
17 Measure Concentration for the Sphere

In today’s lecture, we will prove the measure concentration theorem for the sphere. Recall
that this was one of the vital steps in the analysis of the Arora-Rao-Vazirani approximation
algorithm for sparsest cut. Most of the material in today’s lecture is adapted from Matousek’s
book [Mat02, chapter 14] and Keith Ball’s lecture notes on convex geometry [Bal97].

Notation: We will use the notation Bn to denote the ball of unit radius in Rn and Sn−1

to denote the sphere of unit radius in Rn. Let µ denote the normalized measure on the unit
sphere (i.e., for any measurable set S ⊆ Sn−1, µ(A) denotes the ratio of the surface area of µ
to the entire surface area of the sphere Sn−1). Recall that the n-dimensional volume of a ball
of radius r in Rn is given by the formula Vol(Bn) · rn = vn · rn where

vn =
πn/2

Γ
(

n
2 + 1

)
where Γ(x) =

∫ ∞

0
tx−1e−tdt

The surface area of the unit sphere Sn−1 is nvn.

Theorem 17.1 (Measure Concentration for the Sphere Sn−1) Let A ⊆ Sn−1 be a mea-
surable subset of the unit sphere Sn−1 such that µ(A) = 1/2. Let Aδ denote the δ-neighborhood
of A in Sn−1. i.e., Aδ = {x ∈ Sn−1|∃z ∈ A, ||x− z||2 ≤ δ}. Then,

µ(Aδ) ≥ 1− 2e−nδ2/2.

Thus, the above theorem states that if A is any set of measure 0.5, taking a step of even
O (1/

√
n) around A covers almost 99% of the entire sphere.

We will give two different (but very related) proofs of this theorem in today’s lecture. Both
these proofs will use the Brun-Minkowski Theorem, an important tool in convex geometry.

17.1 Brun-Minkowski Theorem

Notation: The Minkowski sum of two sets A and B denoted by A + B is defined as follows:

A + B = {a + b|a ∈ A, b ∈ B}.

Theorem 17.2 (Brun-Minkowski Theorem) For all non-empty measurable subsets A,B
of Rn and any 0 ≤ λleq1,

Vol

(
(1− λ)A + λB

)1/n

≥ (1− λ)Vol(A)1/n + λVol(B)1/n.

For a proof of this theorem, see Matousek [Mat02, Theorem 12.2.2]
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Corollary 17.3 For all measurable sets A,B of Rn, we have

Vol
(

A + B

2

)
≥
√

Vol(A)Vol(B).

Proof.

Vol
(

A + B

2

)
≥

[
Vol(A)1/n + Vol(B)1/n

2

]n

≥ [Vol(A) ·Vol(B)]n/2

Though this corollary is weaker than the Brun-Minkowski theorem, it happens to be a more
convenient form to use since it does not involve the dimension n of the ambient space.

As an aside, we will show that the classical isperimetry theorem follows directly from the
Brun-Minkowski theorem

Theorem 17.4 (Classical Isoperimetry Theorem) Among all bodies of the same volume,
the ball has the least surface area

Proof. let A ⊂ Rn be any measurable body in Rn and let B be a ball in Rn of the same volume
as A. Let r be the radius of the ball B. It can easily be seen that the surface area of A and B
can be expressed as follows:

Surface-Area(A) = lim
ε→0

Vol(A + εBn)−Vol(A)
ε

= lim
ε→0

Vol(Aε)−Vol(A)
ε

Surface-Area(B) = lim
ε→0

Vol(B + εBn)−Vol(B)
ε

= lim
ε→0

Vol(Bε)−Vol(B)
ε

It suffices for us to show that Vol(Aε) ≥ Vol(Bε). By, the Brun-Minkowski Theorem

Vol(Aε) =
[
Vol(A + εBn)1/n

]n
≥

[
Vol(A)1/n + εVol(Bn)1/n

]n
=

[
Vol(B)1/n + εVol(Bn)1/n

]n
=

[
v1/n
n · r + εv1/n

n

]n
= vn · (r + ε)n

= Vol(Bε)

An isometry theorem for the sphere (instead of Rn), which looks deceivingly similar to the
above, but far more difficult to prove, was shown by P. L’evy.
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Theorem 17.5 (Isoperimetry Theorem for Sphere) Let A ⊂ Sn−1 be a measurable sub-
set of the unit sphere Sn−1 and let C be a spherical cap on the sphere Sn−1 of the same surface
area as A, then for all ε > 0,

µ(Aε) ≥ µ(Cε).

