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Convex low-rank tensor completion
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Conventional formulation (nonconvex)

mode-k productobservation

minimize
C,U1 ,U2 ,U3

! ! " (Y # C$ 1 U 1 $ 2 U 2 $ 3 U 3) ! 2
F + regularization.

minimize
X

! ! " (Y # X ) ! 2
F s.t. rank(X ) $ (r1, r2, r3).

• Alternate minimization
• Have to fix the rank beforehand



Our approach

Matrix
Estimation of 

low-rank matrix
(hard)

Trace norm
minimization
(tractable)

[Fazel, Hindi, Boyd 01]

Tensor
Estimation of

low-rank tensor
(hard)

Rank defined in the sense of
Tucker decomposition

Extended
trace norm

minimization
(tractable)

Generalization



Trace norm  (nuclear norm) regularization

X ! RR! C , m = min( R, C)

Linear sum of 
singular-values

! "#$%&'()*+,-./0%1)23)4,%$'-4/5-6#0)#0)7&,)*/0%$'-489-'$,*:

! ;74#0%,4)4,%$'-4/5-6#0)88<)=#4,)5,4#)*/0%$'-489-'$,*)))))88<)

'#>)4-0.:

! ?#7)#@9/#$*)A#4)7,0*#4*)B0#)*/0%$'-489-'$,*)A#4)7,0*#4*C

‖X ‖! =
m∑

j =1

! j (X )



Spectral soft-threshold operation
all observed and matrix --> analytic solution

SV index
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Original spectrum

Thresholded spectrum

where X=USVT

softth( X ) = argmin
Z ∈RR ! C

(
1
2

! Z " X ! 2
F + ! ! Z ! ∗

)

= U max(S " ! , 0)V #



Mode-k unfolding (matricization)
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Low-rank tensor is a low-rank matrix

X = C ! 1 U 1 ! 2 U 2 ! 3 U 3

r1

r2 r3
C

n1
r1

U1 n2

r2
U2

n3

r3

U3

Mode-1 unfolding

Mode-2 unfolding

Mode-3 unfolding

X (1) = U 1C (1)(U 3 ! U 2)!

X(2) = U2C(2)(U1 ! U3)!

X (3) = U 3C (3)(U 2 ! U 1)!

rank !  r1

rank !  r2

rank !  r3

The rank of X(k) 
is no more than 
the rank of C(k)



Low-rank matrix is a low-rank tensor

! D/9,0)EFG;HI )B'#>84-0.C

! J,K0,
C = SV!

U1 = U

U2 = I n 2

U3 = I n 3

is low-rank

(at least for mode 1)

X = C! 1 U1 ! 2 U2 ! 3 U3



What it means

! L,)M-0)$*,)7&,)74-M,)0#4=)#A)-0)$0A#'N/0%)#A)-)

7,0*#4)X 7#)',-40)'#>84-0.)X.

Tensor X is 
low-rank
" k, rk<Ik

Unfolding X(k) 
is a low-rank 

matrix

Matricization

Tensorization



Approach 1: As a matrix

! O/M.)-)=#N,)k1)-0N)&#+,)7&-7)7&,)7,0*#4)7#)@,)

',-40,N)/*)'#>)4-0.)/0)=#N,)k:

minimize
X ! RI 1×ááá×I K

1
2!

! ! " (Y # X ) ! 2
F + ! X (k ) ! " ,

Pro:  Basically a matrix problem
          !  Theoretical guarantee (Candes & Recht 09)
Con: Have to be lucky to pick the right mode.



Approach 2: Constrained optimization

! P#0*74-/0)*#)7&-7),-M&)$0A#'N/0%)#A)X /*)

*/=$'7-0,#$*'()'#>)4-0.:

minimize
X ! RI 1×ááá×I K

1
2!

! ! " (Y # X ) ! 2
F +

K!

k=1

" k ! X (k ) ! " .

" k: tuning parameter usually set to 1.

Pro:  Jointly regularize every mode
Con: Strong constraint

(See also Signoretto et al.,10; Gandy et al. 11)



Approach 3: Mixture of low-rank tensors

! Q-M&)=/R7$4,)M#=+#0,07)Zk)/*)4,%$'-4/5,N)7#)@,)

'#>84-0.)#0'()/0)=#N,8k:

minimize
Z 1 ,..., Z K

1
2!

!
!
!
!
!
! !

"
Y "

# K

k=1
Zk

$
!
!
!
!
!

2

F

+
K#

k=1

" k #Z k(k ) #! ,

Pro:  Each Zk takes care of each mode
Con: Sum is not low-rank



Optimization via
Alternating Direction Method of Multipliers (ADMM)

! G*,A$')>&,0)>,)&-9,)'/0,-4)#+,4-6#0)/0*/N,)

*+-4*/7()+,0-'7(

Permutation

(Gabay & Mercier 76)

minimize
X∈Rn 1 ! ááá! n K

1
2!
‖! (X ) − y‖2

F +
K!

k=1

" k‖X (k)‖∗.



