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Convex low-rank tensor completion
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Conventional formulation (honconvex)

minimize ! "(Y# C$,U1$,U,%$3U3)!2 + regularizatior
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CU,,U,,Uj

observation mode-k product

minixmize!! "(Y# X)!2 st. rank(X)$ (ri,ro,r3).

e Alternate minimization
e Have 1o fix the rank beforehand




Our approach
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Trace norm (nuclear norm) regularization

X 1 REFY m=min(R,C)

singular-values

Xl = Z!j(X) Linear sum of
| =1
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Spectral soft-threshold operation
all observed and matrix --> analytic solution

softth(X ) = argmin (%!z "X 1E + ] !Z!*)
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Mode-k unfolding (matricization)

Mode-1 unfolding X (4
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| ow-rank tensor Is a low-rank matrix

X =C! 1U1! 2U2! 3U3

Mode-1 unfolding |
Xay=UC(Usz! Uy)

rank ! r1

Mode-2 unfolding
X (2) = UZC(Q)(Ul | US)!
rank ! 1o

| Nk of X
Mode-3 unfolding is N0 Mmore than

X (3) = Ugcﬂs)(UQ! U1)
rank | 13

the rank of Cy




L ow-rank matrix is a low-rank tensor

| D/9,0)EFG;HB'#>84-0.C
1 J,KO,

l 3 U3z s low-rank

(at least for mode 1)




What it means

| L,)M-0)$*,)7&,)74-M,)0#4=)#A)-0)S0A# N/0%)#,
7 04X T#)',-40)'#>84-0.).
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Approach 1: As a matrix

| O/M.)-)=#NRQ1)-ON)&#+,)7&-7)7&,)7,0*#4)TH) @,
-40,N)/*)'#>)4-0.)I0)=#N, X:

. 1
minimize 11 " (V# X)1E + I X 49!,

X | Rllxéééle 2'

Pro: Basically a matrix problem
I Theoretical guarantee (Candes & Recht 09)
Con: Have to be lucky to pick the right mode.




Approach 2: Constrained optimization

| P#0*74-10*#)7&-7),-M&)S0A# N/BYE)#A)
*|=$'7-0,#$*()'#>)4-0.:

o 1 3
minimize ! " (Y# X)IE+ "k IX gl

X | RllxéééxIK 2|
k=1

Pro:  Jointly regularize every mode
Con: Strong constraint

" tuning parameter usually set to 1.

(See also Signoretto et al.,10; Gandy et al. 11)



Approach 3: Mixture of low-rank tensors

| Q-M&)=/R7%$4,)M#=+#077)4,%%$'-4/5,N)7T#)@,)
'#>84-0.}40'()/0)=#N, &:

# K

"k HL ()P
=1

k=1

. Each Zx takes care of each mode
Con: Sum is not low-rank




Optimization via
Alternating Direction Method of Multipliers (ADMM})

(Gabay & Mercier 706)
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Optimization via
Alternating Direction Method of Multipliers (ADMM})

(Gabay & Mercier 706)

| G*,A$)>&,0)>,)&-9,)'/0,-4)#+,4-6#0)/0%/N,)
*4-4*7()+,0-'7(

|K

. . . 1 - 11
minimize (It (X) =y [+ "k]X ol
XcRN1! aad ng 2' =1 1

Permutation

| +'7)S4,%=-0)T7,4-650)n70uve))-"*#)-0)WIXX

Total-variation image reconstruction:

oL 1 T
minimize —|! () —y[*+  ||D,z|

X ERN 2\ i=1 T

2D derivative at jth pixel




ADMM preliminaries
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ADMM preliminaries
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L 7,+)3Y);+'7)U)W$%=,07 Linear operation

minimize  f (z) +9(2) + g! Ax" 22

subject to 2z = Ax
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ADMM preliminaries

| O4#@',=
minixmize f (X)+ g(Ax )

N

L 7,+)3Y);+'7)U)W$%=,07 Linear operation

minimize  f (z) +9(2) + g! Ax" 22

subject to 2z = Ax
| 7.,4)ZY)W$%=,07,N)2-%4-0%/-0)ASOME#0
Li(x,z,ax)= f(x)+ g(z)+ o (Ax" 2) + !E#A.CB " a2

Ordinary Lagrangian Augmented




ADMM algorithm (Gabay & Mercier 76)

| X/0/=/5,)7&,)W2)A$0M6#0)>47)E

1 =argmin Li(z, 241 D,

x! RN

| X/0/=/5,)7&,)W2)A$SOMGE#0)>47)|

t+1 — t+1,Z,!t),

Z argmin L1 (X

z! RM

| G+N-7,)78&,)=$'6+'/,4)9,M7#4

!t+l — !t+ !(Axt+1 | Zt+1).



