 17, it is easy to see that for every leaf vertex547

x1
j ∈ L, the set EG′(Wj ,Wj) of edges contains at most Dw blue edges – the edges of the548

tree T ′. Since the trees in T cause edge-congestion at most η, at most Dwη trees of T may549

contain blue edges in EG′(Wj ,Wj). Therefore, for each of the remaining k
α − Dwη ≥

k
2α550

trees Ti, path Qi must contain a red edge from {(xtj , xtj+1)}1≤t≤k. Therefore, the sum of551

lengths of all paths of Q is at least Nk
4α , and so at least one path Qi ∈ Q must have length at552

least N
4 . We conclude that some tree Ti ∈ T has diameter at least 1

4 ·
(

k
2Dαη

)D
.553

Lastly, we extend our results to edge-independent trees. We use the same simple graph554

G′ and the same tree T ′ as before, setting the congestion parameter η = 2. Assume that555

we are given a collection T ′ = {T ′1, . . . , T ′k/α} of k/α edge-independent spanning trees of556

G′ and let x ∈ V (G′) be their common root vertex. For each 1 ≤ i ≤ k/α, we denote557

by Q′i the unique path that connects vertex x1
1 to vertex x1

N−D in tree T ′i , and we denote558

Q′ = {Q′i | 1 ≤ i ≤ k/α}. Note that, for each 1 ≤ i ≤ k/α, the path Q′i is a sub-path of559

the path obtained by concatenating the path Q′′i , connecting x1
1 to x in T ′i , with the path560
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Q′′′i , connecting x1
N−D to x in T ′i . Since the trees in T ′ are edge-independent, the paths in561

{Q′′i }1≤i≤k/α are edge-disjoint and so are the paths in {Q′′′i }1≤i≤k/α. Therefore, the paths562

of Q′ cause edge-congestion at most 2. The remainder of the proof is the same as before and563

is omitted here.564

5 Tree Packing for (k, D)-Connected Graphs: Proof of Theorem 4565

In this section we provide a proof sketch of Theorem 4. The full proof is deferred to the566

full version of the paper. The main tool that we use is the following theorem, whose proof567

appears in the full version of the paper.568

I Theorem 18. There is an efficient algorithm, that, given a (k,D)-connected graph G and569

a subset S ⊆ V (G) of its vertices, computes a bi-partition (S′, S′′) of S, and a flow f from570

vertices of S′′ to vertices of S′, such that the following hold:571

1. every vertex of S′′ sends at least k/2 flow units;572

2. every flow-path has length at most 2D;573

3. the total amount of flow through any edge is at most 3; and574

4. |S′| ≤ |S|2 + 1.575

Our algorithm consists of two phases. In the first phase, we define a partition of the vertices576

of G into layers L1, . . . , Lh, where h = O(logn). Additionally, for each 1 ≤ i ≤ h, we define577

a flow fi in graph G between vertices of Li and vertices of L1 ∪ · · · ∪ Li−1. In the second578

phase, we use the layers and the flows in order to construct the desired set of spanning trees.579

Phase 1: Partitioning into layers. We use a parameter h = Θ(logn), whose exact value580

will be set later. We now define the layers Lh, . . . , L1 in this order, and the corresponding581

flows fh, . . . , f1. In order to define the layer Lh, we let S = V (G), and we apply Theorem582

18 to the graph G and the set S of its vertices, to obtain a partition (S′, S′′) of S, with583

|S′| ≤ |S|/2 + 1, and the flow f between the vertices of S′′ and the vertices of S′, where584

every vertex of S′′ sends at least k/2 units of flow, each flow-path has length at most 2D,585

and the edge-congestion caused by f is at most 3. We then set Lh = S′′ and fh = f , and586

continue to the next iteration.587

Assume now that we have constructed layers Lh, . . . , Li. We now show how to construct588

layer Li−1. Let S = V (G) \ (Lh ∪ · · · ∪ Li). We apply Theorem 18 to the graph G and589

the set S of its vertices, to obtain a partition (S′, S′′) of S, with |S′| ≤ |S|/2 + 1, and the590

corresponding flow f . We then set Li−1 = S′′, fi−1 = f , and continue to the next iteration.591