Optimization via
Alternating Direction Method of Multipliers (ADMM)

! G*,A$')>&,0)>,)&-9,)'/0,-4)#+,4-6#0)/0*/N,)

*+-4*/7()+,0-'7(

Total-variation image reconstruction:

Permutation

2D derivative at jth pixel

(Gabay & Mercier 76)

minimize
x ∈Rn

1
2λ
‖! (x)− y‖2 +

n!

j=1

‖D jx‖

minimize
X∈Rn 1 ! ááá! n K

1
2!
‖! (X ) − y‖2

F +
K!

k=1

" k‖X (k)‖∗.

! ;+'/7)S4,%=-0)T7,4-6#0)BD#'N*7,/0)U)V*&,4C)/*)-'*#)-0)WJXX



ADMM preliminaries

! O4#@',=

Linear operation

minimize
x

f (x ) + g(Ax )



ADMM preliminaries

! O4#@',=

Linear operation
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x

f (x ) + g(Ax )



ADMM preliminaries

! O4#@',=

! ;7,+)3Y);+'/7)U)W$%=,07 Linear operation

minimize
x

f (x ) + g(Ax )

minimize
x,z

f (x) + g(z) +
η

2
! Ax " z! 2

subject to z = Ax
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ADMM preliminaries
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ADMM preliminaries

! O4#@',=

! ;7,+)3Y);+'/7)U)W$%=,07

! ;7,+)ZY)W$%=,07,N)2-%4-0%/-0)A$0M6#0

Linear operation

L ! (x, z, α) = f (x) + g(z) + α! (Ax " z) +
!

2
#Ax " z#2

Ordinary Lagrangian Augmented

minimize
x

f (x ) + g(Ax )

minimize
x,z

f (x) + g(z) +
η

2
! Ax " z! 2

subject to z = Ax



ADMM algorithm (Gabay & Mercier 76)

! X/0/=/5,)7&,)W2)A$0M6#0)>47)E

! X/0/=/5,)7&,)W2)A$0M6#0)>47)[

! G+N-7,)7&,)=$'6+'/,4)9,M7#4

xt+1 = argmin
x! Rn

L ! (x, zt , ! t ) ,

! t+1 = ! t + ! ( Ax t+1 ! z t+1 ) .

zt+1 = argmin
z! Rm

L ! ( x t+1 , z, ! t ) ,



ADMM algorithm (Gabay & Mercier 76)

! X/0/=/5,)7&,)W2)A$0M6#0)>47)E

! X/0/=/5,)7&,)W2)A$0M6#0)>47)[

! G+N-7,)7&,)=$'6+'/,4)9,M7#4

xt+1 = argmin
x! Rn

L ! (x, zt , ! t ) ,

! t+1 = ! t + ! ( Ax t+1 ! z t+1 ) .

Q9,4()'/=/7)+#/07)#A)WJXX)/*)-)=/0/=/5,4)#A)

7&,)#4/%/0-')+4#@',=:)\QM.*7,/0)U)S,47*,.-*)]Z^

zt+1 = argmin
z! Rm

L ! ( x t+1 , z, ! t ) ,



For approach “Constraint”

! X#9,)7&,)+,4=$7-6#0)#$7)#A)7&,)4,%$'-4/5,4

! W$%=,07,N)2-%4-0%/-0Y

minimize
X ,Z 1 ,..., Z K

1
2!

! ! (X ) " y ! 2 +
K!

k=1

" k ! Z k ! ! ,

subject to X (k) = Z k (k = 1 , . . . , K ),

L ! (X , { Z k } K
k=1 , { A k } K

k=1 ) =
1
2!

! ! (X ) " y ! 2 +
K∑

k=1

" k ! Z k ! !

+ #
K∑

k=1

(〈
A k , X (k ) " Z k

〉
+

1
2

! X (k ) " Z k ! 2
F

)
.



ADMM for “Constraint”

! X/0/=/5,)7&,)W2)A$0M6#0)>47)E

! X/0/=/5,)7&,)W2)A$0M6#0)>47)[

! G+N-7,)=$'6+'/,4*

(! → 0)

!
"

#

! (X t+1 ) = y (observed elem.)
ø! (X t+1 ) = ø!

$
1
K

% K
k=1 tensor k( Z t

k ! A t
k)

&
(unobserved elem.)

Z t+1
k = softth! k / "

!
X t+1

(k) + A t
k

"
(k = 1, . . . , K )

A t+1
k = A t

k +
(
X t+1

( k) − Z t+1
k

)
( k = 1 , . . . , K )



Numerical experiment

! I4$,)7,0*#4Y);/5,)_`R_`RZ`1)4-0.)aRbR]:)?#)0#/*,)BcF`C:

! "-0N#=)74-/0d7,*7)*+'/7:

! !"# !"$ !"% !"& !"' !"( !") !"* !"+ #

#!
! &

#!
! $

#!
!

