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1 List-decoding of Reed-Solomon codes

The decoding algorithm in the previous lecture requires the number of errors to be at most
b n−k

2 c, i.e. it requires error rate to be less than roughly 1
2 (1−

k
n ) ≈

1
2 . Of course 1/2 is a

bound on the error rate (in the Hamming model) for any code, since the number of errors
can be at most half the distance.

The notion of list-decoding allows us to toterate more errors, at the cost of producing a
(short) list of multiple codewords when it is not possible to decide on a unique closest
codeword. We will describe the algorithm by Sudan [Sud97], which list-decodes Reed-
Solomon codes up to error rate 1− 2

√
k/n. For an detailed discussion of several results on

list decoding, see the excellent survey by Guruswami [Gur07].

We can view the list decoding algorithm below as a generalization of the unique decoding
algorithm discussed in the previous lecture. For unique decoding (from t errors), we found
polynomials Q and E with degrees k− 1 + t and t respectively, such that

yi · E(ai) = Q(ai) ∀i ∈ [n] ,

where a1, . . . , an are the evaluation points defining the code, and y1, . . . , yn are the (possibly
corrupted) received values. This can be seen as finding a curve R(x, y) with degy(R) = 1,
which passes through the points (ai, yi) for all i ∈ [n]. For R(x, y) = y · E(x)− Q(x), we
proved that y− P(x) must be a factor of R(x, y), where P(x) is the polynomial defining the
closest codeword.

In the case of list decoding, we still find a polynomial R(x, y)passing through all the points
(ai, yi) but allow a larger degree for y. We will show that for any polynomial P in the
desired error radius, y− P(x) must be a factor of R(x, y). We define the algorithm below, in
terms degree parameters dx and dy to be chosen later. Instead of thinking about the number
of corruptions t (which will be large here) we will consider the number of agreements
r = n − t. Also, note that the algorithm requires computing all factors of R(x, y) of the
form y− f (x). This can be done efficiently (in time poly(p)) though we do not discuss the
details here. See Guruswami’s survey for details of this step [Gur07].
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List-decoding for Reed-Solomon codes
Input: {(ai, yi)}i=1,...,n

Parameters: dx, dy, r ∈N

1. Find nonzero R ∈ Fp[x, y] such that degx(R) ≤ dx − 1, degy(R) ≤ dy − 1 and
R(ai, yi) = 0 for each i ∈ [n].

2. Compute all factors of R that are of the form y− f (x).

3. Output all f from Step 2 such that |{i ∈ [n] | f (ai) = yi}| ≥ r.

Lemma 1.1 There exists Q(x, y) that satisfies the conditions in Step 1 of the algorithm, if dx, dy
satisfy dx · dy > n.

Proof: We observe that finding R is again equivalent to solving linear system. By writing
R(x, y) = ∑0≤i<dx ∑0≤j<dy

ci,jxiyj, the equation R(ai, yi) = 0 for i ∈ [n] gives n linear
equations in the coefficients ci,j’s. Note that there are dx · dy unknowns and n equations.
Also, ci,j = 0 for all i, j is a solution, since the system is homogeneous. Thus, if dx · dy > n,
there exist multiple solutions and one of them must be nonzero.

Lemma 1.2 Let R ∈ Fp[x, y] that satisfies the conditions in Step 1 of the algorithm. Let P ∈ Fp[x]
be a polynomial with degree at most k− 1, such that

|{i ∈ [n] | f (ai) = bi}| ≥ r > (dx − 1) + (k− 1) · (dy − 1) .

Then, (y− P(x))|R(x, y).

Proof: Let I = {i ∈ [n] | P(ai) = yi}. Then R(ai, P(ai)) = 0 for all i ∈ I. It follows that the
univariate polynomial R(x, P(x)) has at least |I| roots. But R(x, R(x)) has degree at most
(dx − 1) + (k− 1) · (dy − 1). Thus Q(x, f (x)) ≡ 0.

It follows that y − P(x)|R(x, y). Indeed, we can write R(x, y) = (y − P(x)) · A(x, y) +
B(x, y) where degy(B) < degy(y − f (x)) = 1. So B(x, y) does not depend on y. Now
Q(x, f (x)) ≡ 0 implies B(x, y) = B(x) ≡ 0.

It remains to choose the values of the parameters dx, dy and r to satisfy the conditions for
the above lemmas. We can choose dx =

√
n · k and dy =

√
n/k + 1 and r = 2

√
n · k which

satisfy the conditions above. Note that the list size equals dy − 1 =
√

n/k. As an example,
if k = ε · n, we can tolerate an error rate of 1− 2

√
ε, while producing a list of size

√
1/ε.
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2 Reed-Muller codes

One limitation of Reed-Solomon code is that it requires large field, in particular, q ≥ n.
Reed-Muller codes are generalization of Reed-Solomon codes that can be defined on any
field size, even over F2.
Specifically, the Reed-Muller code RMp(d, m) is a linear code over Fp, where the message
(ci1,...,in)0≤i1+···+in≤d is identified with the polynomial

P(x) = P(x1, . . . , xm) = ∑
0≤i1+···+im≤r

ci1,...,im xi1
1 · · · x

im
m ,

which is a multivariate polynomial of total degree at most d in m variables. RMp(d, m)
maps P to {P(x)}x∈Fm

p
, i.e. the codeword is the evaluation of P over all points in Fm

p . We
will discuss this code further in the next lecture.
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