If we reach an iteration where |S| ≤ 2, we arbitrarily designate one of the two vertices as s592

and the other as s′, and compute a flow of value at least k between the two vertices, such593

that the edge-congestion of the flow is at most 2, and every flow-path has length at most 2D.594

We add vertex s′ to the current layer, and we add vertex s to the final layer L1. If we reach595

an iteration where |S| = 1, then we add the vertex of S to the final layer L1 and terminate596

the algorithm. The number h of layers is chosen to be exactly the number of iterations in597

this algorithm. Notice that h ≤ 2 logn must hold. Also observe that, for all 1 < i ≤ h, flow598

fi originates at vertices of Li, terminates at vertices of L1 ∪ · · · ∪ Li−1, uses flow-paths of599

length at most 2D, and causes edge-congestion at most 3.600

Phase 2: Constructing the trees. In order to construct the spanning trees T1, . . . , Tk,601

we start by letting each tree contain all vertices of G and no edges. We then process every602
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vertex v ∈ V (G) one-by-one. Assume that v ∈ Li, for some 1 ≤ i ≤ h. Consider the following603

experiment. Let Q(v) be the set of all flow-paths that carry non-zero flow in fi, and connect604

v to vertices of L1 ∪ · · · ∪ Li−1. Let F (v) be the total amount of flow that fi sends on all605

paths P ∈ Q(v); recall that F (v) ≥ k/2 must hold. We choose a path P ∈ Q(v) at random,606

where the probability to choose a path P is precisely fi(P )/F (v). We repeat this experiment607

k times, obtaining paths P1(v), . . . , Pk(v). For each 1 ≤ j ≤ k, we add all edges of Pj(v) to608

Tj . Consider the graphs T1, . . . , Tk at the end of this process. Notice that each such graph609

Tj may not be a tree. We fist show that the diameter of each such tree is O(D logn).610

B Claim 19. For all 1 ≤ j ≤ k, diam(Tj) ≤ O(D logn).611

Proof. Fix an index 1 ≤ j ≤ k. Let r be the unique vertex lying in L1. We prove that for612

all 1 ≤ i ≤ h, for every vertex v ∈ Li, there is a path connecting v to r in Tj , of length at613

most 2D(i− 1), by induction on i. The base of the induction is when i = 1 and the claim614

is trivially true. Assume now that the claim holds for layers L1, . . . , Li−1. Let v be any615

vertex at layer Li. Consider the path Pj(v) that we have selected. Recall that this path has616

length at most 2D, and it connect v to some vertex u ∈ L1 ∪ · · · ∪ Li−1. By the induction617

hypothesis, there is a path P in Tj of length at most 2D(i− 2), that connects u to r. Since618

all edges of Pj(v) are added to Tj , the path Pj(v) is contained in Tj . By concatenating path619

Pj(v) with path P , we obtain a path connecting v to r, of length at most 2D(i− 1). J620

Lastly, using standard analysis of the Randomized Rounding technique, we show that, with621

probability at least (1−1/poly(n)), every edge of G lies in at most O(logn) graphs T1, . . . , Tk.622

For each 1 ≤ j ≤ k, we can now let T ′j be a BFS tree of the graph Tj , rooted at the vertex623

r. We conclude that each tree T ′j has diameter at most O(D logn), and the resulting set624

{T ′1, . . . , T ′k} of trees cause edge-congestion O(logn) with high probability.625

6 Overview of the Applications to Distributed Computation626

Our improved distributed algorithms in highly-connected graphs are based on the following627

basic tool, which follows by combining Karger’s edge sampling and the diameter-fixing628

Theorem 9.629

B Claim 20 (Basic Distributed Tool). There is a randomized algorithm that, given a k-edge630

connected n-vertex graphG and a congestion bound η ∈ [1, k], computes, in Õ((101k lnn/η)D)631

rounds, a collection of k spanning trees that cause total edge-congestion at most O(η · logn),632

and have diameter at most O((101k lnn/η)D) each. Moreover, the algorithm can compute k633

spanning subgraphs with similar congestion and diameter bounds in O(D + η logn) rounds.634