Or equivalently, among all (measurable) patches on the unit sphere, the spherical cap has the
least perimeter.

17.2 First Proof oF Theorem 17.1

Let us first consider the easy case when A is the hemisphere. In this case, we need to show
that the spherical cap that is at distance δ from the hemisphere (i.e., the complementary cap
to Aδ, see Figure 17.1(a)) has normalized measure at most 2e−nδ2/2.

ε

(1−ε )2 1/2
θθ

δ

ε
(a) (b)

POO P

Figure 17.1: Estimating area of a spherical cap

Let ε be the distance from the center of the sphere to the plane that cuts the sphere into
the cap Aδ and its complementary cap (see Figure 17.1(a)). We observe that ε = sin θ and
δ = 2 sin(θ/2). Hence, ε = δ · cos θ/2 ≥

√
2δ.

The normalised measure of the cap (ie., 1− µ(Aδ)) is exactly the ratio of the volume of the
cone C subtended by the cap Aδ at the center O of the sphere to the volume of the sphere.
Consider another S ′ centered at P with radius

√
1− ε2 (see Figure 17.1(b)). The cone C is

clearly completely contained in this sphere. Hence, µ(Aδ) is at most the ratio of the volume
of the sphere of radius

√
1− ε2 and the volume of the unit sphere Sn−1 which is at most

(1− ε2)n/2 ≤ e−nε2/2 ≤ e−nδ2
. This proves the case when A is a shperical cap.

Now to the more general case, when A is not necesarily a spherical cap. However, the
Isoperimetry Theorem for the Sphere 17.5 states that the measure of Aδ is even larger than that
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of Cδ where C is a spherical cap of the same measure as A. Hence, µ(Aδ) ≥ µ(Cδ) ≥ 1− e−nδ2
.

This completes the first proof of the Measure Concentration of the Sphere.

17.3 Second Proof of Theorem 17.1

Our second proof of the Measure Concentration will directly follow from the Brun-Minkowski
Theorem.

Let A be any measurable surface on the unit sphere with µ(A) = 1/2. Let B be the surface
on the unit sphere Sn−1 containing points at least δ-far from A (in other words, B = Sn−1 \Aδ).
Consider the following sets Ã, B̃ ⊂ Bn defined as follows:

Ã = {αx|x ∈ A,α ∈ [0, 1]}
B̃ = {αx|x ∈ B,α ∈ [0, 1]}

Observe that Vol(Ã) = µ(A) · vn = vn/2 and similarly Vol(B̃) = µ(B) · vn.
We will bound the distance of any point (ã + b̃)/2 from the origin for any ã ∈ Ã and

b̃ ∈ B̃. This distance is maximized when ã ∈ A and b̃ ∈ B and furthermore, when a and
b are as close to each other as possible. However, by defintion, for any point a ∈ A and
b ∈ B, we have ||a − b||2 ≥ δ. This implies that for all points ã ∈ Ã and b̃ ∈ B̃, we have
||(ã + b̃)/2||2 ≤

√
1− δ2/4 ≤ 1− δ2/8. This implies that all points in the body (Ã + B̃)/2 is

contained in the sphere of radius 1− δ2/8. By Corollary 17.3 to the Brun-Minkowski Theorem,
we have √

Vol(Ã) ·Vol(B̃) ≤ Vol

(
Ã + B̃

2

)

=⇒
√

vn

2
· µ(B)vn ≤

(
1− δ2

8

)n

· vn

=⇒ µ(B) ≤ 2
(

1− δ2

8

)2n

≤ 2e−nδ2/4

This proves that µ(Aδ) ≥ 1− 2e−nδ2/4 which is slightly weaker than what we set out to prove.
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