#!
$

,-./012342542678-98:48;8<8307

=
83

8-
.;1

>
.0

12
34

8-
-2

-

4

4
?74.4@.0-1A4B<2:84#C
?74.4@.0-1A4B<2:84$C
?74.4@.0-1A4B<2:84%C
D2370-.130
@1A0E-8
FE/G8-4B;.-H8C
FE/G8-4B8A./0C
IJ01<1>.0123402;8-.3/8

Tucker=EM 
algo

(nonconvex)



Computation time

! P#09,R)A#4=$'-6#0)/*)-'*#)A-*7
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Phase transition behaviour
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Phase transition (vs Shatten-1 norm)

! "!! #!! $!!
!

!%#

!%&

!%'

!%(

)"!*"#*"$+

)"!*"#*,+

)"'*'*(+

)"-*"$*".+

)#!*#!*.+

)#!*$*#+

)$!*"#*"!+

)$#*$*&+

)&!*#!*'+

)&!*$*#+

)&!*,*-+

)&*&#*$+
).*&*$+

)-*(*".+

)-*(*,+
)(*.*'+

/012234! "*4567

86
19

2:
54

*6
3;

<
:6

3=
*>

56
*6

39
54

?2
6<

92
:5

4

@A!%!&'$B!%&,.(



“Mixture” is sometimes better

! I4$,)7,0*#4Y);/5,)_`R_`RZ`1)4-0.)_`R_`R_:)?#)0#/*,)BcF`C:
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Amino acid fluorescence data [Bro & Andersson]

! ;/5,)Z`3Rg3R_:

! h/9,)*#'$6#0*)>/7&)N/i,4,07)-=#$07)#A)7&4,,)-=/0#)

-M/N*)B7(4#*/0,1)74(+7#+&-01)+&,0('-'-0/0,C

! "-0.Fe)OW"WhWP)/*)M#44,M7:

! T07,4,*7,N)/0

8 D,0,4-'/5-6#0)+,4A#4=-0M,

8 ?$=@,4)#A)M#=+#0,07*

8 T07,4+4,7-6#0



Amino acid: Generalization performance

! jP#0*74-/07k)+,4A#4=*)M#=+-4-@',)7#)OW"WhWP)>/7&)

7&,)M#44,M7)4-0.:

! !"# !"$ !"% !"& !"' !"( !") !"* !"+ #
#!

! %

#!
! $

#!
! #

#!
!

#!
#

,-./012342542678-98:48;8<8307

=
83

8-
.;1

>
.0

12
34

8-
-2

-

4

4
?74.4@.0-1A4B<2:84#C
?74.4@.0-1A4B<2:84$C
?74.4@.0-1A4B<2:84%C
D2370-.130
@1A0E-8
FE/G8-4H&4&4&I
FE/G8-4H%4%4%I
J?K?,?DB%C
J?K?,?DB&C



Amino acid: Singular-value spectra
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Improving Interpretability

! W++'()OW"WhWP)#0)7&,)M#4,)BlRlR_C)#@7-/0,N)@()7&,)

+4#+#*,N)jM#0*74-/07k)-++4#-M&:

! ;,+-4-7,)/=+$7-6#0)+4#@',=)-0N)/07,4+4,7-6#0)

+4#@',=:

= ( U 1A (1) ) ! ( U 2A (2) ) ! ( U 3A (3) )

= ( A (1) ! A (2) ! A (3) ) " 1 U 1 " 2 U 2 " 3 U 3

X = C! 1 U 1 ! 2 U 2 ! 3 U 3

PARAFAC



Obtained factors
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Summary

! 2#>84-0.)7,0*#4)M#=+',6#0)M-0)@,)M#=+$7,N)/0)-)M#09,R)

#+6=/5-6#0)+4#@',=)$*/0%)7&,)74-M,)0#4=)4,%$'-4/5-6#0:

8 ?#)0,,N)7#)*+,M/A()7&,)4-0.)@,A#4,&-0N:

! P#09,R)A#4=$'-6#0)/*)=#4,)-MM$4-7,)-0N)A-*7,4)7&-0)

M#09,06#0-')QX8@-*,N)I$M.,4)N,M#=+#*/6#0:

! P$4/#$*)j+&-*,)74-0*/6#0k)A#$0N)m)M#=+4,**/9,8*,0*/0%8

7(+,)-0-'(*/*)/*)-0)#08%#/0%)>#4.:

! P#=@/0-6#0)#A)+4#+#*,NfOW"WhWP)/*)$*,A$':

! P#N,Y

8 &n+Ydd>>>:/@/*:7:$87#.(#:-M:o+d"(#7-I#=/#.-d;#p>-4,*dI,0*#4
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ADMM convergence

! ;7,+)3Y)WJXX)/*),t$/9-',07)7#)J#$%'-*8"-M&A#'N)

;+'/u0%)/0)7&,)N$-'

! t+1 = prox g!
(
prox

f ! ( " A # á) ( ! t " z t) + z t
)

z t+1 = prox g

(
prox

f ! ( " A # á) ( ! t " z t) + z t
)