The round complexity, the diameter, and the congestion bounds hold with high probability.635

Approximation of Minimum-Cut. Ghaffari and Kuhn [10, 7] gave a very simple approach636

for finding an O(logn)-approximation for the minimum cut problem that is based on Karger’s637

edge sampling technique. The round complexity of their algorithm is O(
√
n) for constant638

diameter graphs. Combining Theorem 13 with Ghaffari and Kuhn’s algorithm immediately639

leads to an Õ(λ) algorithm for graphs with constant diameter, where λ is the size of the640

minimum-cut.641

To provide a more general approach for improved algorithms in highly-connected graphs, we642

next describe the notion of low-congestion shortcuts.643
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Low-Congestion Shortcuts. This notion, introduced by Ghaffari and Haeupler [9], pro-644

vides a modular framework for solving global graph problems in the distributed setting.645

I Definition 21 (Low-Congestion Shortcuts, [9]). Given a graph G = (V,E), and a partition646

S1, . . . , SN of V into disjoint subsets, such that for all 1 ≤ i ≤ N , graph G[Si] is connected,647

an (α, β)-shortcut is a collection {H1, . . . ,HN} of subgraphs of G, that satisfy the following:648

(1) for each edge e ∈ E, there are at most α subgraphs G[Si] ∪Hi containing e; and649

(2) the diameter of each subgraph G[Si] ∪Hi is at most β.650

Ghaffari and Haeupler [9] showed that the quality of algorithms for several basic problems651

depend on the sum of α (i.e., congestion) and β (i.e., the dilation). The quantity of α+ β652

is usually referred to as the quality of the shortcuts. As observed by [9] for every n-vertex653

graph G and any collection of vertex-disjoint subsets S1, . . . , SN , there exist (α, β) shortcuts654

for with α+ β = O(D +
√
n). Our key result is in providing a nearly optimal construction655

for low-congestion shortcuts in highly connected graphs of constant diameter.656

I Theorem 22. [Improved Shortcuts in Highly Connected Graphs] There is a randomized
algorithm that, for a sufficiently large n, given any k-connected n-vertex graph G of diameter
D = O(logn/ log logn), together with a partition {S1, . . . , SN} of V (G), such that for all
1 ≤ i ≤ N , G[Vi] is a connected graph, w.h.p. computes (α, β) shortcuts, with

α+ β = Õ(min{
√
n/k + nD/(2D+1)}, n/k),

in Õ(α+ β) rounds.657

The construction of the shortcuts from Theorem 22 serves the basis for the proof of Theorem658

6. In the full version of the paper we describe further algorithmic applications of our results659

for additional graph problems. The proof of Theorem 7 is based on a careful implementation660

of Claim 20.661

7 Open Problems662

For brevity, let us say that a collection T of spanning trees of a (k,D)-connected graph663

G is an (α,D′)-packing iff |T | ≥ k/α and the diameter of every tree in T is at most D′.664

A major remaining open question is: for which values of α and D′ can we guarantee the665

existence of an (α,D′)-packing T of edge-disjoint spanning tree in every (k,D)-connected666

graph. In particular, is the following statement true: every (k,D)-connected graph G contains667

a collection of Ω(k/poly logn) edge-disjoint trees of diameter O(D · poly logn) each. The668

only upper bounds that we have are the ones guaranteed by Theorem 2, and we do not have669

any lower bounds. We also do not have any upper bounds, except for those guaranteed670

by Theorem 1, if we allow a constant, or more generally any sub-logarithmic congestion.671

Additionally, obtaining an analogue of the algorithm from Theorem 4 in the distributed672

setting remains a very interesting open question.673

Finally, most of our results are mainly meaningful for the setting where k = Ω(logn). It will674

be very interesting to consider the case of small connectivity k = O(1). One can show that675

any k-edge connected graph with k = O(1) of diameter D is a (k, poly(D))-connected graph.676

Is it possible to show that any k-edge-connected graph of diameter D, for some constant677

k ≥ 3, has at least two edge-disjoint trees of depth at most poly(D)?678
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