ADMM algorithm (Gabay & Mercier 76)
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1 =argmin Li(z, 241 D,

x! RN
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z! RM
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For approach “Constraint”

| X#9,)78&,)+,4=37-6#0HS7)#A)78&.,)4,%S$-4/5,4

o 1 A
minimize 2—|!! (X)" yl2+ "1 Z 0y,

subject to X k)= Zk

| W$%=,07,N)2-%4-0%/-0Y

L (X, {Z}g=1 {AK k=1 ) = b




ADMM for “Constraint” (! — 0)

| X/0/=/5,)7&,)W2)A$0M6#0)>47)E

()= y . . (observed elem.)

0
te(xttly= 1B % OE:1 tensor ((Z}! AL)  (unobserved elem.)

| X/0/=/5,)7&,)W2)A$OM6#0)>47)[

t4+1 __ v 41 t
Zk _softth!k,-- X(k) + Ay

| G+N-7,)=$'6+'/,4*

t+1 _ t t+1 t+1
At = AL+ (x(k) ~Z )




Numerical experiment
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Computation time
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Phase transition behaviour
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Phase transition (vs Shatten-1 norm)
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*“Mixture” 1Is sometimes better
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AmIno acid fluorescence data [Bro & Andersson}

| :/5,)Z 3Rg3R :
| h/9,)*#'$6#0%)>/7&)N/i,4,07)-=#3$07)#A)7&4,,)-=/

-M/N*)B7(4#*/0,1)74(+7#+&-01)+&,0(-'-0/0,C

I "-0.Fe)OW"WhWP)/*)M#44,M7:
' TO7,4,*7,N)/O

8 D,0,4-'/5-6#0)+,4A#4=-0M,

8 ?$=@,4)#A)M#=+#0,07*

8 TO7,4+4,7-6#0




Amino acid: Generalization performance
I |P#0*74-/07K)+,4AA#4=*)M#=+-4-@",) /#) OW"Wh
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Amino acid: Singular-value spectra

—stimated spetra from half of the entries are almost
identical to the truth.

Mode 3

Estimated




Improving Interpretabllity

I W++'()OW"WhWP)#0)7&,)M#4,)BIRIR_C)#@7-/!
+4#+#* N)|M#O0*74-/07K)-++4#-M&:;
| +-4-7,)/=+$7-6#0)+4#@"',=)-0ON)/07,4+4,7-6#0)

+44H4@',=:
X = C!1U1!2U2!3U3
= (A(l)! A @) A(B))"]_Ul"2U2"3U3
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Obtained factors
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Summary

2#>84-0.)7,0*#4)M#=+',6#0)M-0)@,)M#=+$7,NY18D9,R
#+6=/5-6#0)+4#@',3$*/0%)78&,)74-M,)0#4=)4,%S$'-4/5-
8 2#)0,, N)7#)*+ M/IA()7&,)4-0.)@ ,A#4,8-0N:
P#09,R)A#4=%$'"-6#0)/*)=#4NIM$4-Y-ONA-*7,4§&-0)
M#09,06#0-)QX8@-*,N)ISM.,4)N, M#=+#*/64#0:
P$4/#$*)j+&-*,)74-0%/6#0K)A#SON)M)M#=+4,**/9,8* 0*/
7(+,)-0-"(*/%)/%)-0)#08%#/0%)>#4.
P#=@/0-6#0)#A)+4#+#* NFOW"WhWP)/*)$* AS':
P#N,Y

8 &n+Ydd>>>/@/*:7:$87#.(#:-M:0+d"(H#7-W=/#.-d:#p>-4,*d], 0*#
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ADMM convergence

|7 49)3Y)WIXX)/) 1$/9-' 07)7#)IH$%'-*8"-M&AH'
+'/u0%)/0)7&,)N$-
1 *1 = prox (prox feargl! b2ty 4 zt)
1+l _

i = prox g(prox o A#@(! b2ty 4 zt)




